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Chapter 1

þþþ!!!���ÅÅÅêêê������)))

1.1 VVVØØØ

Äkw�K#ª"T#ª�±l±e����Îµ[http://news.bitauto.com/others/20110127/0805286622.html]

ÄÄÄÓÓÓ			���~~~ÒÒÒ1.76���			������III5¦¦¦~~~ÑÑÑ

,,

10:11 Ä�«fÒy|�¶4�å§m©~Ò§Ð©G��6�0"1� �LrCO�

Å§:Â��§�)
�g�1� «fêi/00"ü©¨�§6�«fê�ª�)§

� /0408150 "~Ò§S¥§«fê´��Ð�"/Ïù�Ð�§�â�'�¼êúª§�±

ÏLO�Å�¯�ü�óä§Ì�ÿ�ÑäN�¥\?è"

10:14 Ä1.76��I	��I~Ò�ªm©§²L5¦¨O�Åêâ?n§17600�	�?è

�ÄÑ"Ù¥§?èÒ�5163100187648�Ù² �L�1� §¤�/~Ò1�<0"��§

~Ò(Jy|��"

,,

�Ùò0�þ!�Åê��)�{§�±�Ù¦�Åê��)±9�Å�[�{�O�"

1.1.1 ÄÄÄ���VVVgggÚÚÚnnnØØØ

½½½ÂÂÂ1 (�Åê). ��ÅCþ η ∼ F (x), K¡�ÅCþ η ��ÅÄ�S� {ηi, i = 1 . . . , n} �©

ÙF (x) ��Åê"

~µeη ∼ N(µ, σ2),K¡5gη ��ÅÄ�S�{ηi, i = 1 . . . , n} ���©Ù�Åê¶

eη ∼ �ê©Ù,K¡5gη ��ÅÄ�S�{ηi, i = 1 . . . , n} ��ê©Ù�Åê¶η ∼ U [a, b],K

¡5gη ��ÅÄ�S�{ηi, i = 1 . . . , n} �[a, b]«mþ!©Ù�Åê¶

�Ù­:0�[0, 1] «mþ!©Ù��Åê��)Úu��{"�,[0, 1] «mþ�þ!©Ù
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�©{ü§�´�)ù�{ü©Ù��Åêé¦^�Å�[�{)û¯K´�©­��"Nõ

Ù¦/ª©Ù©Ù£X��©Ù!�ê©Ù!��©Ù�¤��ÅêÑ�±l[0, 1]«m�þ!

©Ù��Åê§²LC���"

��B, �Ö¦^Xe����¼êµ

½½½ÂÂÂ2. � F (x) ´��üN£ÃIî�üN¤O¼ê§½ÂÙ�¼ê

F−1(x) = inf
t
{t : F (t) ≥ x}.

�F (X) ´��î�üN�¼ê�§þ¡½Â��¼ê�Óu����¼ê"~µF (x) ´�

�©Ù P (X = 1) = 1− P (X = 0) = p, 0 < p < 1 �©Ù¼ê"@o F (x) üNþ,§�Ø´î

�üN"

F (x) =


0 x < 0

1− p 0 ≤ x < 1

1 x ≥ 1

F−1(x) =


−∞ x = 0

0 0 < x ≤ 1− p

1 1− p < x ≤ 1

e¡½no(�eF−1(x) �5�:

½½½nnn1. F (x) ´�ÅCþX �©Ù¼ê§@o

(1) F−1(x) üNO£Ø�½î�O¤

(2) F−1(F (x)) ≤ x

(3) F (F−1(x)) ≥ x

(4) F−1(y) ≤ x iff y ≤ F (x)

Proof. Homework.

e¡½n´ò���=Cþ�þ!�ÅCþéXå5�nØÄ:"

½½½nnn2. (1) e ξ �©Ù¼ê� F (x) := P (ξ ≤ x), XJF (F−1(x)) = x§K F (ξ) ∼ U [0, 1].

(2) e X ∼ U [0, 1]§K F−1(X) �©Ù¼ê� F (x).

Proof. (1)

�x ∈ [0, 1], P (F (ξ) ≤ x) = P (ξ ≤ F−1(x)) = F (F−1(x)) = x.
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�x < 0, P (F (ξ) ≤ x) = 0.

�x > 1, P (F (ξ) ≤ x) = 1.

(2)d½n 1, P (F−1(X) ≤ x) = P (X ≤ F (x)) = F (x).

d½n 2§·��±l [0, 1] þ!�ÅêÑu§��?¿©Ù��Åê"� ηi, i = 1, . . . , n

´5gU [0, 1] ��Åê,- ζi = F−1(ηi), Kζi, i = 1, . . . , n Ò´©Ù� F (x) ��Åê"

ò½n 2�(1) Ú(2) (Üå5§·��±l��£ëY�ÅCþ¤©Ù��ÅêÑu§��

,	��©Ù��Åê"

íííØØØ1. e ξ �©Ù¼ê� G(x) := P (ξ ≤ x), �G(G−1(x)) = x¶F (x) ´��©Ù¼ê§

K F−1(G(ξ)) ∼ F (x).

e¡½n�ÑXÛ¦^�M1��{�)þ!©Ù��Åê"

½½½nnn3. � Xi i.i.d. ∼ Bernoulli( 1
2 ), i = 1, . . .:

P (Xi = 0) = P (Xi = 1) =
1

2
,

-

η =
X1

2
+
X2

22
+ . . .+

Xk

2k
+ . . .

= 0.X1X2 . . . Xk . . . (^�?��êL«)

K η ∼ U(0, 1).

Proof. w, η ∈ [0, 1). ±ey²η 3 [0,1) ¥þ!©Ù.�Iy?�[a, b) ⊂ [0, 1), kP (a ≤ η <

b) = b− a. (��o?)

Äkw��{ü��/µ[a, b) = [1
4 ,

3
4 ). Ï�

[
1

4
,

3

4

)
=

[
1

4
,

2

4

)
∪
[

2

4
,

3

4

)
=

[
0.01, 0.01̇

)
∪
[
0.10, 0.101̇

)
= {X1 = 0&X2 = 1} ∪ {X1 = 1&X2 = 0},
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¤±§

P

[
1

4
,

3

4

)
= P ({X1 = 0&X2 = 1} ∪ {X1 = 1&X2 = 0})

=
1

2
× 1

2
+

1

2
× 1

2

=
1

2
=

3

4
− 1

4
.

éu��� [a, b), Ï�a, b�±dk� �ê%C§
éuk� �ê��¹§�^aqu

þã�{y²"

þã½n�Ñ
�)þ!�Åê�°(�{"�´|^O�Å¿ØU��þ!�Åê§Ï�

O�ÅJø�êio´k��"I�Ï¦Ù¦�{½öCq�{"

1.1.2 ���)))���ÅÅÅêêê������������{{{

~^��)�Åê��{kn«µ

1. ÃÃÃóóó���{{{"""'Xµ�M1!��f!Ä\!~Ò�"ù«�{{ü´1§Eâ¹þ$§3

¬m2�æ^"":´XJI��þ��Åê§�1�Ç�$"

2. ÔÔÔnnn���{{{"""'X��5Ô���Ñ�âfê�"T�{�`:´µ�)��Åê�þÐ¶

":´µEâ¹þ�p§I�k;��Ô�Ú¤ì"

3. êêêÆÆÆ���{{{"""Uì,�4íúªηn = f(ηn−1, ηn−2, . . . , ηn−k) �)ê�η1, η2, . . . , ηn, . . . . �n

¿©��§ù�ê�äkþ!©Ù�ÅCþ�ÕáÄ�S��5�§ù�ê�¡���Å

S�"��{�`:´�­E�)�þ���Åê"":´�)��ÅêØ´ý���Å

ê§�´Cq��Åê"�Ù­:0�æ^êÆ�{�)��Åê�"

1.2 þþþ!!!���ÅÅÅêêê������)))

1.2.1 ������ÅÅÅêêê

c¡{ü0�
�)��Åê��êÆ�n§�±wÑ�)�ê�´��(½5�ê�§Ïd

Ø�U´ý�¿Â��Åê�"¤±rù«ê�¤���Åê�"�,Xd§XJO��{²

L°%��O§�±�)wå5´�pÕá�[0, 1]«mþ!©Ù��Åê�§¿��±ÏL�

X��ÚOu�£X:Õá5!þ!5�¤"�±`§��äkþ!©Ù�Åê��
ÚO5

�§·�Ò�±r��Åê��ý���Åê¦^"
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²²²������¥¥¥{{{""" 1946 c§¾ ·ì�ù�ÄgJÑ²��¥{µl��4 êη0m©§²�

���8  ê"�Ñ8 ê¥m�4 ��η1§­E±þL§������Åê�µ{ ηi
1000 , i =

1, 2, . . .}. ~Xµη0 = 6031, ò§²��36372961, 2�¥mo ��η1, =3729. �daí§�

�9054, 9749, 0430, 1849, . . . .

d�{�A::{ü"":µþ!5ØÐ§�ê�é¯ªu0§ê���Ý�J±(½"(

Øµ8c®²vk¦^d�"

��Ð�þ!�Åêu)ì(�)�Åê�êÆ�{)A�ä�±eA::

1. �)�ê��äkþ!oN�Å���ÚOÆ5�,X©Ù�þ!5,Ä���Å5, ê�m

�Õá5�.

2. �)�ê��kv
��±Ï

3. �)�ê���Ý¯§Ó^O�ÅS��§äk���­E5"

�!­:0�n«�Åêu)ì: �5Ó{{!|ÜÓ{{Ú�" £M�ì�{"¦

�´8c�61��´õêÚOÆ[@��Ð��Åêu)ì"�0��ematlab ÚR ¥

¦^��Åêu)ì”Mersenne-Twister”: From Matsumoto and Nishimura (1998). A twisted

GFSR with period 219937−1 and equidistribution in 623 consecutive dimensions (over the whole

period). The -seed.is a 624-dimensional set of 32-bit integers plus a current position in that

set.

1.2.2 ���555ÓÓÓ{{{uuu)))ììì(LCG)

LCG ��¡�Linear Congruence Generator"Lehmer 31951cJÑ�"d�{|^êØ¥�

Ó{$�5�)�Åê§�¡�Ó{u)ì"§�)·ÜÓ{u)ìÚ¦Ó{u)ì"

£££���¤¤¤ÓÓÓ{{{������555ÓÓÓ{{{{{{

Äk0��e�Ó{k'��
VgÚ5�"

½½½ÂÂÂ3. � a, b,M ��ê§M > 0, ea − b �M ��ê�§K¡a �b 'u�M Ó{¶P

�a ≡ b(mod M) ; ÄK¡a �b 'u�M ØÓ{¶P�a 6≡ b(mod M) "

5µÓ{�¶gÂ§ü�êÓ{L«¦�Ø±����ê��¤��{ê�Ó"

~fµ1 ≡ 11(mod 10)§11 ≡ 1(mod 11)

Ó{äk±e5�µ

1. é¡5µea ≡ b(mod M)§Kb ≡ a(mod M)

2. D45µa ≡ b(mod M), b ≡ c(mod M), Ka ≡ c(mod M)

3. eai ≡ bi(mod M), i = 1, 2, Ka1 ± a2 ≡ b1 ± b2(mod M), a1a2 ≡ b1b2(mod M).
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4. ��©: eaC ≡ bC(mod M), Ka ≡ b(mod M
(M,C) ), Ù¥(M,C) L«M ÚC ���úÏf"

Proof. 5�1Ú5�2 �©{ü"·�Äky²5�3�1�^µa1a2 ≡ b1b2(mod M)"

�a1 = k1M + c1, b1 = k2M + c1; a2 = k3M + c2, b2 = k4M + c2, @oa1a2 ≡ c1c2, b1b2 ≡ c1c2 ¤

±a1a2 ≡ b1b2.

�X·�y²5�4–��©5. �aC = k1M +d, bC = k2M +d,@oa = k1M/C+d/C, b =

k2M/C+d/C. a−b = k3M/C = k3 ∗M/(M,C)∗ (M,C)/C = k3 ∗k4/k5. 5¿�k4 Úk5 p�§

¤±k3/k5 ´���ê§P�k. @oa− b = k ∗ k4 = k ∗M/(M,C), ¤±a ≡ b(mod M
(M,C) ).

LCG �{���4íúª�


Ð�x0

xn = (axn−1 + c)(modM),

rn = xn/M

(1.1)

w,d(1.1)ª���xn(n = 1, 2, . . .)÷v0 ≤ xn < M . l
rn ∈ [0, 1). A^4íúª(1.1)�

)þ!�Åê�§ª¥ëêa, c, x0,M �À��©'�"

~  Ð�x0 = 1

xn = (5xn−1 + 1)(mod 10)

dd4íúª§·����ê�{xn} �6, 1, 6, 1, . . . T = 2.

 Ð�x0 = 1

xn = (5xn−1 + 1)(mod 8)

dd4íúª§·����ê�{xn} �6, 7, 4, 5, 2, 3, 0, 1, 6, 7 . . . T = 8.

½½½ÂÂÂ4 (±Ï). éÐ�x0,Ó{{xn = (axn−1 + c)(modM)�)�ê�{xn, n = 1, 2, ldots}Ù­E

ê�m��á�Ý§¡�dÐ�eLCG�±Ï,P�T . e´T = M , K¡�÷±Ï"

c¡�ü�~f¥§1��Ø´÷±Ï§1��´÷±Ï"

£££���¤¤¤···ÜÜÜÓÓÓ{{{{{{£££···ÜÜÜªªªLCG¤¤¤

ª(1.1)¥�ëêC > 0 ��LCG�{¡�·ÜÓ{{"

£££nnn¤¤¤¦¦¦ÓÓÓ{{{{{{(ÈÈÈªªªuuu)))ììì)

ª(1.1)¥�ëêC = 0 ��LCG�{¡�¦Ó{{£multiplier congruence generator¤"

·ÜªÓ{{�±Ïµ�Ó{{�ëêa, c, x0 ÚM ÷v�½�^��§Ó{{�)�ê�

�±��÷±Ï"

½½½nnn4 (÷±Ï). XJe�^�Ñ÷v§Kdª(1.1)�)�ê����÷±Ï"
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(1). c �M p�£=§��úÏê�k1¤

(2). éM �?���ÏfP , a ≡ 1(modP )§=a− 1A�P �Ø"

(3). XJ4 ´M �Ïf§Ka ≡ 1(mod4).

3¢SA^¥,~�M = 2L. �÷v½n�^�(1), �±�c = 2β + 1; w,4 ´M ���Ï

f§¤±d^�(3), �a = 4α+ 1; 2 ´M ����Ïf§¤±§a = 4α+ 1 ÷v^�(2).


«fx0?¿�K�ê

xn = ((4α+ 1)xn−1 + c(2β + 1)) (mod2L),

rn = xn/2
L

(1.2)

¦Ó{{�±Ïµ��5ù§¦Ó{u)ì�Ø�÷±Ï"e¡�½n�Ñ¦Ó{u)ì�

��±Ï"

ÚÚÚnnn1 (��±Ï). �¦Ó{u)ìµ

 Ð�x0 < M, (x0,M) = 1

xn = (axn−1)(modM),
(1.3)

K¦�aV ≡ 1(modM) �����êV ´¦Ó{u)ì(1.6) �±Ï"

Proof. �¦Ó{u)ì�±Ï�T"Ï�xV ≡ axV−1 ≡ a2xV−2 ≡ . . . ≡ aV x0(modM).5¿

�aV ≡ 1, ¤±xV ≡ x0(modM). Ï�x0 < M , ¤±xV = x0. d±Ï�½Â§T ≤ V .

yb�T < V . d±Ï�½Â§7�31 ≤ i < j ≤ V ,¦�xj ≡ xi(modM). aquc

¡�?Ø§xj ≡ ajx0 ≡ aix0 ≡ xi(modM). dÓ{�5�(4)£�©¤, aj ≡ ai(modM).

qÏ�aV = ajaV−j ≡ aiaV−j(modM) ≡ 1(modM). w,§V − (j − i) < V , ù�V ´÷

vaV ≡ 1(modM) �����êV gñ"

5¿µ3Èªu)ì¥§ëêa Ú M �¦p�"ÄK�)�ê�3eZÚ���Uòz�

«"

e¡·�ÏL��~fò¦Ó{{�·ÜÓ{{éXå5"

~µ�¦Ó{u)ì�

 Ð�x0 = 4b+ 1

xn = (8α+ 5)xn−1(mod2L),
(1.4)

K xn = 4x∗n + 1. x∗n ÷vµ
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 Ð�x
∗
0 = b

x∗n = (8α+ 5)x∗n−1 + (2α+ 1)(mod2L−2),
(1.5)

d½n4 �§ þ¡�·ÜÓ{{��÷±Ï T = 2L−2. qÏ�xn ∈ {4m + 1 : 4m + 1 <

2L}, 
÷v 4m+ 1 < 2L ��ê�k 2L−2 �§ ¤± {xn} ����±Ï T = 2L−2. �

ê�{xn} ´d0 �2L − 1 �m=1/4 �ê8Ü{1, 5, 9, . . . , 2L − 3} ­#ü�
¤"

e¡�Ñ¦Ó{{��÷±Ï�¿�^�µ

½½½nnn5 (¦Ó{��±Ï). 1. �M = 2L(L ≥ 4), x0 �Ûê�§K�a ≡ 3or5(mod8), ���±

ÏT = 2L−2;

2. �M = 10s(s ≥ 5), x0 Ø´2 ½ö5 ��ê�§K�a(mod200) �u±e32 ���

�µ3§11§13§17§21§. . . , �T = 5× 10s−2.

3. �M = p(p ��ê)§K�a �M ���§�����±Ï T = M − 1.

�{µÄÑ�nµ�M = 2L�§|^¦Ó{�{�)ê�xn �§I�O�±M���{

êµxn = (axn−1)(modM). eaxn−1 < M , Kxn = axn−1; eaxn−1 ≥M , P

axn−1 =

k∑
i=0

αi2
i(αk = 1,K ≥ L)

, ù�

axn−1 =

L−1∑
i=0

αi2
i + 2L

k∑
i=L

αi2
i−L

¤±§xn =
∑L−1
i=0 αi2

i.

XJ�L �O�Å¥�ê��êi�§'XL = 31 ½öL = 15 �"Ï�O�Å�����

��ê�2L − 1. ��ê�¦�§XJaxn−1 =
∑k
i=0 αi2

i > 2L − 1(=k ≥ L), ù�òê�axn−1

�\O�Å�Ñ�ü��§Ò¬-ÄÑ.§
�3�L ê��Ð´xn.ùÒ´|^ÄÑ�){

ê��n"

8�$�µexn =
∑k
i=0 αi2

i(k < L), Kxn
2L

=
∑k
i=0 αi2

i−L. 8�$���ur�ê:£�

��> �"|^.��óX®??�§S$��Ý¬�~¯"

���êêê���¦¦¦ÓÓÓ{{{{{{ 3±þ�¦Ó{u)ì¥§·�À�ëê§�¦±Ï��T = 2L−2.�´ù

�±Ïl÷±Ï�ké��ål"XJ]ÀÐ�M ,XM ´�ê§K�±��±Ï�M − 1�ê

�"ù��u)ì¤��ê�¦Ó{u)ì"

�
Ä�Vg:

�M,a ���ê§(a,M) = 1.
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½½½ÂÂÂ5 (a éM��ê£½gê¤). ¡÷vaV ≡ 1(modM) ����êV�a é�M��ê£½

gê¤§{¡�a ��ê£½gê¤"

dÚn1�§a�gêÒ´T¦Ó{{�±Ï"

½½½ÂÂÂ6 (��). ea é�ê�M��êV÷vµV = M − 1,K¡a �M ���£½��¤"

5µ���3��±Ø��"

~: ®�M = 23 − 1 ´���ê¶�a = 5. Ï�

51 = 5 6≡ 1(mod7), 52 = 25 6≡ 1(mod7),

53 = 125 6≡ 1(mod7), 54 = 625 6≡ 1(mod7),

55 = 3125 6≡ 1(mod7), 56 = 16255 ≡ 1(mod7).

¤±a = 5 é�M = 7��ê�6"5 ´7���"

 Ð�x0

xn = (5xn−1)(mod7),
(1.6)

±Ï�6"

�ê�¦Ó{u)ì¥ëê�ÀJµ

1. M ���u2L ����ê

2. Àa�M ���§ù��±�yT = M − 1

3. ���¦a·���§��?�L«¦�UÃ5Æ

xn = perm{1, 2, . . . ,M − 1}.T = M − 1.

e¡�Ñü�ûÐ��ê�¦Ó{u)ìµ

L = 35, �u235 ����êM = 235 − 31 = 34359738337, �a = 55 = 3125.

L = 32, �u232 ����êM = 232 − 1 = 2147483647, �a�±eo�ê¥?Û�

�µ75 = 16807, 397204094, 764261123, 630360016.

�{µ�M = 2L − g ��u2L����ê§4íúª�

xn = axn−1(mod2L − g),

-zn = axn−1(mod2L)§O�zn��±|^ÄÑ�n"Pk = [axn−1/2
L],K

xn =

 zn + kg zn + kg < 2L − g

zn + kg − (2L − g) zn + kg ≥ 2L − g
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1.2.3 ���"""   £££MMM���ììì

LCG �":µ(1) �)�þ!�Åê��m �þ!�Å�þ��'5��¶£2¤±ÏT�

O�Åi�k'"3�ê��êi��L�O�Åþ§±ÏØ¬�L2L�þ!�Åê

�"1965c§Tausworthe u²
FSR (Feedback Shift Register) �{±�Ñ±þ":"

(���) FSR 000���

Tausworthe(1965) JÑ�FSR�{§^�5�"4íúªµ

αk = cpαk−p + cp−1αk−p+1 + . . .+ c1αk−1(mod2), (1.7)

éM�ì¥��?�èαk �4í$�§Ù¥p ´�½���ê§cp = 1, ci = 0, 1 (i =

1, 2, . . . , p− 1) ��½~ê"

�½Ð�(α−p+1, α−p+2, α0), d(1.7) �)�0 ½1 |¤���?�ê�{αn}. ��ê

�{αn}¥ëY�L �¤��L ��?�ê¶�X��L §q/¤���ê§±daí§�

�µ

x1 = (α1, α2, . . . , αL)2

. . .

xn = (α(n−1)L+1, α(n−1)L+2, . . . , αnL)2

-rn = xn/2
L(n = 1, 2, . . . , )§K{rn}=�FSR�{�)�þ!�Åê"

(�) �dúª

1971 cToothill, Robinson ÚAdams �ÑFSR �{,��L�ªµ

 u0 = 1

uk = xuk−1(modxp + xq + 1),
(1.8)

Ù¥uk ´gê< p �Xê�0½1�õ�ª"
�p > q > 0 ���ê"~Xµp = 5, q = 2§·�
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k

u0 = 1

u1 = x

u1 = x2

u1 = x3

u1 = x4

u1 = x2 + 1

u1 = x3 + x

. . . . . . . . . .

õ�ªuk�±^Xê(α
(k)
0 , α

(k)
1 , . . . , α

(k)
p−1)L«:

uk = α
(k)
0 + α

(k)
1 x+ . . .+ α

(k)
p−1x

p−1.

e¡5wõ�ªXê�m�'X:

un+p = xun+p−1(mod xp + xq + 1)

= xnup

= xn(uq + u0)

= uq+n + un

¤±õ�ª�m�Xê÷v±e'Xµ

wn+p = wn+q ⊕ wp, n = 1, 2, . . . .

ù�c¡�FSR 4íúª3Xêcp = 1, cq = 1, Ù{��0§´�d�"ù´Ï��X

êcp = 1, cp−q = 1, Ù{��0�§

αk = αk−p ⊕ αk−p+q.

-k = n+ p, ·�k

αn+p = αn ⊕ αn+q.

(n) �{

·�|^þ¡�úªµ

αn+p = αn ⊕ αn+q.
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�ÑFSR��{"�L = p,-yn = (αn, αn+1, . . . , αn+p−1)2 yn+1 = (αn+p, αn+p+1, . . . , αn+2p−1)2.

5¿�ü«�d�'X§�±òynÚyn+1L«�ü�õ�ª§ÙXê�µwn = (αn, αn+1, . . . , αn+p−1)2

wn+p = (αn+p, αn+p+1, . . . , αn+2p−1)2 Pwn+q = (αn+q, αn+q+1, . . . , αn+q+p−1)2, K

wn+p = wn+q ⊕ wp, n = 1, 2, . . . .

�±^��ãL«µ

αn, αn+1, . . . , [αn+q, . . . , αn+p−1︸ ︷︷ ︸
wn

αn+p, . . . , αn+p+q−1], . . . , αn+2p−1︸ ︷︷ ︸
wn+p

�±UìXe�ü�Ú½dyn ��yn+1.

1. dwn O�wn+p �cp− q ���

αn+p = αn ⊕ αn+q

αn+p+1 = αn+1 ⊕ αn+q+1

. . .

αn+p+(p−q−1) = αn+p−q−1⊕αn+p−1 2. dwn Úwn+p �cp− q ���O�wn+p ��q ��

�

αn+p+(p−q) = αn+p−q ⊕ αn+p

αn+2p−1 = αn+p−1 ⊕ αn+p+q−1

(o) GFSR

GFSR òþãúª��z§����Xe�{üúªµ

yn+1 = yn +⊕yn+q.

GFSR �)þ!�Åê���Ú½µ

1. k�)p ��Å�êµy1, y2, . . . , yp ∈ (0, 2p − 1)

2. dyn+p = yn ⊕ yn+q �g�)yn+p

3. rn = yn/2
p.

1.2.4 |||ÜÜÜuuu)))ììì

|Üu)ì´^ü��Åêêu)ìÜ¤���Åêu)ì"äN5`§1. ^1���Åêu

)ì�)k ��Åê"ùk��Åê^S���3��ê|£¥þ¤T = (t1, t2, . . . , tk) ¥"�n

=1.

2. ^1���Åêu)ì�)���Å�ê1 ≤ j ≤ k.
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3. -xn = tj ; ,�2|^/���Åêu)ì�)���Åêy. -tj = y, �n = n+ 1.

4. ­E2 Ú3 ���Åê�{xn}.

1.3 þþþ!!!���ÅÅÅêêê���uuu���

ÚÚÚOOOuuu���������������{{{µµµÄkb�oNäk,«ÚOA�§,�d���u�ù�b�´Ä�

&§ù«�{¡�b�u�"äNÚ½�µ

1. JÑb�H0"XµoN©Ù�U(0, 1)

2. À�Ü·�ÚOþT , ¿¦ÑT 3H0 ¤á��©Ù¶

3. �½wÍY²α X0.05§(½áý�W§¦�

P (T ∈W ) = α

4. d*ÿ�O�ÚOþT

5. �ÚOíä"XJT ∈WKáýH0; ÄKØáý"

3þ!�Åê�u�¥§Ì�¦^üa~^�ÚOþµ

(1) �â¥%4�½n��Cq��©ÙÚOþ

�η1, η2, . . . , ηn i.i.d. ÑlF (x), �E(ηi) = µ, var(ηi) = σ2. Pη̄ = 1
n

∑n
i=1 ηi, K

U =

√
n(η̄ − µ)

σ

±N(0, 1) �4�©Ù"

(2) χ2 ÚOþ

�oNη�{üf�ηi, (i = 1, . . . , n)Uì�½5K©�Ø���m �|§P1i�|�*ÿª

ê�nk(k = 1, . . . ,m). e�ÅCþηáu1i |�VÇ�pi, KnØªê�µi = npi, dni, µi �E

ÚOþµ

V =

m∑
k=1

(ni − µi)2

µi

ìCÑlχ2(f) ©Ù§gdÝf = m− `− 1, ` ´N\3VÇ©ÙpiþÕá�å^���ê(ëê

�ê)"�f > 30§U =
√

2V −
√

2f − 1 ≈ N(0, 1).

1.3.1 ëëëêêêuuu���

þ!�Åê�ëêu�´u�d,�u)ì�)��Åê�{ri} �þ�!��½ö��Ý��

þ!©Ù�nØ�´ÄkwÍ��É"
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eR ∼ U(0, 1), KE(R) = 1
2 , E(R2) = 1

3 , var(R) = 1
12 . eR1, R2, . . . , Rn ´þ!oNR�{ü

�ÅÄ�"P

R̄ =
1

n

n∑
i=1

Ri, R̄2 =
1

n

n∑
i=1

R2
i , s

2 =
1

n

n∑
i=1

(Ri −
1

2
)2,

K

E(R̄) = 1
2 , var(R̄) = 1

12n

E(R̄2) = 1
3 , var(R̄2) = 4

45n

E(s2) = 1
12 , var(s2) = 1

180n

�r1, r2, . . . , rn ´,�u)ì�)��Åê"K3{ri} i.i.d.ÑlU(0, 1)�b�e§ÚOþµ

u1 =
r̄ − E(r̄)√
var(r̄)

=
√

12n(r̄ − 1

2
)

u2 =
r̄2 − 1/3√

4/(45n)
= 1/2

√
45n(r̄2 − 1

3
)

u3 =
s2 − 1/12√

1/(180n)
=
√

180n(s2 − 1

12
)

�âCLT§±þn�ÚOþÑìCÑlN(0, 1), �½wÍ5Y²α�§é�© :λ¦�

P (|ui| > λ) = α.

Ä½��Wi = {|ui| > λ.}

1.3.2 þþþ!!!555uuu���

Tu�q¡�ªêu�"^5u�d,��Åêu)ì�)��Åê�²�ªÇ�nØªÇ´

ÄkwÍ�É"

£�¤χ2 u�

ò[0, 1] «m©�m��«m§±[ i−1
m , im ), i = 1, . . . ,m L«1i��«m"��Åê�rj , j =

1, . . . , n á\1i��«m�ê8�ni, i = 1, . . . ,m. dþ!©Ù�5�µi = E(ni) = n
m ,ÚOþ

V =

m∑
i=1

(ni − µi)2

µi
=
m

n

m∑
i=1

(ni −
n

m
)2

ì?Ñlχ2(m− 1)

£�¤K-Su�Tu�´u�ëY©Ù�[Ü5u�"§u����²�©Ù¼ê�oN�

©Ù¼êm´ÄkwÍ�É"
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Pr1, . . . , rn�²�©Ù¼ê�Fn. Fn(x) = P̂ (X ≤ x), Fn(x) = P̂ (X < x) ,

D+
n = max

i
[Fn(ri)− F (ri)]

D−n = max
i

[F (ri)− Fn(ri)]

ÚOþDn = max{D+
n , D

−
n } ÑlK-S ©Ù"

5¿�Fn(r(i)) = i
n , Fn(r(i)) = i−1

n ,

D+
n = max

i
[i/n− F (ri)] = max

i
[
i

n
− r(i)]

D−n = max
i

[F (ri)− F (ri)] = max[r(i) −
i− 1

n
]

£n¤S�u�

S�u�¢Sþ^uõ�þ!©Ù�þ!5u�¶§�m��u�S��Õá5"

òr1, r2, . . . , r2n�é�¤���Å��µ

v1 = (r1, r2), v2 = (r3, r4), . . . ,

ò��/©¤k2��¡È����/§µij = n
k2 .

V =
k2

n

∑
i

∑
j

(nij −
n

k2
)2

ìCÑlχ2(k2 − 1).

1.3.3 ÕÕÕááá555uuu���

£�¤�'Xêu�I �Äj�g�'Xêµ

ρ(j) =

1
n−j

∑n−j
i=1 (ri − r̄)(ri+j − r̄)

1
n

∑n
i=1(ri − r̄)2

�n− j¿©�§�ρ = 0¤á�§uj = ρ(j)
√
n− j ìCN(0, 1).

£�¤�'Xêu�II j �g�'Xê��±ù�½Âµ

ρ(j) =
1
n

∑n−j
i=1 (ri − r̄)(rk − r̄)
1
n

∑n
i=1(ri − r̄)2

Ù¥k = i+ j(modn).
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PCj = 1
n

∑n
i=1 rirk, KµE(Cj) = 1/4, var(Cj) = 13

144n .

T =
Cj − 1/4√

13
144n

ìCÑlN(0, 1).

£n¤�éLu�

�{�Óuc¡�S�u�"

£o¤i§u�

þ,i§µòê�{ri}©�Nõ�fS�§¦�z��iS��Ñ´��þ,S�§K¡z

��fS����þ,i§"

~Xµ

0.855, |0.108, 0.26, |0.032, 0.123, |0.055, 0.545, 0.642, 0.870, |0.0104.

�±©�5�þ,i§§Ù�Ý©O�1,2,2,4,1.

Pi§�Ý�1,2,3,4,5Ú≥6�i§ê8©O�g1, g2, g3, g4, g5, g6,K

Qn =
1

n

6∑
i=1

6∑
j=1

aij(gi − nbi)(gj − bnj)

ìCÑlχ2(6). a, bÑ´�½�~ê§n > 4000.

1.3.4 |||ÜÜÜ555ÆÆÆuuu���

Tu�rn��ÅêU�½5Æ?1|Ü§u�*ÿ���«|Ü5Æ´Ä�nØ��mkwÍ

�É"

(�) À�u�ò�Åê�{ri, i = 1, . . . , n} 8 �©��|"Pai �ri�1� l?�ê§�

�8�êiA = {a1, a2 . . . , a8}, ai ∈ {0, 1, 2, . . . , 7}. 8�ØÓ�êiéA8�ØÓ�sÚ§AkX

eA«�Uµ

1. A1 = {A �üÚ}

2. A2 = {A ��Ú}

3. A3 = {A �nÚ}

8. A4 = {A �lÚ}

pi = P (Ai) µi = npi ÚOþ

V =

8∑
i=1

(µi −mi)
2

µi

ìCÑlχ2(7).

5µ�±�Ä���¹§k�ÿ���mI�Ü¿"
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(�) �@u�

lþ!�Åê�{ri}¥�1���Åêm©§r§�ê:��1� êi£X�s  ?

�§s=8,10½16¤Pe5§Ñ�Ù1� êi®²ÑyL��Åê§��^`��Åê�à�

Üs�ØÓ�êi0, 1, 2, . . . , s − 1��§���@"�à�@¤I��Åê��êL´���Å

Cþ"

XJ{ri}�pÕá§ÑlU(0, 1). PXk���1k�êi�§2�1k + 1�ØÓêi�§¤

I��Åê�ê¶w,X0 = 1, X1, X2, . . . , Xs−1 �pÕá�ÑlAÛ©Ù"Pµ

P (Xk = j) = qj−1
k pk, j = 1, 2, . . . ,

Ù¥pk = s−k
s , qk = 1− pk = k

s .

E(Xk) =
1

pk
=

s

s− k
, var(Xk) =

qk
p2
k

=
sk

(s− k)2
.

Ï�L = X0 +X1 + . . .+Xs−1, �k

E(L) = s(1 +
1

2
+ . . .+

1

s
),

var(L) = s

(
1

(s− 1)2
+

2

(s− 2)2
+ . . .+

s− 2

22
+
s− 1

1

)
.

�âþã£ã§·��±�EÚOþ

L1+L2+...+LN
N − E(L)√
var(L)/N

ìC��©ÙN(0, 1).

Pnl ��à�@^l ��Åê�*ÿê£l = s, s+ 1, . . . , s+m¤,­#Sü�e§k

L1 + L2 + . . .+ LN
N

=
1

N

s+m∑
l=s

lnl, N =

s+m∑
l=s

nl

1.3.5 ÃÃÃëëë000555uuu���

��Åê�{ri, i = 1, . . . , n} Uìc�^Sü�"rn �êU��©�üa½öka§´Ä�a

êi�Ñyvkë0�y�º½öê�¥�êikë0þ,½öë0eü�y�º~Xr{ri}

Uì�½5Æ©¤üa§©OP�a, b,

a, a|, b, b, b|, a|, b|, a, a, a|, b|, a
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·�r uÉa���m�Óa��¡���ë§ë¥�¹Óa����ê¡�ë��Ý£{

¡ë�¤P�L.oëêP�T§T �±©)�µ

T =
∑
l

Tl,

Ù¥§Tl ��Ý�l �ë��ê"T ÚL �¤?1u��ÚOþ"

(�) �Këu�-ui = ri − 1
2§rui Uì�K©�üa§|¤�Küaë"dþ!�Åê�

�þ!5§Õá5b�§��

E(T ) =
n+ 1

2
, var(T ) =

n− 1

4

P (L = k) =
1

2k
, k = 1, 2, . . .

Proof. Homework.

dd��¤��ÚOþ½χ2ÚOþ"

(�),üëu�

-ui = ri − ri−1�S�{ui, i = 2, 3, . . . n}, r{ui} U�K©�üa§L«�Åê�O~9Ù

�Ý�Cz5Æ"~XS�

2, 8, 9, 4, 3, 2, 5, 6, 7, 4

+ +−−−+ + +−

k���Ý�2�þ,ë§�X�Ý�3�eüë§,�´�Ý�3�þ,ë§��´���Ý

�1�eüë"=µ

T1 = 1, T2 = 1, T3 = 2, T4 = 0, . . . .

oëêT =
∑
Ti = 4.

�ri i.i.d. ÑlU(0, 1) �§

E(T ) =
2n− 1

3
, var(T ) =

16n− 29

90
.



Chapter 2

~~~^̂̂©©©ÙÙÙ¼¼¼êêêÚÚÚ©©©   êêê���OOO���

�Ù0�~^©Ù¼êF (x) Ú© êxp�O��{"¦�3b�u�¥O�pvalue Ú(½áý

�¥å�'���^"

2.1 ~~~^̂̂©©©ÙÙÙ���©©©ÙÙÙ¼¼¼êêê

(�)Vg

½½½ÂÂÂ7. �X´±�ÅCþ§K¡¼ê

F (x) = P (X ≤ x),−∞ < x <∞

��ÅCþX �©Ù¼ê"

�X´ëY.�§��Ý¼ê�f(x), K

F (x) =

∫ x

−∞
f(t)dt;

�X ´lÑ.�§�VÇ©Ù�

P (X = xi) = pi, i = 1, 2, , . . . ,

K

F (x) =
∑
xi≤x

pi.

©Ù¼ê�O�´È©½ö?ê�O�"

25
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½½½ÂÂÂ8 (© ê). �X´ëY.�ÅCþ"e�3ê�xp ÷v

F (xp) = P (X ≤ xp) = p,

Ù¥p ∈ [0, 1], K¡xp �X �p © ê£½© :¤"

Pg(x) = F (x)− p, ¦© êK�±=z¤¦�§g(x) = 0 ��"

(�) ~^ëY.©Ù�©Ù¼ê

(1) þ!©Ù

U(x|a, b) =

∫ x

a

1

b− a
dt, a ≤ x ≤ b

E(X) =
a+ b

2
, var(X) =

(b− a)2

12

(2) ��©Ù

Φ(x|µ, σ2) =
1√

2πσ2

∫ x

−∞
exp

{
− (x− µ)2

2σ2

}
,−∞ < x <∞

E(X) = µ, var(X) = σ2.

(3)�ê©Ù

Exp(x|µ, λ) =

∫
µ

λe−λ(t−µ)dt, x ≥ µ,

E(X) = µ+
1

λ
, var(X) =

1

λ2

(4)³ç©Ù

G(x|a, b) =
ba

Γ(a)

∫ x

0

ta−1e−btdt, a > 0, b > 0;x ≥ 0

Ù¥§Γ(a) =
∫∞

0
ta−1e−tdt;

E(X) =
a

b
, var(X) =

a

b2
.

(5)Beta ©Ù

Beta(x|a, b) =
1

B(a, b)

∫ x

0

ta−1(1− t)b−1dt, a > 0, b > 0, 0 < x < 1.

Ù¥

B(a, b) =

∫ ∞
0

ta−1(1− t)b−1dt =
Γ(a)Γ(b)

Γ(a+ b)
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E(X) =
a

a+ b
, V ar(X) =

ab

(a+ b)2(a+ b+ 1)
.

(6)χ2(n) ©Ù

H(x|n) =
1

2n/2Γ(n/2)

∫ x

0

tn/2−1e−t/2dt, n ���ê, x > 0

E(X) = n, var(X) = 2n

Gamma(n/2, 1/2)

(7) t ©Ù

t(x|n) =
1

√
nB( 1

2 ,
n
2 )

∫ x

−∞
(1 +

t2

n
)−

n+1
2 dt

n ���ê,−∞ < x <∞.

E(X) = 0(n > 1), var(X) =
n

n− 2
, n > 2

n = 1, Cauchy distribution.

(8) F ©Ù

F (x|m,n) =
(mn )

m
2

B(m2 ,
n
2 )

∫ x

0

t
m
2 −1(1 +

mt

n
)−

m+n
2 dt

E(x) =
n

n− 2
(n > 2), var(X) =

2n2(m+ n− 2)

m(n− 2)2(n− 4)
(n > 4)

Homework.

(n) ~^�lÑ.©Ù

(1) ��©Ù

B(x|n, p) =

[x]∑
i=0

 n

x

 piqn−i

E(X) = np, var(X) = np(1− p).

(2) Ñt©Ù

P (x|λ) =

[x]∑
i=0

λi

i!
e−λ(0! = 1)

E(X) = var(X) = λ

(3) AÛ©Ù

P (X = x) = pqx−1, x = 1, 2, . . . .
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E(X) =
1

p
, var(X) =

q

p2
.

(4) K��©Ù

zg¢�¤õ�VÇ�p, q = 1 − p, P¤õkg¤I¢��gê�X + k[cX + k − 1g¤õ


k − 1 g§���g£1X+kg¤¤õ], @oX ÑlK��©Ù"

P (X = x) =

 x+ k − 1

k − 1

 pk−1qxp, x = 0, 1, 2, . . . .

E(X) =
kq

p
, var(X) =

kq

p2
.

(o) ©Ù�m�'X

1. Nõ©ÙÚ��©Ùk'µ

(1) eU1, U2 ∼ U(0, 1) ��pÕá§-

 X1 =
√
−2 ln(U1) cos(2πU2),

X2 =
√
−2 ln(U1) sin(2πU2),

KX1, X2 ∼ N(0, 1)�Õá"Homework"

(2) t(n) Cq©Ù�N(0, 1)�n ¿©���ÿ¶(3) X1, X2 i.i.d. ∼ N(0, 1), KX1/X2 Ñ

lCauchy ©Ù

f(x) =
1

π(1 + x2)
,−∞ < x <∞.

(4) X1, X2 i.i.d. ∼ N(0, 1), K
√
X2

1 +X2
2 Ñla|©Ù

f(x) = xe−
x2

2 , x > 0.

2. Nõ©ÙÚBeta ©Ùk'µ

(1)F©ÙÚBeta ©Ù

F (x|m,n) = Beta(
mx

n+mx
|m

2
,
n

2
)

(2) t©ÙÚBeta ©Ù

T (t|n) =

 1− 1
2Beta( n

n+t2 |
n
2 ,

1
2 ), t > 0

1
2Beta( n

n+t2 |
n
2 ,

1
2 ), t ≤ 0

(3) Beta(1, 1) = U(0, 1)
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(4) gSÚOþU(1), . . . , U(n) ÑlBeta ©Ùµ

U(k) ∼ β(k, n− k + 1), k = 1, 2, . . . , n

U(1) ∼ β(1, n),

U(n) ∼ β(n, 1),

öS"

(5) X1 ∼ Gamma(a, 1), X2 ∼ Gamma(b, 1)§��pÕá§K

X1

X1 +X2
∼ Beta(a, b).

(5) X1 ∼ χ2(m), X2 ∼ χ2(n)§��pÕá§K

X1

X1 +X2
∼ Beta(

m

2
,
n

2
).

3. Nõ©ÙÚχ2 ©Ùk'µ

(1) χ2 ©Ù´AÏ�Gamma ©Ùµ

χ2(n) = Gamma(
n

2
,

1

2
)

(2) X1 ∼ χ2, X2 ∼ χ2 �Õá, K

X1/m

X2/n
∼ F (m,n)

(3) X ∼ N(0, 1), Y ∼ χ2(n),K

X√
Y
n

∼ t(n)

(4)T ∼ t(n),K

T 2 ∼ F (1, n)

(5)Gamma ©Ù¦ÚE´Gamma ©Ù£k^�–1�ëê�½¤AO�µX1, X2, . . . , Xn ∼

Gamma(1, λ) = exp(λ),K
n∑
i=1

Xi ∼ Gamma(n, λ).
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(6) R ∼ U(0, 1), K

− lnR ∼ exp(1)(Gamma(1, 1)).

��©Ù!Ñt©Ù�Gamma©ÙÚχ2©Ù�m�'X"Homework.

Bi(x|b, p) =


Beta(1− p|n− [x], [x] + 1), 0 ≤ x ≤ n

0, x < 0

1, x > n

P (x|λ) = 1−H(2λ|2([x] + 1)).

2.2 ©©©ÙÙÙ¼¼¼êêê������������{{{

�!0�O�ëY.�ÅCþ©Ù¼ê����{"

2.2.1 ÈÈÈ©©©���CCCqqq���{{{

F (x) =

∫ x

−∞
f(t)dt

(�)�åS�¦È©úª(Newton-Cotes)

T�{^u
∫ b
a
f(x)dx �CqO�"

®�f(x)3n+ 1�:x0, x1, . . . , xnþ��f(xi). ^õ�ªLn(x) 5Cqf(x), =

f(x) = Ln(x) +Rn(x),

Ù¥Ln(x) �ngõ�ª§Rn �Ø�¼ê"

�Ä�!:��¹"xk = a+ kh, k = 0, 1, . . . , n, h = (b− a)/n. �Ln �Lagrange ��õ�

ª§=

Ln(x) =

n∑
j=0

(x− x0) . . . (x− xj−1)(x− xj+1) . . . (x− xn)

(xj − x0) . . . (xj − xj−1)(xj − xj+1) . . . (xj − xn)
f(xj)

Pw(x) = Πn
j=0(x− xj), Kþª©f´

w(x)

(x− xj)
,

©1´w′(x)|x = xj . ¤±

Ln(x) =

n∑
j=0

w(x)

(x− xj)w′(xj)
f(xj).
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u´ ∫ b

a

f(x)dx ≈
∫ b

a

Ln(x) =

n∑
j=0

Ajf(xj),

Ù¥

Aj =

∫ b

a

w(x)

(x− xj)w′(xj)
dx,

Aj �f(x) Ã'§��!:xj Ún (½§§Ò��(½�k

Aj = (b− a)C
(n)
j ,

C
(n)
j =

(−1)n−j

nj!(n− j)!

∫ n

0

t(t− 1) . . . (t− n)

t− j
dt

∫ b

a

≈ (b− a)

n∑
j=0

C
(n)
j f(a+ hj).

C
(n)
j ¡�Newton-Cotes Xê§�±¯kO�Ñ5"e¡O�A�A~µ

(1) n = 1x0 = a, x1 = n C
(1)
0 = −

∫ 1

0
(t− 1)dt = 1

2 , C
(t)
1 =

∫ 1

0
tdt = 1

2 . F/úª:

∫ b

a

=
b− a

2
[f(x0) + f(x1)].

(2)n = 2, x0 = a, x2 = b, x1 = a+b
2 . Ph = b−a

2 .�±���Ô�úª(Simpsonúª)µ

∫ b

a

f(x)dx ≈ h

3
[f(x0) + 4f(x1) + f(x2)].

(���) pppddd...¦¦¦ÈÈÈúúúªªª

c¡0���å��úª§÷ve¡ù�5�µ

∫ b

a

f(x)dx ≈
n∑
j=0

Ajf(xj),

Aj ´Ø�6uf(X) �~ê"þª�ª¤á§XJf(x) ´Øpung�õ�ª§�´X

Jf(x)´n+ 1g½ö�p�õ�ª��ÿ§�ªØ¤á"

e¡·�ò0��«#��{§¦�éu�p��õ�ª§�ª�´¤á�"ù«�{��

dÒ´,��:x1, . . . , xn� �Ø´�½�§I�O�"

Ä��{´ù��µ½Â��õ�ª

wn(x) = Πn
i=1(x− xi),
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´�w(xi) = 0. éu?¿��õ�ªPk(x) = q(x)wn(x) + r(x).

∫ b

a

Pk(x)dx =

∫ b

a

q(x)wn(x)dx+

∫ b

a

r(x)dx.

Ï�r(x) ´�un g�õ�ª§¤±n �:���±(½r(x), �¦^Lagrange ��úª§�±

[Ür(x)§l

∫ b
a
r(x)dx =

∑n
i=1Ajr(xj). XJ

∫ b
a
q(x)wn(x)dx ≡ 0, @o

∫ b

a

Pk(x)dx =

n∑
i=1

Ajr(xj) =

n∑
i=1

AjPk(xj). 5¿�wn(xj) = 0.

XÛ(½x1, x2, . . . , xn Qº¯¢þ§q(x)XJ´Øpun−1�õ�ª§=q(x) = a0 +a1x+

. . . an−1x
n−1. e¡��§|£n ���ê§n ��§¤µ

∫ b

a

xkwn(x) = 0, k = 0, 1, . . . , n− 1,

(½n �!:x1, x2, . . . , xn.

ÏLþ¡�£ã·���§éuÈ©
∫ b
a
f(x)dx, ÏLÀ�Ü·�!:x1, x2, . . . , xn§�±¦

� ∫ b

a

f(x)dx =

n∑
i=1

Ajf(xj)

éu?¿���Øpu2n− 1�¤á"

AO�§a = −1, b = 1, n = 2�§´�µ

∫ 1

−1

f(x)dx = f

(
− 1√

3

)
+ f

(
1√
3

)

����§�ÄÈ© ∫ b

a

p(x)f(x)dx.

æ^Úc¡�?Øaq�g´§éu?¿�õ�ªPk(x),

Pk(x) = p(x)q(x)wn(x) + r(x)

XJ
∫ b
a
p(x)q(x)wn(x)dx ≡ 0, @o

∫ b

a

p(x)Pk(x)dx =

∫ b

a

p(x)r(x)dx =

n∑
i=1

Ajr(xj) =

n∑
i=1

AjPk(xj).
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=µ ∫ b

a

p(x)f(x)dx =

n∑
i=1

Ajf(xj),

éu?¿��ê�u2n− 1 �õ�ªÑ¤á"

e¡0�A�~^�pd.¦Èúªµ

(1)Gauss-Legendre ¦Èúªp(x) = 1,

∫ 1

−1

f(x)dx ≈
n∑
k=1

Akf(xk).

xk, k = 1, . . . , n ´Legendre õ�ªLn ��µ

L0(x) = 1,

L1(x) = x,

L2(x) = 1
2 (3x2 − 1),

....... ... ..................,

Ln(x) = 1
2nn!

dn

dxn [(x2 − 1)n]

Ak =

∫ 1

−1

Ln(x)

(x− xk)L′n(x)
dx =

2

(1− x2
k)[L′n(xk)]2

(2) Gauss-Laguerre ¦Èúª

�p(x) = e−x, «m�[0,∞), ¦Èúª�

∫ ∞
0

e−xf(x)dx ≈
n∑
1

Akf(xk),


!:´Laguerre õ�ª��µ

Ln(x) = ex
dn

dxn
(e−xxn).

Ak =
(n!)2

xk[L′n(x)]2
.

(3) Gauss-Hermite ¦Èúª

�p(x) = e−x
2

, «m�(−∞,∞), ¦Èúª�

∫ ∞
0

e−x
2

f(x)dx ≈
n∑
1

Akf(xk),
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!:´Hermite õ�ª��µ

Hn(x) = (−1)nex
2 dn

dxn
(e−x

2

).

Ak =
2n+1n!

√
π

[H ′n(x)]2
.

2.2.2 ¼¼¼êêê%%%CCC{{{

(�) kn¼ê%C(Padé %C) Padé %C´±�?êÐm�Ä:�§�f(x) 3|x| ≤ 1 S�±Ð

¤�?ê

f(x) =

∞∑
k=0

ckx
k.

q�m ≥ n ��K�êµ

Pm(x) =

m∑
j=0

ajx
j , Qn(x) =

n∑
k=0

bkx
k.

^knª

Rmn(x) =
Pm(x)

Qn(x)

5Cqf(x) ¡�Padé Cq"

|^
m∑
j=0

ajx
j =

( ∞∑
k=0

ckx
k

)(
n∑
k=0

bkx
k

)

ïám+ n ��5�§�¤��§|§�±¦�Xêaj , j = 0, . . . ,m Úbk, k = 0, . . . , n.

(���) ëëë©©©ªªª%%%CCC

½½½ÂÂÂ9. /X

b0 +
a1

b1 + a2
b2+

a3

...+
bn−1+

an
nn

�L�ª¡�n!ë©ª"�Ö��B§k�rë©ª�¤

b0 +
a1

b1 +

a2

b2 +

· · ·+
an
bn

ë©ªkü«�{µl�¡�c4íÚlc¡��4í"

l�¡�c4íµ

qn = bn; qk−1 = bk−1 +
ak
qk
, k = n, n− 1, . . . , 2, 1
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q0 Ò´ë©ª��"

lc¡��4í: PA0

B0
= b0

1 ,
A1

B1
= b0 + a1

b1
= b0b1+a1

b1
, Kk4íúª

Ak
Bk

=
bkAk−1 + akAk−2

bkBk−1 + akBk−2
, k = 2, 3, 4, . . . .

Proof. ^8B{"b�(Øék ≤ m ¤á§�k = m+ 1 �§

Am+1

Bm+1
=

(bm + am+1

bm+1
)Am−1 + amAm−2

(bm + am+1

bm+1
)Bm−1 + amBm−2

=
Am + am+1

bm+1
Am−1

Bm + am+1

bm+1
Bm−1

=
bm+1Am + am+1Am−1

bm+1Bm + am+1Bm−1

éu?¿�/X
∞∑
i=0

cix
i/

∞∑
j=0

djx
j

�¼ê§Ñ�±æ^±e�{z�ë©ª¼êµ

∑∞
i=0 cix

i∑∞
i=0 dix

i
=

c0
d0

+

∑∞
i=0 cix

i∑∞
i=0 dix

i
− c0
d0

=
c0
d0

+

∑∞
i=0(cid0 − dic0)xi∑∞

i=0 d0dixi

=
c0
d0

+
x∑∞

i=0 d0dixi/
∑∞
i=0(ci+1d0 − di+1c0)xi

= · · · .

�F (x) �©Ù¼ê§XJk

F (x) =

n∑
i=0

cix
i,

ÏLrF (x) =
∑n
i=0 cix

i/1 z�ë©ª§^k�!ë©ª��F (x) �Cqª"ù«�{Ò´ë

©ª%C{"

�±y²µ

∞∑
i=0

cix
i =

a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·

Ù¥a0 = c0, ai = ci/ci−1, i = 1, 2, . . . .
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Proof. ·�^8B{y²

n∑
i=0

cix
i =

a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

anx

1 + anx
.

�n ≤ k¤á"�n = k + 1�

a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

akx

1 + akx−

ak+1x

1 + ak+1x
=

a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

akx

1 + akx− ak+1x
1+ak+1x

=
a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

akx

akx+ 1
1+ak+1x

=
a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

akx

akx+ 1
1+ak+1x

=
a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

ak(1 + ak+1x)x

ak(1 + ak+1x)x+ 1

=
a0

1 −

a1x

1 + a1x−

a2x

1 + a2x−
· · ·−

ãkx

ãkx+ 1

db��±��

þª =

k∑
i=0

c̃ixi,

Ù¥c̃i = Πi
i=0ai. ¤±§ãi = ci, i = 1, 2 . . . , k − 1. c̃k = ak−1 ∗ ãk = ck−1 ∗ ak(1 + ak+1x) =

ck−1 ∗ ck/ck−1 ∗ (1 + ck+1/ckx) = ck + ck+1x.

^ë©ª�O?ê���Ð?´U
~�O�þ"~µO�sin(αx) = αx − 1
3! (αx)3 +

1
5! (αx)5 − · · · . XJ¦^õ�ª%C

sin(αx) ≈ x[A+ x2(B + Cx2)]

I�¦^ og¦{ ¦ üg\{"

XJ¦^ë©ªCq

sin(αx) ≈ a0(x− a1

x+ a2
x

)

a0 = −7

3
α, a1 =

200

7α2
, a2 =

20

α2
.

I�ügØ{+ üg\{+ �g¦{"

~µO�ex =
∑∞
k=0

xk

k! . ck = 1
k! , a0 = 1, ak = ck

ck−1
= 1

k .

ex =
1

1−

x

1 + x−

1/2x

1 + 1/2x−
· · · .
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2.2.3 |||^̂̂©©©ÙÙÙ¼¼¼êêê���mmm���'''XXX

|^©Ù¼ê�m�'X§d�
©Ù�©Ù¼ê§�±��,	�
©Ù�©Ù¼ê"

2.3 OOO���©©©   êêê������������{{{

F (xp) = p.

f(x) = F (x)− p = 0 ��.

2.3.1 ���§§§¦¦¦������SSS������{{{

(�) �©{

(�) Úî{£��{¤

f(x) ≈ f(x0) + f ′(x0)(x− x0) = 0

x1 = x0 −
f(x0)

f ′(x0)

xn+1 = xn −
f(xn)

f ′(xn)

(n) ��{

2.3.2 ©©©   êêê���SSS������{{{

(�) © ê���Ðmªxp = F−1(p). �ê©Ù�p© êµF (x) = 1 − e−λx = p, xp =

− 1
λ ln(1− p).

éu���F ,�¼êvk²w�L�ª"�´·��±|^Taylor Ðm§��F−1(p) �Ð

mª"äNÚ½Xeµ

Pξ(x) = F (x)− F (x0), Kξ(x0) = 0. dd�±��ξ(x) ��¼êx = x(ξ), �x(0) = x0.

y3·�òx(ξ) 3ξ = 0 ?Taylor Ðm§=

x(ξ) = x(0) +

∞∑
k=1

(
1

k!

dkx(ξ)

dξk
|ξ = 0

)
(ξ)k.

Ï�F (xp) = p, ¤±�ξ = p− F (x0)�§x(ξ) = xp. òξ = p− F (x0) �\þª§k

xp = x(0) +

∞∑
k=1

(
1

k!

dkx(ξ)

dξk
|ξ = 0

)
(p− F (x0))k.
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y3·�5O�dkx(ξ)
dξk
µ

dx

dξ
= 1/

dξ

dx
=

1

f(x)
≡ C1(x)

f(x)
Ù¥C1(x) = 1

d2x

dξ2
= (

1

f(x)
)′ ∗ 1/

dξ

dx
=
−f ′(x)

f3(x)
=
C ′1(x) + C1(x)g(x)

f2(x)
≡ C2(x)

f(x)
Ù¥g(x) = f ′(x)

f(x)

���§

dkx(ξ)

dξk
=
Ck(x)

fk(x)
,

Ck+1 = kCk(x)g(x) + C ′k(x), k = 1, 2,

dkx(ξ)

dξk
|ξ = 0 =

Ck(x0)

fk(x0)

xp = x(0) +
∞∑
k=1

(
1

k!

Ck(x0)

fk(x0)

)
(p− F (x0))k.

2.4 ���


AAAÏÏÏ©©©ÙÙÙ¼¼¼êêêÚÚÚ©©©   êêê���OOO���

2.4.1 ������©©©ÙÙÙ

(�) A�Ä�úª

½½½ÂÂÂ10. ¡¼ê

erf(x) =
2√
π

∫ x

0

e−t
2

dt(x > 0)

�Ø�¼ê¶¡¼ê

erfc(x) = 1− erf(x) =
2√
π

∫ ∞
x

e−t
2

dt(x > 0)

�{Ø�¼ê¶

w,

Φ(x) =

 0.5
(

1 + erf( x√
2
)
)
, x ≥ 0;

0.5
(

1− erf(−x√
2
)
)
, x < 0.

(2.1)

|^©ÜÈ©�±��Φ(x) �ü�?êÐmªµ

Φ(x) =
1

2
+ φ(x)

[
x+

x3

3
+

x5

3 · 5
+ · · ·+ x2k+1

(2k + 1)!!
+ · · ·

]
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Φ(x) = 1− φ(x)

[
1

x
− 1

x3
+

3

x5
+ · · ·+ (−1)k

(2k − 1)!!

x2k+1
+ · · ·

]

(�) Φ(x) �O��{

Φ(x) = 1− Φ(−x). �I�Äx > 0 ��/"

(1) ¦^ë©ªO�

|^ò¼êz�ë©ª����{§�±òΦ(x)z�Xeü�ë©ª¶

Φ1(x) =
1

2
+
φ(x)x

1 −

x2

3 +

2x2

5 +
· · · + (−1)k

kx2

2k + 1 +
· · ·

Φ2(x) = 1− φ(x)

x +

1

x +

2

x +
· · · +

k

x +
· · ·

�k�!��Φ(x) �Cqªµ

Φ(x) =

 Φ1(x), 0 ≤ x ≤ 3;

Φ2(x), x > 3.

n = 28�§°Ý��10−12.

(2) ^Ø�¼ê�CqúªO�µ

erf(x) ≈ 1− (1−
6∑
i=1

aix
i)−16

°Ý��1.3× 10−7

erf(
x√
2

) ≈ 1− (1−
4∑
i=1

bix
i)−4

°Ý��2.5× 10−4.s

£n¤© êup �O�

(1) ^up �Cqúª

(2) |^© ê�Ðmª�{

2.4.2 Beta ©©©ÙÙÙ

Beta ©Ù�4í�{
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£�Beta ©Ù��Ý¼ê�

beta(x|a, b) =
1

B(a, b)
xa−1(1− x)b−1, x ∈ [0, 1]

½Â��#�¼ê

U(x|a, b) =
1

B(a, b)
xa(1− x)b, x ∈ [0, 1]

Beta ©Ù�©Ù¼êBeta(x|a, b) k±e�4íúªµ



Beta(x|a+ 1, b) = Beta(x|a, b)− 1
aU(x|a, b)

Beta(x|a, b+ 1) = Beta(x|a, b) + 1
bU(x|a, b)

U(x|a+ 1, b) = a+b
a xU(x|a, b)

U(x|a, b+ 1) = a+b
b (1− x)U(x|a, b)

(2.2)

Homework.

|^Beta ©Ù�©Ù¼êO�t©Ù§F ©Ù§��©Ù�§ëêa, bÑ´��ê½ö 1
2��

ê�"ù�§þª (2.2) �Ð�À��k�eo«�¹µ

(1) a = 1
2 , b = 1

2

U(x|1
2
,

1

2
) =

1

π

√
x(1− x)

Beta(x|1
2
,

1

2
) = 1− 2

π
tan−1

√
1− x
x

Proof.

Beta(x|1
2
,

1

2
) =

1

B( 1
2 ,

1
2 )

∫ x

0

t−
1
2 (1− t)− 1

2 dt

= (t = sin2u)
1

B( 1
2 ,

1
2 )

∫ u0

0

1

sinu cosu
2 sinu cosudu

=
2u0

B( 1
2 ,

1
2 )
.

5¿�sin2 u0 = x, XJx = 1, u0 = π
2 , ¤±B( 1

2 ,
1
2 ) = π. ¤±þª�u

2

π
arcsin

√
x = 1− 2

π
arctan

√
1− x
x

.

(2) a = 1
2 , b = 1
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U(x|1
2
, 1) =

1

2

√
x(1− x)

Beta(x|1
2
, 1) =

√
x

(3) a = 1, b = 1
2

U(x|1, 1

2
) =

1

2
x
√

(1− x)

Beta(x|1, 1

2
) = 1−

√
1− x

(4) a = 1, b = 1

U(x|1, 1) = x(1− x)

Beta(x|1, 1) = x

öS"

2.4.3 χ2 ©©©ÙÙÙ

χ2 ©Ù�4í�{

 Gamma(x|n) = Gamma(x|n− 2) + 2f(x|n),

f(x|n) = x
n−2f(x|n− 2)

Ù¥§f(x|n) = 1
2Γ(n2 ) (x2 )

n
2−1e−

x
2 . 4íÐ��µ

 Gamma(x|1) = 2Φ(
√
x)− 1, f(x|1) = 1√

2πx
e−

x
2 ,

Gamma(x|2) = 1− e− x2 , f(x|2) = 1
2e
− x2 .

5¿�Γ( 1
2 ) =

√
π. ù�±d

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)

��"
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2.4.4 Gamma ©©©ÙÙÙ

£�Gamma ©Ù��Ý¼ê

f(x|a, b) =
ba

Γ(a)
xa−1e−bx.

5¿�XJX ∼ Γ(a, b), KY = bX ∼ Γ(a, 1).

Γ ©Ù�4íúª.

G(x|a+ 1) = G(x|a)− 1

a
V (x|a)

V (x|a+ 1) =
x

a
V (x|a)

V (x|a) =
1

Γ(a)
xae−x

Γ ©Ù�ë©L�ª�±æ^Ú��©Ùaq��{§òGamma ©Ù¦^©ÜÈ©��ÄêÐ

m§,�¦^ë©ªO�"

2.4.5 t ©©©ÙÙÙ, F ©©©ÙÙÙ,������©©©ÙÙÙÚÚÚÑÑÑttt©©©ÙÙÙ

ù
©Ù�±¦^Beta©Ù½öχ2 ©ÙO�



Chapter 3

���þþþ!!!���ÅÅÅêêê������)))

3.1 ���)))���þþþ!!!���ÅÅÅêêê������������{{{

(�) ��Ä�{£�¼ê{¤

dc¡�½n·���§XJR ∼ U [0, 1], @oF−1(R) ∼ F (x), Ù¥§F (x) �?�©Ù¼

ê"

AO�§XJξ ∈ [a, b] ∼ F (x), @o3O�F−1(x)�§�I�ÄF (x), x ∈ [a, b]��¼ê"

~µ�)U [a, b] �þ!�Åê"

F (x) =

∫ x

a

1

b− a
dt =

x− a
b− a

,∀x ∈ [a, b].

F−1(y) = a+ (b− a)y,∀y ∈ (0, 1).

¤±ξ = (b− a)R+ a ÑlU(a, b).

~µ�)�ê©Ù��Åê"f(x) = λe−λx, x ∈ [0,∞)

F (x) =

∫ x

0

λe−λtdt = 1− e−λx,∀x ∈ [0,∞)

F−1(y) = − 1

λ
log(1− y),∀y ∈ (0, 1).

¤±§ξ = − 1
λ log(1−R) =d − 1

λ log(R) Ñl�ê©Ù"

~µlÑ�ÅCþ��Åê��)"

P (ξ = xi) = pi, i = 1, 2, . . .

43
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F (x) =
∑
xi≤x

pi

´���F¼ê"�âF−1(x)�½Âµ

F−1(y) = inf
x
{x : F (x) ≥ y},

¤±

F−1(y) = xi, F (xi−1) < y ≤ F (xi), i = 1, 2, . . .

ùpF (x0) = 0. �)lÑ©Ù��Åê���Ä�{Xeµ

1. �)R ∼ U(0, 1)

2. �ξ = xi, eF (xi−1) < R ≤ F (xi).

XJry¶üÕÄÑ5w§ù¢Sþ´��Stick breaking �{"

1. dpk, k = 1, 2, . . .r�Ý���«m[0, 1]�g©��Ý�p1, p2, . . .��«m(F (xi−1), F (xi)];

2. �)R, XJR á\1k��«m(F (xk−1), F (ki)], -ξ = xk.

��Ä�{�":µ

XJF (x)��¼êéJO�§òéJ¦^d�{"

(�) C�Ä�{

X äk�Ý¼êf(x), Y = g(X)´�ÅCþX �¼ê§q�x = g−1(y) = h(y)�3�äk�

�ëY�ê"KY = g(X)��Ý¼ê�µ

p(y) = f(h(y))|h′(y)|.

~µY = Rα, α > 0,Kh(y) = y1/α, h′(y) = 1/αy1/α−1.

p(y) =
1

α
y1/α−1 Beta(1/α, 1).

��Å�þ(X,Y )äk��éÜ�Ýf(x, y), �ÄC�

U = g1(X,Y ), V = g2(X,Y )

XJTC�äk�
Ð�5�µ

1. �C��3��

x = h1(u, v), y = h2(u, v).

2. �C���� ��3



45

3. ¼êC��ä�'1�ªØ�0

K(U,V) äkéÜ�Ý

f [h1(u, v), h2(u, v)]|J |,

Ù¥J �ä�'1�ªµ ∣∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣∣
dd�±��§��©Ù�Åê�)�C�Ä�{µeU1, U2 ∼ U(0, 1) ��pÕá§-

 X1 =
√
−2 ln(U1) cos(2πU2),

X2 =
√
−2 ln(U1) sin(2πU2),

(X1, X2) i.i.d. N(0, 1).

~µχ2©Ù�C�Ä�{:

R2
1 +R2

2 + . . . R2
n ∼ χ2(n).

(n) �SÄ�{

½½½nnn6. �X1, X2, . . . , Xn i.i.d. �Ý¼ê�f(x), ©Ù¼ê�F (x)§gSÚOþP�

X(1) ≤ X(2) ≤ · · · ≤ X(n),

K(X(1) ≤ X(2) ≤ · · · ≤ X(n))�éÜ�Ý¼ê�

g(y1, . . . , yn) = n!f(y1)f(y2) · · · f(yn)Iy1≤y2≤···≤yn

X` ��Ý¼ê�

n!

(`− 1)!(n− `)!
[F (x)]l−1[1− F (x)]n−lf(x)

X` �©Ù¼ê�

n!

(`− 1)!(n− `)!

∫ F (x)

0

tl−1[1− t]n−ldt

AO�§Xi, i = 1, . . . , n i.i.d. U(0, 1), KX(`) ��Ý�

n!

(`− 1)!(n− `)!
xl−1(1− x)n−l, x ∈ (0, 1) [Beta(`, n− `+ 1)]

���§� n = a+ b− 1, KX(a) ∼ Beta(a, b).
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(o) �ÀÄ�{

þã��{Ñ�±¤���Ä�{"�X·�0��ÀÄ�{"T�{Ø´é¤k�)��

ÅêÑ¹^§
´æ^�«çÀ��{§÷v�½^���Åêâ�¹^"~Xµ�)�S�

þ!�Åê"

e¡·�0�A«~^��ÀÄ�{"(1) ��ÅCþZ�©Ù�Ý�p(z), Ùkþ.¼

êM(z):

p(z) ≤M(z),

� ∫ ∞
−∞

M(x) <∞.

-f(x) = M(x)/C, XJ�Ý�f(x) ��ÅCþé´Ä�§K·�ÄkÄ�

X ∼ f(x)

�X·��½��5Kû½À�´�ïd�Åê"äN�5KXeµÀ���þ!�Å

êR ∼ U [0, 1], R �X Õá. XJR ≤ p(X)
M(X) , K�Éd�Åê§-Z = X,ÄK�ï"�±y

²Z ∼ p(z).

Proof.

P (Z ≤ z) = P (X ≤ z|R ≤ p(X)

M(X)
)

= P (X ≤ z,R ≤ p(X)

M(X)
)/P (R ≤ p(X)

M(X)
)

©f´

P (X ≤ z,R ≤ p(X)

M(X)
) =

∫ z

−∞
[

∫ p(x)
M(x)

0

dr]f(x)dx =

∫ z

−∞

p(x)

M(x)
M(x)/Cdx =

∫ z

−∞
p(x)/Cdx

©1´
∫∞
−∞ p(x)/Cdx = 1/C

¤±

P (Z ≤ z) =

∫ ∞
−∞

p(x)dx

���(Jµ

½½½nnn7. 1. X ∼ f(x)
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2. Y ∼ g(x) [G(x)] �X �Y Õá

3. �ÉX XJY ≤ h(X): Z = X; ÄK�ïX.

KZ��Ý�

p(z) ∝ f(z)G(h(z)).

Proof.

P (Z ≤ z) = P (X ≤ z|Y ≤ h(X)) ∝ P (X ≤ z, Y ≤ h(X)) =

∫ z

−∞
G(h(x))f(x)dx.

p(z) ∝ f(z)G(h(z)).

~µÁ�)�Ý¼ê�f(x) ��Åêξ ∈ [a, b] �supx ∈ [a, b]f(x) = f0 <∞.

�M(x) = f0Ix∈[a,b].

1. �)þ!�ÅêX ∼ U [a, b]

2. �)R ∼ U(0, 1)

3. eR ≤ p(X)/f0, -Z = X,ÄK�ïX.

AÛ¿Âµ

¡

p0 = P (R ≤ p(x)/f0) =
1

f0(b− a)

��ÀÄ�{��Ç"Ú\�ÅCþT L«I��)õ��X â�±��É�g"KT Ñl“¤

õ�g�VÇ�p0”�AÛ©Ùµ

P (T = k) = (1− p0)k−1p0

E(T ) =
1

p0
.

~µBeta(a, b) ��Åê"�Ý�µ

f(x) =
1

B(a, b)
xa−1(1− x)b−1, x ∈ [0, 1]

x =
a− 1

a+ b− 2

�, f(x) �����D.

a = 4, b = 5�§D ≈ 2.35, p0 = 1
D(1−0) ≈ 0.4255. �Ç�42.55%, ²þ2.35 �X �É��"
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~µ�Z ∼ p(z), z ∈ [0, 2],®�

0.3 ≤ p(z) ≤ z + 1

2
, z ∈ [0, 2].

N��)�ÅêZ??

�M(x) = x+1
2 , Kf(x) = M(x)

2 = x+1
4

1. �)R1 ∼ U(0, 1), KX =
√

1 + 8R1 − 1 ∼ f(x)

2. �)R2 ∼ U(0, 1)�ÕáuR1

3. XJR2 ≤ 0.3/M(X) K�ÉZ = X, else

4. XJR2 ≤ p(x)/M(X), K�ÉZ = X, ÄK�ïX.

~µ

a− b(x− s)
h

≤ g(x) ≤ b− b(x− s)
h

, x ∈ (s, s+ h)

1. R1, R2 ∼ U [0, 1], U = R(1), V = R(2)

2. XJV ≤ a/b �ÉX = s+ hU , else

3. XJV ≤ U + 1
b g(s+ hU) �ÉX = s+ hU , ÄK�ïX"

X ��Ý¼ê�g(x).

Homework.

���ÀÀÀ{{{II:

XJ

p(z) = Lh(z)f(z),

Ù¥L > 1, 0 ≤ h(z) ≤ 1, f(z) ���Ý¼ê"KZ �Ä�L§�±{z�µ

1. �)X ∼ f(x)

2. �)R ∼ U [0, 1]

3. XJR ≤ h(X), K�ÉX: Z = X;ÄK�ïX.

Proof. �M(z) = Lf(z), KdM(z)����Ý�f(z).

R ≤ p(z)
M(z) = h(z).

~µ

p(x) =

√
2

π
e−

x2

2 , x ∈ [0,∞)

p(x) =

√
2e

π
· e−

(x−1)2

2 · e−x

f(x) = e−x ��ê©Ù§F (x) =
∫ x

0
e−tdt = 1− e−x.

h(x) = e−
(x−1)2

2 .
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1. R1 ∼ U [0, 1], X = F−1(R1) = − log(1−R1) =d − log(R1)

2. R2 ∼ U(0, 1)

3. XJR2 ≤ e−
(X−1)2

2 ⇐⇒ (X−1)2

2 ≤ − logR2,�ÉZ = X; ÄK�ïX.

���ÀÀÀ{{{IIIµµµ

XJ

p(z) = L

∫ h(z)

−∞
g(z, y)dy,

K�±ù�Ä�Z:

1. (X,Y ) ∼ g(x, y)

2. XJY ≤ h(X), �ÉX: Z = X, ÄK�ïX.

Proof.

P (Z ≤ z) = P (X ≤ z|Y ≤ h(X)) ∝ P (X ≤ z, Y ≤ h(X)) =

∫ z

−∞
[

∫ h(x)

−∞
g(x, y)]dydx

(Ê) EÜÄ�{

F (x) =
∑
j

pjFj(x).

1. �)�Å�êJ , P (J = j) = pj

2. �)X ∼ FJ(x). KX ∼ F (x).

Proof.

P (X ≤ x) =
∑
j

P (X ≤ x|J = j)P (J = j)

(8) CqÄ�{ÀÖ"P 141 - P 145.

3.2 ~~~^̂̂ëëëYYY©©©ÙÙÙ���ÄÄÄ������{{{

(�) ��©Ù(1) Cq©Ù

(2) Box-Muller(1958) C�Ä�{µ

 X1 =
√
−2 ln(U1) cos(2πU2),

X2 =
√
−2 ln(U1) sin(2πU2),



50

(3) ?��C�Ä�{"

5¿�U2 ∼ U [0, 1],@oπU2 ∼ U [0, π]. ��S��:(X,Y ) �α = U2π �'X�µsinα =

Y√
X2+Y 2

cosα = X√
X2+Y 2

l
sin 2α = 2XY
X2+Y 2 cos 2α = X2−Y 2

X2+Y 2

nþ§·�k�)N(0, 1) ��Åê��{µ

1. �)�pÕá�þ!�Åêr1, r2, r3

2. O�u1 = 2r2 − 1, u2 = r3

3. If u2
1 + u2

2 <= 1  X1 =
√
−2 ln(r1)

u2
1−u

2
2

u2
1+u2

2
,

X2 =
√
−2 ln(r1) 2u2u2

u2
1+u2

2
,

,�«aq�{µ

1. V1 = 2r1 − 1, V2 = 2r2 − 1

2. If W ≤ 1, Ù¥W = V 2
1 + V 2

2 , K-Y =
√
−2 logW

W , X1 = V1Y,X2 = V2Y

Ù¦Cq�{§Ñ�"

(�) �ê©Ù

�Ý¼ê

f(x) = λe−λx, λ > 0;x ≥ 0

F (x) = 1− e−λx

F−1(y) = − 1

λ
log(1− y), dd����{

w,§XJX ∼ Exp(λ), λX ∼ Exp(1).

(n)Gamma ©Ù

(o) Beta ©Ù

p��ÀÄ�{"|^Ø�ªµ

(
x

A
)A(

1− x
B

)BCC ≤ exp[−2C(x− A

C
)2],

Ù¥§A = a− 1, B = b− 1, C = A+B.

a = 4, b = 5, |^ù�þ.�±���Ç�0.8983 > 0.4255.

(Ê) χ2 !t!F ©Ù
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3.3 ~~~^̂̂lllÑÑÑ©©©ÙÙÙ���ÄÄÄ������{{{

(�) ��©ÙXi ∼ Bernoulli(p)

n∑
i=1

Xi ∼ Binomial(n, p)

n < 38 �§�æ^��Ä�Xi,,�¦Ú��{"

ÚÚÚnnn2. �a, b ���ê§a+ b− 1 = n. q�S Ñlβ(a, b).

1. XJS ≤ p, �Y ∼ Binomial(b− 1, p−S1−S ), -X = Y + a;

2. XJS > p, �Y ∼ Binomial(a− 1, pS ), -X = Y .

KX ∼ Binomial(n, p).

(�) Ñt©Ù

P (X = k) =
λke−λ

k!
x = 0, 1, 2, . . . ,

5¿�ÑtL§¥§Ñt©ÙÚ�ê©Ù�m�'Xµ

(n)AÛ©ÙÚK��©Ù

3.4 ���ÅÅÅ���þþþ���ÄÄÄ������{{{
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Chapter 4

���ÅÅÅ���[[[���{{{
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Chapter 5

EM ���{{{

5.1 EM ���{{{

EM �{�¡´Expectation-Maximum Algorithm. ÙÌ�8�´^u¦MLE. �êâ¹k"�

êâ§½ö�,vk"�êâ§�´Ú?ÛCþ£�±w¤´"�êâ¤��§q,¼êC�

{ü§ù�ÿ§¦^EM �{¬¦�MLE ¦)C�{ü"

Äk·�5w��~f"ÄÏë£�.£Rao, 1973¤µ*ÿ�197 �ÄÔ§�âÙá5§�

±òù
ÄÔ©�4 a§
��.b½ùoaÓ�VÇ©O´µ

1

2
+ θ,

1

4
(1− θ), 1

4
(1− θ), θ

4
.

^��LL«*ÿ9VÇ©Ùµ

125 18 20 34
1
2 + θ 1

4 (1− θ) 1
4 (1− θ) θ

4

Table 5.1: ÄÏë£�.9*ÿ

q,¼ê´µ

`(θ|X) ∝ p(X|θ) ∝ (
1

2
+ θ)125(

1

4
(1− θ))18+20(

θ

4
)34 ∝ (2 + θ)125(1− θ)18+20(θ)34

θ �4�q,�O´

θ̂ = arg max
θ

log `(θ) = arg max
θ

[125 log(2 + θ) + (18 + 20) log(1− θ) + 34 log(θ)] .

¦)θ �±¦^Newton {"

55
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y3�ÄÚ?��ÛCþ§òL5.1 1���f©¤ü��f§�eLµ

125− x2 x2 18 20 34
1
2 θ 1

4 (1− θ) 1
4 (1− θ) θ

4

Table 5.2: Ú?ÛCþ�§ÄÏë£�.9*ÿ

XJÛCþ(x2) ��
§@oq,¼ê´µ

`(θ) = (θ)x2+34(1− θ)18+20,

ù�ÿ§�±éN´�¦Ñ

θ̂ =
x2 + 34

x2 + 34 + 18 + 20
.

EM �{Ò´��S���{§z�gS�§òx2 WÖÑ5§,�éN´�O�θ̂.

5.1.1 EM ���{{{���ííí���

^X �L*ÿêâ§Z �L"�êâ£½öÛCþ¤§θ ´��O�ëê"*ÿêâ�>�©

Ù´

P (X|θ) =
∑
z

P (X|Z, θ)P (Z|θ), XJZ ´ëY�§^È©�O¦Ú.

ù�ÿ§éêq,´

L(θ) = log

[∑
z

P (X|Z, θ)P (Z|θ)

]

= log

[∑
z

P (Z|X, θn)
P (X|Z, θ)P (Z|θ)
P (Z|X, θn)

]

≥
∑
z

P (Z|X, θn) log

[
P (X|Z, θ)P (Z|θ)
P (Z|X, θn)

]
, `(θ|θn)

lþ¡�Ø�ª�±��Xe5�µ

1. L(θ) ≥ `(θ|θn).
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2.

`(θn|θn) =
∑
z

P (Z|X, θn) log

[
P (X|Z, θn)P (Z|θn)

P (Z|X, θn)

]
=

∑
z

P (Z|X, θn) log

[
P (X,Z|θn)P (X|θn)

P (Z,X|θn)

]
=

∑
z

P (Z|X, θn) log [P (X|θn)]

= logP (X|θn) = L(θn)

¤±§?Û¦�`(θ|θn)O��θò¬¦L(θn+1) ≥ L(θn). EM�{Ï¦θn+1 = arg maxθ `(θ|θn).

θn+1 = arg max
θ
`(θ|θn)

= arg max
θ

∑
z

P (Z|X, θn) log

[
P (X|Z, θ)P (Z|θ)
P (Z|X, θn)

]
= arg max

θ

∑
z

P (Z|X, θn) log

[
P (X,Z|θ)
P (Z|X, θn)

]
= arg max

θ

∑
z

P (Z|X, θn) log [P (X,Z|θ)]

= arg max
θ
EZ|X,θn log [P (X,Z|θ)]

nþ¤ã§lÐ©�θnÑu§O�θn+1 �äNÚ½�±o(e¡üÜµ

1. E ÚµO�^�Ï"En(θ) , EZ|X,θn logP (X,Z|θ) (��q,�Ï")

2. M ÚµO�þ�Ú¤�Ï"����:µθn+1 = arg maxθ En(θ).

~fµÄÏë£�.£Y¤"c¡®²0�
ÄÏë£�.§Ú?ÛCþ�§*ÿ9ÙVÇ

©Ù�eLµ

x1 x2 x3 x4 x5

125− x2 x2 18 20 34
1
2 θ 1

4 (1− θ) 1
4 (1− θ) θ

4

Table 5.3: Ú?ÛCþ�§ÄÏë£�.9*ÿ

��q,�

f(θ) = θx2+x5(1− θ)x3+x4 .

1. E ÚµEZ|X,θn [(x2 + x5) log θ + (x3 + x4) log(1 − θ)] = (E(x2|X, θn) + x5) log θ + (x3 +

x4) log(1− θ). 5¿�x2 ∼ Binomial(x1 + x2,
θ

2+θ ). ¤±§En(θ) = ((x1 + x2) θn
2+θn

+ x5) log θ+

(x3 + x4) log(1− θ)] = (E(x2|X, θn) + x5) log θ + (x3 + x4) log(1− θ).
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2. M Úµ

θn+1 = arg max
θ
En(θ) =

(x1 + x2) θn
2+θn

+ x5

(x1 + x2) θn
2+θn

+ x5 + x3 + x4

~µGaussian Mixture Model.

xi ∼i.i.d. pN(µ1, σ
2
1) + (1− p)N(µ2, σ

2
2), µ1 6= µ2, i = 1, 2, . . . , n.

5.2 ���êêêxxx���EM ���{{{

�!�Ä��q,´�êx§½ÂXeµ

p(Z,X|θ) = φ(Z,X)ψ(ξ(θ)) exp{ξ(θ)T t(Z,X)}.

ù�ÿ¡t(Z,X) �¿©ÚOþ"

·���§θ �4�q,�OÒ´��ze¡�éêq,µ

L(θ) = logψ(ξ(θ)) + ξ(θ)T t(Z,X).

y3w�e§EM �{§ÙE Ú´µ

En(θ) = EZ|X,θn(L(θ)) = logψ(ξ(θ)) + ξ(θ)TEZ|X,θnt(Z,X).

5¿�§þªÚc¡�éêq,Ø���/�§Ò´¦^EZ|X,θnt(Z,X) �O
¿©ÚO

þt(Z,X).

¤±§éu�êx§EM �{­:Ò´¦¿©ÚOþ�^�Ï"§,�^T^�Ï"�O¿

©ÚOþO�θn+1.

~µ£ÄÏë£�."¤��q,´µ

(θ)x2+x5(1− θ)x3+x4 = exp{(x2 + x5) log θ + (x3 + x4) log(1− θ)}

¤±§¿©ÚOþ´(x2 + x5, x3 + x4) �θ �MLE ´

θ =
x2 + x5

x2 + x5 + x3 + x4
.

¤±dc¡��êx�EM �{�§M Ú�µ

θn+1 =
E(x2|X, θn) + x5

E(x2|X, θn) + x5 + x3 + x4
,
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Ù¥E(x2|X, θn) = (x1 + x2) θn
2+θn

~µ¹k"�êâ��éL"(X1, X2)

5.3 |||^̂̂EM ���{{{OOO���MLE ���������

²;MLE �{k��­��(Øµ3�K^�e§θ �MLE θ̂ kXe5�µ

√
n(θ̂ − θ)⇒ N(0, I−1),

Ù¥I ´Fisher &E
§½Â�:

I(θ) = −E
(
∂2

∂θ2
log f(x|θ)

)
.

¤±§�
O�MLE ���§Ò�O�

− ∂2

∂θ2
log f(x|θ),

Ï�þª�Ú*ÿêâk'§·�¡þª�*ÿ&E"

O�*ÿ&E��{�±kNõ«§'Xê��©��{"�!0��°(��{§¦

^EM �{�(JO�"��­��(Jµ

½½½nnn8.

− ∂2

∂θ2
log f(x|θ) = EZ|x,θ

{
− ∂2

∂θ2
log f(x, Z|θ)

}
− EZ|X,θ

{
− ∂2

∂θ2
log f(Z|x, θ)

}
.

þ¡�(Jq¡�"�&E�n§^�ó£ã�µ*ÿ&E= ��&E− "�&E"

Proof.

f(Z,X|θ) = f(X|θ)f(Z|X, θ),

log f(Z,X|θ) = log f(X|θ) + log f(Z|X, θ),

− ∂2

∂θ2
log f(Z,X|θ) = [− ∂2

∂θ2
log f(X|θ)] + [− ∂2

∂θ2
log f(Z|X, θ)],

ü>¦Ï"§

EZ|X,θ[−
∂2

∂θ2
log f(Z,X|θ)] = EZ|X,θ[−

∂2

∂θ2
log f(X|θ)] + EZ|X,θ[−

∂2

∂θ2
log f(Z|X, θ)],
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=µ

EZ|X,θ[−
∂2

∂θ2
log f(Z,X|θ)] = [− ∂2

∂θ2
log f(X|θ)] + EZ|X,θ[−

∂2

∂θ2
log f(Z|X, θ)].

"�&E½NØ´éN´O�§�e5·�0�Louis �{"T�{y²"�&E�u��

�©�£^�¤��µ

½½½nnn9 (Louis’ Method).

EZ|X,θ

{
− ∂2

∂θ2
log f(Z|X, θ)

}
= var

[
∂ log f(Z,X|θ)

∂θ
|X, θ

]
.

�y²Louis �{§·�Äk0���­�Ún, =µ*ÿ�©�u���©�Ï"µ

ÚÚÚnnn3.

∂ log f(X|θ)
∂θ

= E

[
∂ log f(Z,X|θ)

∂θ
|X, θ

]
Proof.

f(Z,X|θ) = f(X|θ)f(Z|X, θ),

¤±§

log f(X|θ) = log f(Z,X|θ)− log f(Z|X, θ).

∂

∂θ
log f(X|θ) =

∂

∂θ
log f(Z,X|θ)− ∂

∂θ
log f(Z|X, θ).

ü>éZ ¦Ï"§k

∂

∂θ
log f(X|θ) = EZ|X,θ

[
∂

∂θ
log f(Z,X|θ)

]
− EZ|X,θ

[
∂

∂θ
log f(Z|X, θ)

]
,

Ù¥

EZ|X,θ

[
∂

∂θ
log f(Z|X, θ)

]
= EZ|X,θ

[
∂
∂θf(Z|X, θ)
f(Z|X, θ)

]

=

∫ [ ∂
∂θf(Z|X, θ)
f(Z|X, θ)

]
f(Z|X, θ)dZ

=

∫ [
∂

∂θ
f(Z|X, θ)

]
dZ

=
∂

∂θ

∫
[f(Z|X, θ)] dZ

= 0
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k
þãÚn§�e5·�y²Louis �{"

Proof. dÚn, �

∂ log f(X|θ)
∂θ

= E

[
∂ log f(Z,X|θ)

∂θ
|X, θ

]
.

¤±§ü>¦�§k

∂2 log f(X|θ)
∂θ2

=
∂

∂θ
E

[
∂ log f(Z,X|θ)

∂θ
|X, θ

]
=

∂

∂θ

∫
∂ log f(Z,X|θ)

∂θ
f(Z|X, θ)dZ

=

∫
∂2 log f(Z,X|θ)

∂θ2
f(Z|X, θ)dZ

+

∫
∂ log f(Z,X|θ)

∂θ

[
∂f(Z|Xθ)

∂θ

]T
dZ.

¤±

∫
∂ log f(Z,X|θ)

∂θ

[
∂f(Z|Xθ)

∂θ

]T
= −

∫
∂2 log f(Z,X|θ)

∂θ2
f(Z|X, θ)dZ −

[
−∂

2 log f(X|θ)
∂θ2

]
.

d½n8, þªm>�uEZ|X,θ

{
− ∂2

∂θ2 log f(Z|X, θ)
}

. ¤±�y²Louis �{§�Iy²

∫
∂ log f(Z,X|θ)

∂θ

[
∂f(Z|X, θ)

∂θ

]T
dZ = var

[
∂ log f(Z,X|θ)

∂θ
|X, θ

]
.
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∫
∂ log f(Z,X|θ)

∂θ

[
∂f(Z|X, θ)

∂θ

]T
dZ =

∫
∂ log f(Z,X|θ)

∂θ

[
∂ log f(Z|Xθ)

∂θ

]T
f(Z|X, θ)dZ

=

∫
∂ log f(Z,X|θ)

∂θ

[
∂[log f(Z,X|θ)− log f(X|θ)]

∂θ

]T
f(Z|X, θ)dZ

=

∫
∂ log f(Z,X|θ)

∂θ

[
∂ log f(Z,X|θ)

∂θ

]T
f(Z|X, θ)dZ

−
∫
∂ log f(Z,X|θ)

∂θ

[
∂ log f(X|θ)

∂θ

]T
f(Z|X, θ)dZ

=

∫
∂ log f(Z,X|θ)

∂θ

[
∂ log f(Z,X|θ)

∂θ

]T
f(Z|X, θ)dZ

−
∫
∂ log f(Z,X|θ)

∂θ
f(Z|X, θ)dZ

[
∂ log f(X|θ)

∂θ

]T
=

∫
∂ log f(Z,X|θ)

∂θ

[
∂ log f(Z,X|θ)

∂θ

]T
f(Z|X, θ)dZ

−
∫
∂ log f(Z,X|θ)

∂θ
f(Z|X, θ)dZ

[∫
∂ log f(Z,X|θ)

∂θ
f(Z|X, θ)dZ

]T
(þª´dÚn5.3 ���")

= var

[
∂ log f(Z,X|θ)

∂θ
|X, θ

]
.

�����ª´���½Â"

òþã�(J�n�e§Bkµ

Io = Ic − Im = −
∫
∂2 log f(X,Z|θ)

∂θ2
p(Z|X, θ)dZ − var

[
∂ log f(X,Z|θ)

∂θ
|X, θ

]
.

Ù¥Io ´*ÿ&E§Ic ´��&E§Im ´"�&E"

~µ£ÄÏë£�."¤��q,´

f(X,Z|θ) = θx2+x5(1− θ)x3+x4 .

¤±∂ log f(X,Z|θ)
∂θ = x2+x5

θ −x3+x4

1−θ , −∂
2 log f(X,Z|θ)

∂θ2 = x2+x5

θ2 + x3+x4

(1−θ)2 . Ic = E(x2+x5

θ2 + x3+x4

(1−θ)2 |X, θ) =

E(X2|X,θ)+34
θ2 + 18+20

(1−θ)2 , Im = var(x2+x5

θ − x3+x4

1−θ |X, θ) = var(x2

θ |X, θ).

√
var(θ̂) =

√
1/Io =

√
1/[

E(X2|X, θ) + 34

θ2
+

18 + 20

(1− θ)2
− var(x2

θ
|X, θ)]

θ=θ̂

= 0.05
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5.4 PIEM

-Z = (Z1, Z2)Ù¥Z1 L«ò3PIEM�{�EÚWÖ�@Ü©"�êâ§Z2L«ØWÖ�"�

êâ"ã3, �ÑWÖ|2�N�X1ÚWÖ|3�X1ÚX2 (=Z1)§���üNêâ�ª"XJC

þXk�*ÿ§@oWÖX1, . . . , Xk−1�"��§�¤üNêâ�ª"*ÿêâÚWÖêâ�q

,¼ê�±Ïfz�

L(φ|Y, Z1) =

 3∏
k=1

∏
i∈group k

f(x1i, x2i;φ12)

×
 3∏
k=2

∏
i∈group k

f(x3i|x1i, x2i;φ3|12)



×

 ∏
i∈group 3

f(x4i|x1i, x2i, x3i;φ4|123)

 ,
Ù¥xjiL«�Ni�CþXj��"XJëêφ12, φ3|12Úφ4|123´�É�§@o§z�Ïf�Au

����êâ�q,§ù
ëê�MLE�±©Oé�Ïf¦����"

X1 X2 X3 X4

1

Group 1
... Y Z2

n1

1

Group 2
... Z1 Y Z2

n2

1

Group 3
... Z1 Y

n3

ã3. Ü©WÖ���üNêâ�ª

~µX1 ÚX2 ´��Cþ"b½(X1, X2) Ñlpij = Pr(X1 = i,X2 = j), ��þ´n"b�

*ÿ�ª´T = {{X1, X2}, {X1}, {X2}}. =kn|*ÿ: G1 = {X1, X2} ü�CþÑ*ÿ�;

G2 = {X1} �kX1 �*ÿ�¶G3 = {X2} �kX2 �*ÿ�"*ÿêâw«3eL5.4 ¥, ��

þn = 520. n12(ij)’s, n1(i)’s Ún2(j)’s �L*ÿªê§n12(ij)’s �L��*ÿ�êâ, n1(i)’s �

L�kX1 �*ÿ�"n2(j)’s �L�kX2 �*ÿ�"

Table 5.4: Observed Data
n12(ij)

j = 1 j = 2 n1(i)
i = 1 5 4 300
i = 2 2 1 200
n2(j) 5 3

PIEM �{µ
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Table 5.5: MLEs of parameters pij
p̂(ij)

j = 1 j = 2
i = 1 0.3402 0.2633
i = 2 0.2700 0.1265

• the P-E step:

n̂2(ij) =
p̂(t)(ij)

p̂(t)(+j)
n2(j);

• the P-M step:

p̂(t+1)(ij) =
n12(ij) + n̂2(ij)

n12(i+) + n̂2(i+)
· n12(i+) + n1(i) + n̂2(i+)

n12(++) + n1(+) + n2(+)
.

5.5 Louis’ Turbo EM ���{{{

5¿�Newton-Raphson �S��

θn+1 = θn +

[
−∂

2 log p(Y |θ)
∂θ2

|nθ
]
∂ log p(Y |θ)

∂θ
|nθ

ùp�8�´|^EM a.�þ5¢yNewton-Raphson S�§��3¯êNC���Âñ�

Ý"

5¿�dLouis’ �{§

−∂
2 log p(Y |θ)

∂θ2
= −

∫
∂2 log p(Y,Z|θ)

∂θ2
p(Z|Y, θ)dZ − var

{
∂ log p(Y,Z|θ)

∂θ
|Y, θ

}

∂ log p(Y |θ)
∂θ

=

∫
∂ log p(Y,Z|θ)

∂θ
p(Z|Y, θ)dZ

=
∂
∫

log p(Y, Z|θ)p(Z|Y, θ)dZ
∂θ

5¿�

∂
∫

log p(Y,Z|θ)p(Z|Y, θ(m))dZ

∂θ
|θ=θEM = 0

¤±§�±ò

∂
∫

log p(Y, Z|θ)p(Z|Y, θ(m))dZ

∂θ
|θ=θEM

3θm ?Taylor Ðm§k
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0 =
∂
∫

log p(Y, Z|θ)p(Z|Y, θ(m))dZ

∂θ
|θ=θm +

[
∂2 log p(Y, Z|θ)

∂θ2
p(Z|Y, θ(m))

]
(θEM − θm)

=µ

∂
∫

log p(Y,Z|θ)p(Z|Y, θ(m))dZ

∂θ
|θ=θm = −

[
∂2 log p(Y,Z|θ)

∂θ2
p(Z|Y, θ(m))

]
(θEM − θ(m))
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Chapter 6

êêêâââ***¿¿¿���{{{

6.1 Bayes ���{{{

Bayes �{@�¤k�CþÑ´�ÅCþ"<��â*ÿ��êâ§Øä/é�
ëê­#@

£"� *ÿêâ�q,¼ê�L(θ|Y ), 2�ëêθ �k��p(θ). K*ÿ�êâ X �§θ ���

�Ý�µ

p(θ|X) = cp(θ)L(θ|X),

Ù¥ c �8�zÏfµ

c = 1/

∫
Θ

p(θ)L(θ|X).

~µ�5�.

y = Xβ + ε,

Ù¥§y ∈ Rn, β ∈ Rp, X ∈ Rn×p´*ÿÝ
"ε ∼ N(0, σ2In), σ ´��ëê"

f(y|β, σ2) = (
1√
2πσ

)n exp{−‖y −Xβ‖
2
2

2σ2
}

P

β̂ = (XTX)−1XT y, v = n− p, ŷ = Xβ̂

s2 = (y − ŷ)T (y − ŷ)/v,

K

(y −Xβ)T (y −Xβ) = [y −Xβ̂ +Xβ̂ −Xβ]T [y −Xβ̂ +Xβ̂ −Xβ]

= (y −Xβ̂)T (y −Xβ̂) + (β − β̂)TXTX(β − β̂).

67
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¤±§

f(y|β, σ2) = (
1√
2πσ

)n exp{− 1

2σ2
[vs2 + (β − β̂)TXTX(β − β̂)]}

3k�p(σ2, β) ∝ σ−2��¹e§k��©Ù

p(β, σ2|Y ) = p(σ2|s2)p(β|β̂, σ2),

Ù¥p(σ2|s2) ´vs2/χ2
v ��Ý¼ê, p(θ|θ̂, σ2)´N(θ̂, (XTX)−1σ2) ��Ý¼ê

y²µ��

p(β, σ2|Y ) ∝ L(θ, σ2|Y )p(β, σ2) ∝

[
σ−p/2 exp(

(β − β̂)TXTX(β − β̂)

2σ2
)

]

×
[
(σ2)−(n−p)/2 exp(

−vs2

2σ2
)× (σ2)−1

]
.

1���)Ò�õ���©ÙN(β̂, σ2(XTX)−1) k�Ó�/ª¶1���)Ò�σ2 �¼

ê§�vs2/Z��Ýäk�Ó�/ª§Ù¥ZÑl©Ùχ2
v, ��d�{3�½êâe§vs

2�w¤

~ê"

5µχ2
v©Ù�Ý�µf(z) ∝ z v2−1e−

z
2 , ¤±T = c/Z �©Ù�Ý�µ

f(t) ∝ (c/t)
v
2−1e−

c/t
2 | − c/t2| ∝ t− v2−1e−

c
2t

'uþã(J���A^"XJ·�F"l���Ýp(β, σ2|Y ) ¥Ä���§�±¦^Xe

Ú½µ

1. lχ2
v ¥Ä���z

∗, ¿O�σ2
∗ = vs2/z∗

2. l��©ÙN(β̂, σ2(XTX)−1) Ä�β∗.

@o§(θ∗, σ2
∗) Ò´��5g���Ýp(β, σ

2|Y ) ���"

6.2 ÃÃÃ&&&EEEkkk���

�Äy1, y2, . . . , yn ∼ N(µ, σ2), Ù¥σ2 ®�"q,�±�¤

L(θ|Y ) = exp{− n

2σ2
(ȳ − θ)2}

�±w�§êâw�θ � �&E§ØÓ�êâ�ÑØÓ� �§¤±§3vk?Û&E��

ÿ§��g,�k�Ò´θ �±�?Û�§=p(θ) = constant.

���§XJUU�q,¼êL(θ|Y ) �g(ψ(θ)− t(y)) �/ª§@où�q,¼ê´��ê
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âC��/ª§ØÓ�êâÅÚ=ÏLt(y) ²£ù�q,¼ê"¤±3vk?ÛÙ¦&E��

ÿ§��g,�k�Ò´

p(ψ(θ)) ∝ constant,

C�£θ þ§

p(θ) ∝ |∂ψ(θ)

∂θ
|

~µ��oN§þ�®�§����"

L(σ2|Y ) = (σ2)−n/2 exp(
−ns2

2σ2
),

Ù¥

s2 =
∑

(yi − θ)2/n.

5¿�

L(σ2|Y ) ∝ (σ2/s2)−n/2 exp(
−ns2

2σ2
)

= exp

[
−n
2

(log(σ2)− log(s2))− n

2
exp(−[log(σ2)− log(s2)])

]
= g(log(σ2)− log(s2)),

Ù¥g(t) = exp
[−n

2 t− n
2 exp(−t)

]
. �âc¡�£ã§log(σ2) �±À�?¿�µ=p(log(σ2)) ∝

constant, íÑp(σ2) ∝ |∂ log(σ2)
∂(σ2) | =

1
σ2

Jeffereys prior:

p(θ) ∝
√
|I(θ)|,

where

I(θ) = EX

[
−∂

2 logL(θ|X)

∂θ2

]

~µ

f(x|σ) =
e−(x−µ)2/(2σ2)

√
2πσ2

,

I(σ) = E[(
d

dσ
log f(x|σ))2] = E

(
(x− µ)2 − σ2

σ3

)2

=
3σ4 − 2σ4 + σ4

σ6
=

2

σ2

¤±§p(σ) = 1
σ , l


p(σ2) =
1

σ2
.

O�Poison ©Ù!��©Ù�Jeffereys prior. (��)
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Jefferys Prior ��*¿Âµ8Iµ¦θ �prior"k�Äθ �C�τ = τ(θ). ´�µ

∂l(τ |Y )

∂τ
=
∂l(θ|Y )

∂θ

∂θ

∂τ
,

¤±

− 1

n
[
∂l(τ |Y )

∂τ
]2 = − 1

n
[
∂l(θ|Y )

∂θ
]2[
∂θ

∂τ
]2

I(τ) = I(θ)[ ∂θ∂τ ]2, XJ�τ(θ) ¦� ∂θ
∂τ ∝ I

−1/2(θ), KI(τ) = c.

y3w§τ �éêq,¼êµ

l(τ |X) ≈ l(τ̂ |X) +
1

2

∂2l(θ|X)

∂θ2
(τ − τ̂)2 ≈ l(τ̂ |X) +

1

2
c(τ − τ̂)2

ù�§dÃ&Ek��£ã§p(τ) ∝ constant, =�θ,k

p(θ) ∝ |dτ
dθ
| ∝ I1/2(θ).

6.2.1 ���ÝÝÝkkk���

XJq,¼ê´�ê©Ùx§�Ý�

g(θ)h(y) exp{
m∑
j

φj(θ)ti(y)},

��þ� n, @ok��Ý�/ªXe�

p(θ) ∝ [g(θ)]b exp{
m∑
j=1

φj(θ)aj},

���Ý�p(θ)äk�Ó�/ª§�´ b, a1, . . . , am O��

b′ = b+ n, a′j = aj +

n∑
i=1

tj(yi), j = 1, . . . ,m.

~µBeta ©Ù´��©Ù��Ýk�"��©Ù�q,�

L(θ|y) = θy(1− θ)n−y,

XJÀ�priot

p(θ) ∝ θa−1(1− θ)b−1,
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K���

p(θ|y) = θa+y−1(1− θ)n−y+b−1 = Beta(a+ y, n− y + 1).

Ó���{§�±��

1. Gamma �±��Poisson �k�"

2. Normal �±��Normal(σ®�) �k�"

3. Inverse Gamma �±��Normal (µ ®�§σ ��)�k�"

5µInverse Gamma = 1/Gamma"

��"

6.3 êêêâââ***¿¿¿���{{{

�Ù�8I´�������Ý§
Ø==´��¯ê"

êâ*¿�{�Ä�g�´§b�3�½Y ÚZ e§�±éN´�O�*¿êâ���©

Ùp(θ|Y, Z), ¿lÙÄ�"�
��*ÿ��p(θ|Y ), I�òZÈ©K§�´òZÈ©K§�6

up(θ|Y ), ¤±ù´��O�p(θ|Y ) �S��{"

äN5ù§

p(θ|Y ) =

∫
p(θ|Y, Z)p(Z|Y )dZ,




p(Z|Y ) =

∫
p(Z|θ, Y )p(θ|Y )dθ.

dc¡�ü�úª§·��±��O���©Ù�S��Yµ

a. WÖÚµ

a1. �½Ð©©Ùp(θ|Y ), �)��θ;

a2. �)z ∼ p(Z|θ, Y )

­EþãÚ½§�±��z1, z2, . . . , zm,¦�5gp(Z|Y ).

b. ���#Úµ

p(θ|Y ) =
1

m

m∑
j=1

p(θ|zj , Y ).

~µÄÏë£"*¿����©Ùµ

p(θ|Y,Z) = θx2+x5(1− θ)x3+x4 .

p(X2|θ, Y ) = Binomial(125,
θ

θ + 2
).

ÏdO���p(θ|Y )�Ú½�µ
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a. WÖÚ:

a1. l8c*ÿ����OÄ�θ

a2. lBinomial(125, θ
θ+2 ) Ä�x2

­E±þÚ½m g��xi2, i = 1, 2, . . . ,m.

b. ���#Úµ

p(θ|Y ) =
1

m

∑
Beta(v

(i)
1 , v

(i)
2 )(θ),

Ù¥§

v
(i)
1 = x

(i)
2 + x5 + 1, v

(i)
2 = x3 + x4 + 1.

­E±þÚ½§��Âñ=���p(θ|Y ) ���"

��µ¦^R ½ö matlab $^þãS��{O� p(θ|Y ), ,�3ãþxÑp̂(θ|Y ) Ú

 p(θ|Y ).

~µ�������Ý
"b½L?? ¥�êâ�����©Ù�*ÿ§þ�µ1 = µ2 = 0, �

'Xêρ Ú��σ2
1 , σ

2
2 ��"5¿4é��*ÿ§Ù¥üé�'�1§üé�'�-1§�±��ρ

���©ÙØ´ü¸"

Table 6.1: ����Ø��êâ
1 1 -1 -1 2 2 -2 -2 ? ? ? ?
1 -1 1 -1 ? ? ? ? 2 2 -2 -2

b�Σ �k�©Ù�

p(Σ) ∝ |Σ|−3/2,

KΣ���©Ù´_Wishart ©Ù(Homework)"

Ïd§êâ*¿�{�µ

a. WÖÚµ

a1. l8c*ÿ����OÄ�Σ

a2. �)"�êâ

x2 ∼ N(ρ
σ1

σ2
x1, σ

2
2(1− ρ2)),

x1 ∼ N(ρ
σ2

σ1
x2, σ

2
1(1− ρ2)).

b. ���#ÚµΣ ����Ý�u_Wishart ©Ù�·Ü©Ù"

��µxÑρ ���ã"
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Ö¿µ�o´_Wishart ©ÙºN�l_Wishart ©ÙÄ�º

Wishart ©ÙµW ∼Wishartv(S), with dim(W ) = dim(S) = k × k.

p(W ) ∝ |S|−v/2|W |(v−k−1)/2 exp

(
−1

2
tr(S−1W )

)
,

v > 0, S and W é¡�½Ý
"

E(W ) = vS 5µXJX1, X2, . . . , Xv i.i.d. ÑlNk(0, S), K

θ =
∑

XiX
T
i ∼Wv(S)

éu���/§Wishart ©Ù´χ2 ©Ù"

_Wishart ©ÙµW ∼ Inverse−Wishartv(S
−1), with dim(W ) = dim(S) = k × k.

p(W ) ∝ |S|v/2|W |−(v+k+1)/2 exp

(
−1

2
tr(SW−1)

)
,

v > 0, S and W é¡�½Ý
"

E(W ) = (v − k − 1)−1S.

Note: XJW ∼Wishartv(S),KW−1 ∼ Inverse−Wishartv(S
−1)

6.4 ¡¡¡<<<���êêêâââ***¿¿¿���{{{

6.4.1 PMDA1

3êâ*¿�{�WÖÚ§I�Ä�Z ∼ p(Z|Y ). ����{´ù��µ

a1. �½Ð©©Ùp(θ|Y ), �)��θ;

a2. �)z ∼ p(Z|θ, Y )

�«Cq��{´§

p(Z|Y ) ≈ p(Z|Y, θ̂),

Ù¥θ̂ = arg max p(θ|Y ). ¯¢þ§

p(Z|Y ) = p(Z|Y, θ̂)
{

1 +O

(
1

n

)}
,

y²µÄk·�y²��Ún"

ÚÚÚnnn4 (Laplace �{(Tierney and Kadane, 1986)). b�−h(θ) ��, 1w§k.§ü¸�¼
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ê§Ù���:´θ̂. K

I =

∫
f(θ) exp[−nh(θ)]dθ ≈ f(θ̂)

√
2π

n
σ exp[−nh(θ̂)] = Î ,

Ù¥§

σ =

[
∂2h

∂θ2
|θ̂

]−1/2

.

Laplace �{�£Øî�¤y²µòh(θ) 3θ̂ ?Ðm§kµ

I ≈
∫
f(θ) exp

[
−n[h(θ̂) + h′(θ̂)(θ − θ̂) +

(θ − θ̂)2

2
h′′(θ̂)]

]
dθ

≈ exp[−n[h(θ̂)]]

∫
f(θ̂) exp

[
−(θ − θ̂)2

2
nh′′(θ̂)]

]
dθ

= exp[−n[h(θ̂)]]

√
2π[1/nh′′(θ̂)]f(θ̂)

∫
1√

2π[1/nh′′(θ̂)]
exp

[
−(θ − θ̂)2

2
nh′′(θ̂)]

]
dθ

AO�§

I = Î[1 +O(1/n)].

|^Laplace �{§�±��

E(g(θ)|Y ) =

∫
g(θ) exp{−nh(θ)}dθ∫

exp{−nh(θ)}dθ
≈ g(θ̂) ∗ C

1 ∗ C
.

Ù¥exp{−nh(θ)} = L(θ|Y )p(θ), C =
√

2π
n σ exp[−nh(θ̂)], θ̂ ���¯ê"

�k�«(��)Cq�{µ

E(g(θ)|Y ) =

∫
g(θ) exp{−nh(θ)}dθ∫

exp{−nh(θ)}dθ

=

∫
exp{−nh(θ) + log(g(θ))}dθ∫

exp{−nh(θ)}dθ

≈ σ∗ exp{−nh∗(θ̂∗)}
σ exp{−nh(θ̂)}

.

= Î2

Ù¥§−nh∗(θ) = −nh(θ) + log(θ), θ∗ = arg max−nh∗(θ), σ∗ = [(h∗)′′(θ∗)]−1/2.

Tierney and Kadane(1986), Mosteller and Wallace (1964) y²


I = Î2(1 +O(1/n2)).



75

d±þCq§�±��¡<�êâ*¿�{µ

a. WÖÚµ

Ä�z1, . . . , zm ∼ p(Z|Y, θ̂)

b. ���#Úµ

p(θ|Y ) =
1

m

m∑
j=1

p(θ|zj , Y ).

6.4.2 PMDA -°°°(((���{{{

PMDA1 ´��Cq�{§XJp(Z|Y ) ´éN´O��£�´Ä�ØN´¤§�±¦^­�5

Ä���{O���©Ù

p(θ|Y ) =

∫
p(θ|Z, Y )p(Z|Y )dz =

∫
p(θ|Z, Y )

p(Z|Y )

p(Z|Y, θ̂)
p(Z|Y, θ̂)dz

a. WÖÚµ

a1. Ä�z1, . . . , zm ∼ p(Z|Y, θ̂)

a2. O��­µ

wj =
p(zj |Y )

p(zj |Y, θ̂)

b. ���#Úµ

p(θ|Y ) =

m∑
j=1

wjp(θ|zj , Y )

/
m∑
j=1

wj .

5: P (Z|Y ) = P (Z,Y )
P (Y ) .

p(Z, Y ) =
p(Z, Y |θ)p(θ)
p(θ|Z, Y )

.

6.4.3 PMDA2

�p(Z|Y ) Ø´O���ÿ§·��±¦^��Cqµ

p(Z|Y ) =

∫
p(Z|Y, θ)p(θ|Y )dθ =

∫
p(Z|Y, θ) exp{log(p(θ|Y ))}dθ.

d��Cq�{§k

=

(
|Σ∗|
|Σ|

)1/2
exp{−nh∗(θ∗)}
exp{−nh(θ̂)}

[1 +O(1/n2)]

5¿�:

exp{−nh(θ)} = p(θ|Y ) =
p(θ|Y, Z)p(Z|Y )

p(Z|Y, θ)
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exp{−nh∗(θ)} = p(θ|Y )p(Z|Y, θ) = p(θ|Y,Z)p(Z|Y )

¤±§θ∗ = arg max p(θ|Y,Z). l
§

p(Z|Y ) ∝ |Σ∗|1/2 p(θ
∗|Y,Z)p(Z|Y )
p(θ̂|Y,Z)p(Z|Y )

p(Z|Y,θ̂)

= |Σ∗|1/2 p(θ
∗|Y,Z)p(Z|Y, θ̂)
p(θ̂|Y, Z)

PDMA2:

a. WÖÚµ

a1. Ä�z1, . . . , zm ∼ p(Z|θ̂, Y )

a2. O��­µ

wj =
p(zj |Y )

p(zj |Y, θ̂)

≈ |Σ∗|1/2 p(θ
∗|Y, Zj)

p(θ̂|Y, Zj)

b. ���#Úµ

p(θ|Y ) =

m∑
j=1

wjp(θ|zj , Y )

/
m∑
j=1

wj .

6.5 ���������WWWÖÖÖ���{{{

�!b½êâ÷v±e�.µ

Yi = XT
i θ + εi,

Ù¥ε′is i.i.d. þ��0§��σ2, θ ´d �ëê�þ§Xi ´®�~ê��Cþ��þ"

�!0�3�½*ÿêâµ

 Y1

X1

 , . . .

 Yn1

Xn1

 ,

 ?

X(1)

 , . . . ,

 ?

X(n0)

 ,

�)n0 �"��A�Y(1), . . . , Y(n0) �n«Eâ"

(1) Hot Deck WÖù«�{´^uX ´lÑ���/. b�X kb «ØÓ���§¿�éA

z����§kA��A�"òêâ©�b aµ
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 Y11

X1

 , . . .

 Y1,n11

X1

 ,

 ?

X1


1

, . . . ,

 ?

X1


n01

;

... Yb1

Xb

 , . . .

 Yb,n1b

Xb

 ,

 ?

Xb


1

, . . . ,

 ?

Xb


n0b

,

Ù¥n1 =
∑b
j=1 n1j , n0 =

∑b
j=1 n0j .

Hot Deck �{µ3z�a¥§k�£�ÕáÄ�*ÿ���A§/¤"��A�WÖ"

WÖ��¤k�b a§=��������êâ8"dd���êâ8§�±O�θ̂.

­E±þL§m g§��õ­WÖ(=WÖõg)§¿��m �θ ��Oµθ̂(j). Hot Deck �

Oµ

θ̂HD =
1

m

∑
j

θ̂(j)

Schenker and Welsh (1988) �Ñ
�K^�§3d^�e§

θ̂HD − θ ∼ N(0, V ).

(2) {üí�WÖ£SRI¤

d«WÖÚHot Deck aq§·^uX´ëY���/"d�§Ø´òX©�b a"

-ri = Yi−XT
i θ̂

,i = 1, . . . , n1,Ù¥θ̂ ´Äun1 ���êâ(X,Y )������¦�O"SRI

lr1, . . . , rn1
¥§k�£��ÅÄ�n0 �í�",�§-

Y(i) = XT
(i)θ̂ + r(i), i = 1, . . . , n0.

­EþãL§m g§B��m ���êâ8§|^z��êâ8§�±��m ����¦

�Oθ̂(j), j = 1, . . . ,m,

θ̂SRI =
1

m

∑
j

θ̂(j).

Schenker and Welsh (1988) �Ñ
�K^�§3d^�e§

θ̂SRI − θ ∼ N(0, V ).

(3) ��WÖ

£��Ùm©����.�(Øµ
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3k�p(σ2, β) ∝ σ−2��¹e§k��©Ù

p(β, σ2|Y ) = p(σ2|s2)p(β|β̂, σ2),

Ù¥p(σ2|s2) ´vs2/χ2
v ��Ý¼ê, p(θ|θ̂, σ2)´N(θ̂, (XTX)−1σ2) ��Ý¼ê"

Ù¥§

s2 = ‖y − β̂‖2/n.

d±þ(Ø§·��±��§��WÖ:

1. l(n1 − d)s2
1/χ

2
n1−d ©ÙÄ�σ

2
∗

2. lN(θ̂, σ2
∗(
∑n1

i=1X
T
i Xi)

−1) Ä�θ∗;

3. WÖµ

Y(i) = XT
(i)θ
∗ + σ∗e(i), i = 1, . . . , n0

Ù¥e(i) ∼ N(0, 1).

4. O�θ̂.

­E±þL§��m �θ̂§��WÖ�O�

θ̂Normal =
1

m

m∑
j=1

θ̂(j).

Schenker and Welsh (1988) �Ñ
�K^�§3d^�e§

θ̂Normal − θ ∼ N(0, V ).

6.6 ØØØ������ÑÑÑØØØ���AAA

Ø��ÑØ�AµØ�AÚ�ACþY ���´k'X�£�é{ù«"�Ø´�Å

�¤"Rubin(1987) �Ä¦^ü«�.5?nùa¯KµMixture model and selection model.

6.6.1 Mixture Model – Without Followup Data

Äkw����·Ü�."éAu�A�N§Y Ñlþ��XT
i β1 + α1 Ú��σ

2
1 �©Ù¶éu

Ø�A�N§Y Ñlþ��XT
i β0 + α0 ��σ

2
0 ���©Ù"�{üå�§b�σ1 = σ0 = σ.

5¿�3Ã&Ek�e§(α1, β1, σ|Y ) �±©)�_k�©ÙÚ��©Ù""�êâ�

ýÿ©Ùp(Zi|α0, β0, α1, β1, σ, Y ) ÑlN(α0 + XT
i β0, σ

2). y3�¯K´§N�ë�(α0, β0)

Ú(α1, β1)º
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�½(α1, β1, σ) ^�e§(α0, β0) �^�©Ù´ü�Õá©Ù�¦È"β0|α1, β1, σ ∼

N(β1, C
2
ββ1β

T
1 ). α0 �^�>�©Ùæ^3X̄1 ?�Y �þ�5`²§η0 = α0 + X̄T

1 β0:

η0|α1, β1, σ ∼ N(η1 = α1 + X̄T
1 β1, C

2
ηη

2
1).

5µη1 ´�A|�Y�þ�"

5¿�,XJCη = Cβ = 0, ±þ£ã��.´����Ñ�."XêCβ `²�A�NÚ

Ø�A�N�Ç�aq§Ý"Rubin(1987) ¡Cβ �Ø�A�NÚ�A�N�£8Xê�/C

É5�k�Xê0"-β1j Úβ0j L«β1 Úβ0 �1j ��"�.b�β0j k95% �rºá3«

mβ1j(1 ± 1.96Cβ), ¿�β0 �©Ù´±β1 �¥%"Cη äkaq�)º"�.b�η0 k95% �

rºá3«mη1(1± 1.96Cη), ¿�η0 �©Ù´±η1 �¥%"

3±þ��.b½e§Z, η0, β0, η1, β1, σ �éÜ��©Ù�±Ïfz�µ

p(Z, η0, β0, η1, β1, σ|Y ) = p(Z|η0, β0, σ, Y )p(η0, β0|η1, β1, σ, Y )p(η1, β1, σ|Y ),

k
ù��©)§·�Ò�±WÖ"�êâ
µ

1�ÚµÄ�η∗1 , β
∗
1 , σ

2
∗

1. Ä�σ2
∗ from inverse χ2 ©Ùµ

(n1 − d)s2
1/χ

2
n1−d,

s2
1 = ‖Y1 − Ŷ1‖2/n1

2. Ä�β from

N(β̂, (X̄T
1 X̄1)−1σ2

∗),

where β̂ ´β1 �OLS �O§X1 ´�K�å��O
"

3. Ä�η1 from

N(Ȳ1, σ
2
∗/n1).

1�ÚµÄ�β∗0 , η
∗
0

1. lN(β∗1 , C
2
ββ
∗
1β
∗T
1 ) Ä�β∗0

2. lN(η∗1 , C
2
ηη

2
1) Ä�η∗0

1nÚµÄ�Z from

N(η∗0 − X̄T
1 β
∗
0 +XT

i β
∗
0 , σ

2
∗)

­E±þn�Ú½m g§�±��m �WÖ���êâ"
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Brown (1990) �Ñéu,
�.§T�{ØU�Ñ�Ü�:�O"

6.6.2 Mixture Model – With Followup Data

¤¢Jlêâ£Followup data¤´�@
"��A��N§ÏLJl§q�¤
�
*ÿ"A

O�§éu�lêâ§b½

Y = α0 +XT
f β0 + σε.

k
ù
�lêâ��§Ò�±¦^ù
êâé��A��N?1WÖ"

p(Z, β0, α0, σ|Y ) = p(Z|β0, α0, σ|Y )p(β0, α0, σ|Y )

1. Ä�α∗0, β
∗
0 , σ

2
∗

2. Ä�Z ∼ N(α∗0 +XT
nfβ

∗
0 , σ

2
∗).

��±¦^Hot Deck �{WÖ��A�"��"

6.6.3 Selection Model – Without Followup Data

Greenless, Reece, and Zieschang (1982) Ú\
ÀJ�.?nØ��ÑØ�A"¦��,b��

��.µ

Yi = XT
i β + σεi,

Ù¥εi ∼ N(0, 1), i.i.d.

3ÀJ�.¥§b½£��VÇ�6uYi ÚÙ¦CþVi:

P (Ri = 1|Yi, Vi) =
1

1 + exp(−α− γYi − V Ti δ)
,

Ù¥ Ri = 1 L«�N i £�§Ri = 0 L«¿�¶Vi ��N���p ��þ¶α Úγ ´I

þ§δ ´��p �ëê�þ"

£��Néq,¼ê��z�

Li =

{
1

1 + exp(−α− γYi − V Ti δ)

}
1

σ
φ(
Yi −XT

i β

σ
),

Ù¥φ(x) �IO���Ý"Ø£��Néq,��z�µ

Li =

∫ ∞
−∞

{
1− 1

1 + exp(−α− γYi − V Ti δ)

}
1

σ
φ(
Yi −XT

i β

σ
)dY
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�����q,�¤kLi �¦È"Greenless, Reece, and Zieschang (1982) ïÆ¦^Newton �

{��zù�q,§¦α, γ, β, δ Úσ.

e¡�áý/�É�{£�À{¤�±��õ­WÖµ

1. lN(0, 1) Ä�ei

2. O�

Yi = XT
i β̂ + σ̂ei

p(R = 0|Yi, Vi) = 1− 1/[1 + exp(−α̂− γ̂Yi − V Ti δ̂)]

3. lþ!©ÙU(0, 1) Ä�u.

4. If p(R = 0|Yi, Vi) ≥ u§K�ÉYi, ÄKáý¿�£11Ú"

6.6.4 Selection Model – With Followup Data

aqÃJlêâ�{µXJ�Ni ´£�ù½ö�Jl�Ø£�ö§@o§�éq,��z�c

¡��"Jl�Ø�Aéq,��z�µ

Li =

{
1− 1

1 + exp(−α− γYi − V Ti δ)

}
1

σ
φ(
Yi −XT

i β

σ
),

6.7 ???���ÚÚÚ���­­­���555ÄÄÄ������{{{

6.7.1 æææ^̂̂­­­���555ÄÄÄ���

5¿�3êâ*¿�{�WÖÚ§I�le¡�·Ü©ÙÄ���θ:

1

m

m∑
j=1

p(θ|zj , Y ).

�´k�ÿ§�NØU��lp(θ|z, Y ) ¥Ä�§ù�ÿ·�I��«�{7Lù�¯K"

±c��{´§�)z1, z2, . . . , zm, ,��#

p(θ|Y ) =

∫
p(θ|Y, Z)p(Z|Y )dZ

3�)zi ��ÿ§´|^Xe�ª�)�µ

p(Z|Y ) =

∫
p(Z|θ, Y )p(θ|Y )dθ.

¤±§�)zi, ©�üÚµ



82

1. �)θ ∼ p(θ|Y )

2. �)z ∼ p(Z|θ, Y ).

XL1�ÚØ´�)§�±|^Xe�ª�)�k�­���µ

p(Z|Y ) =

∫
p(Z|θ, Y )

p(θ|Y )

I(θ)
I(θ)dθ.

1. lI(θ) �)φ

2. lp(z|φ, Y ) �)Z

3. O��­w = p(θ=φ|Y )
I(φ) .

±�2O�E∼Z|Y g(Z) �±¦^þ¡�k�­���Z,=

E[g(Z)|Y ] ≈ 1

m

∑
g(zj)wj .

ù´Ï�

1

m

∑
g(zj)wj → E(g(Z̃)W (φ)) =

∫
g(z)

p(φ|Y )

I(φ)
I(φ)p(Z|φ, Y )dZdφ

=

∫
g(z)p(φ|Y )p(Z|φ, Y )dZdφ = E(g(Z)|Y )

nþ¤ã§·���­�5Ä��êâ*¿�{µ

a. WÖÚ

a1. lI(θ) �)φ

a2. lp(z|φ, Y ) �)Z

a3. O��­w = p(θ=φ|Y )
I(φ) .

b. ���#Ú

p(θ|Y ) = E[p(θ|Y,Z)|Y ] ≈
∑m
j=1 wjp(θ|Y,Zj)∑m

j=1 wj

6.7.2 SSS000WWWÖÖÖ

Kong, Liu and Wong (1994) JÑS0WÖ�{�)�["�êâ"

X = [X1, . . . , Xn] = [Y1, Z1, Y2, Z2, . . . , Yn, Zn].

-"�êâz(j) kn ���µz1(j), . . . , zn(j). �
lp(z|Y ) ¥Ä���§ù��{lp(z1|y1)

Ä�z∗1 ¿O��­w1 = p(y1)§Ù¥y1 ´y �1����"éut = 2, . . . , n, ^S�1e¡ü

Úµ

1. Ä�z∗t ∼ p(zt|y1, z
∗
1 , . . . , yt−1, z

∗
t−1, yt)
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2. O�p(yt|y1, z
∗
1 , . . . , yt−1, z

∗
t−1), ¿-wt = wt−1pt.

5:

p(Xt|X1, . . . , Xt−1) =
p(X1, . . . , Xt)

p(X1, . . . , Xt−1)

p(X1, . . . , Xt) =
p(θ|x1, . . . , xt|θ)π(θ)

p(θ|x1, . . . , xt)

5¿�z�z∗t �Ä��6ukcÄ��z
∗
1 , . . . , z

∗
t−1, ¤±z∗t �Ä�´S0�"þ¡ü�Ú½­

Em g§��

z̃∗(1), . . . , z̃∗(m)

Ú

w(1), . . . , w(m),

Ù¥

z̃∗(j) = (z∗1(j), . . . , z∗n(j)), j = 1, . . . ,m

w(j) = p(y1)

n∏
t=2

p(yt|y1, z
∗
1(j), . . . , yt−1, z

∗
t−1(j)).

,�§Kong, Liu and Wong (1994) ^e¡�\�·Ü�Op(θ|Y ):

m∑
j=1

w(j)p(θ|Y, z∗(j))/
m∑
j=1

w(j).

l11Ú§�±w�z∗(j) 5guXe©Ùµ

p∗(z∗(j)|Y ) = p(z∗1(j)|y1)×
n∏
t=2

p(z∗t (j)|y1, z
∗
1(j), . . . , yt−1, z

∗
t−1(j), yt),


Ø´P (Z|Y ). ¤±§3O�p(θ|Y ) �§I�O����­:

p(z∗(j)|Y )/p∗(z∗(j)|Y ) = p(z∗(j)|Y )/[p(z∗1(j)|y1)×
n∏
t=2

p(z∗t (j)|y1, z
∗
1(j), . . . , yt−1, z

∗
t−1(j), yt)]

=
p(z∗(j), Y )

p(Y )

p(y1)

p(y1, z∗1(j))

n∏
t=2

p(y1, . . . , yt, z
∗
1(j), . . . , z∗t−1(j))

p(y1, . . . , yt, z∗1(j), . . . , z∗t (j))

=
p(z∗(j), Y )

p(Y )

p(y1)

p(y1, z∗1(j))

n∏
t=2

p(yt|y1, . . . , yt−1, z
∗
1(j), . . . , z∗t−1(j))p(y1, . . . , yt−1, z

∗
1(j), . . . , z∗t−1(j))

p(y1, . . . , yt, z∗1(j), . . . , z∗t (j))

=
p(z∗(j), Y )

p(Y )

p(y1)

p(y1, z∗1(j))

n∏
t=2

p(yt|y1, . . . , yt−1, z
∗
1(j), . . . , z∗t−1(j))

n∏
t=2

p(y1, . . . , yt−1, z
∗
1(j), . . . , z∗t−1(j))

p(y1, . . . , yt, z∗1(j), . . . , z∗t (j))

=
p(z∗(j), Y )

p(Y )

p(y1)

p(y1, z∗1(j))

n∏
t=2

p(yt|y1, . . . , yt−1, z
∗
1(j), . . . , z∗t−1(j))

p(y1, z1)

p(y1, . . . , yn, z∗1(j), . . . , z∗n(j))

=
wj
p(Y )
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Ï�p(Y ) ´��~ê§¤±w(j)/
∑
w(j) Jø
�(��­"äN[!9~fë�Sequential

Imputationsand Bayesian Missing Data Problems by Augustine KONG§Jun S. Liu, and Wing

Hung WONG (1994).

6.7.3 OOO���������

3O���©Ù��#��ÿ§I�O�

1

m

m∑
j=1

p(θ|Y,Zj).

3O�þ¡ù�©Ù��ÿ§Ï~I�O����K~ê"Chen (1994) JÑ
��­�5Ä�

�{§;�
ù�~ê�O�"

5¿�§éu?¿�^��Ýw(θ|Z, Y ) Ñkeª¤áµ

p(θ∗|Y ) =

∫
Θ

∫
Z

w(θ|Z, Y )
p(θ∗, Z|Y )

p(θ, Z|Y )
p(θ, Z|Y )dZdθ,

ù´Ï�Fubini ½n�y
þªV­È©�ueª

∫
Z

p(θ∗, Z|Y )[

∫
Θ

w(θ|Z, Y )dθ]dZ = p(θ∗|Y ).

¤±§Chen (1994) ïÆ¦^eªCqp(θ∗|Y ):

1

n

n∑
j=1

w(θj |zj , Y )
p(θ∗, Zj |Y )

p(θj , Zj |Y )
,

Ù¥θj , Zj ∼ p(θ, Z|Y ).

5¿µù��ÿp(θ, Z|Y ) ��K~êØ7O�§Ï�ù�~ê3'Ç
p(θ∗,Zj |Y )
p(θj ,Zj |Y )�©f©1

¥��
"



Chapter 7

MCMC

�ÙÌ�0�ü«MCMC�{µGibbs Ä�ÚMetropolis �{

7.1 Gibbs ÄÄÄ���000���

�
ÚÑGibbs Ä�§·�Äk�Ä��?U�êâ*¿�{/óêâ*¿0"Gibbs Ä�Ù¢

Ò´óêâ*¿�{�õ�í2"

7.1.1 óóóêêêâââ***¿¿¿

Äk�Äêâ*¿¥ü�Ä��ªµ

���ªµp(θ|Y ) =

∫
Z

p(θ|Y,Z))p(Z|Y )dZ,

ýÿ�ªµp(Z|Y ) =

∫
Θ

p(Z|Y, θ)p(θ|Y )dθ.

�Ä“�Ú” êâWÖ�êâ*¿�{µ=3WÖÜ§�Ä��gp(Z|Y ):

a1: Z∗ �½§Ä�θ∗ from p(θ|Z∗, Y )

a2: θ∗ �½§Ä�Z∗ from p(Z|θ∗, Y ).

­E±þÚ½§=��“�Ú” êâWÖ�êâ*¿�{"ùÒ´óêâ*¿�{"3“�

�” �êâ*¿�{¥§I��1±þÚ½§m g§��z(1), . . . , z(m), ,��#��p(θ|Y ).

�m = 1 �§�#���Ò´p(θ|Z∗, Y ).

éuóêâ*¿�{§P1i gÌ�(�1a1 Úa2 ���Ì�) ���θ �θ(i), Tanner and

Wong (1987) �Ñµ

1. θ(1), . . . θ(i), . . . ´��ê¼ó"

85
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2. Tê¼ó�­½©Ù�µp(θ|Y )

θ(i) →d θ ∼ p(θ|Y ).

3.

1

t

t∑
i=1

f(θ(i))→a.s. Ep(θ|Y )(f(θ)).

~µ�g�."(Hierarchical Models) b½��Od �oN�þ�θ = (θ1, . . . , θd). ®*ÿ

�d �Õá���©Ù��þ�Y = (Y1, . . . , Yd). �½θi ´5gN(θi, Vi) �Õá��§¿�Vi

´®��"θi �k�©Ù´Õá�Ý�§A ��§�½A e§θi ´5gN(0, A) �i.i.d. ��"

�ëêA �©Ù�Ý´f(A) = cA−1−q/2 exp(−0.5λ/A), λ > 0, q > 0 ´®�~ê"

´�§��©Ùp(θ|Y,A) ´��©Ù§Ù1j ����

N((1−Bj)Yj , Vj(1−Bj)),

Bj = Vj/(Vj +A).

©Ùp(A|θ, Y ) �_k�©Ùµ

λ+ ‖θ‖2

χ2
d+q

.

5¿�

p(θ|Y ) =

∫
p(θ|Y,A)p(A|Y )dA,

p(A|Y ) =

∫
p(A|θ, Y )p(θ|Y )dθ,

¤±§ù��ÿ§A �ü��"�êâ��Ú"ù��ÿ§óêâ*¿�{�:

1. lp(θ|Y,A) = N((1−Bj)Yj , Vj(1−Bj)) Ä�θj

2. lp(A|θ, Y ) = λ+‖θ‖2
χ2
d+q

Ä�A

­E±þL§§��Âñ"

~µd^�©Ù��>�©Ù"®�p(X|Y ), p(Y |X). ¦p(X)orp(Y ). ·�±¦p(X) �~"

ù��ÿ·�ÀY �"�êâ"5¿�Xeü��ªµ

p(X|Ω) =

∫
Y

p(X|Y )p(Y )dY,

p(Y |Ω) =

∫
x

p(Y |X)p(X)dX.

1. lp(X|Y ) Ä�X

2. lp(Y |X) Ä�Y
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­E±þL§§��Âñ"

7.1.2 õõõ���óóóêêêâââ***¿¿¿–Gibbs ÄÄÄ���

y3�Äó*¿�{�õ�í2§¡�Gibbs Ä�"�½å©:(θ
(0)
1 , . . . , θ

(0)
d ), Ì�e¡Ú½µ

1. lp(θ1|θ(i)
2 , . . . , θ

(i)
d , Y ) Ä�θ

(i+1)
1

2. lp(θ2|θ(i+1)
1 , θ

(i)
2 . . . , θ

(i)
d , y) Ä�θ

(i+1)
2

...

3. lp(θd|θ(i+1)
1 , . . . , θ

(i+1)
d−1 , Y ) Ä�θ

(i+1)
d

�þ(θ(0), . . . , θ(t), . . .) ´��ê¼ó"=£VÇ´:

K(θ′, θ) = p(θ|θ′) = p(θ1|θ′2, . . . , θ′d, Y )×p(θ2|θ1, θ
′
3, . . . , θ

′
d, Y )×p(θ3|θ1, θ2, . . . , θ

′
d, Y )×. . .×p(θd|θ1, . . . , θd−1, Y )

éõïÄ<
�Ñ
Xe(J¤á�^�µ

(J1µ(θ
(i)
1 , . . . , θ

(i)
d ) �éÜ©ÙÂñ�p((θ1, . . . , θd)|Y )

(J2µ 1
n

∑n
i=1 f(θ(i))→a.s.

∫
f(θ)p(θ|Y )dθ, as n→∞.

(J3µ
√
n
(

1
n

∑n
i=1 f(θ(i))−

∫
f(θ)p(θ|Y )dθ

)
⇒ N(0, σ2

f ).

~µ£ÄÏë£�.¤

Gelfand and Smith (1990) �Ä
ÄÏë£~f�*Ð"êâ�(14, 1, 1, 1, 5), �.�

[
(
θ

4
+

1

8
),
θ

4
,
η

4
,
η

4
+

3

8
,

1

2
(1− θ − η)

]

*¿êâ8Ü�

X = (X1, . . . , X7) ∼Multinomial

(
22;

θ

4
,

1

8
,
θ

4
,
η

4
,
η

4
,

3

8
,

1

2
(1− θ − η)

)

"�êâµZ = [X1, X5].

X1 X2 Y2 Y3 X5 X6 Y5
θ
4

1
8

θ
4

η
4

η
4

3
8

1
2 (1− θ − η)

�k�©ÙDirichlet(1,1,1) (�Ýk�or flat prior)§5µθ ∼ Dirichlet(α1, α2, . . . , αk), K

p(θ) ∝ θα1−1
1 · · · θαk−1

k .

K´�

p(θ|η, Y, Z) = (1− η)Beta(X1 + Y2 + 1, Y5 + 1), θ ∈ [0, 1− η]
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`²µ

p(θ, η|Y, Z) ∝ θX1θY2ηY3ηX5(1− θ − η)Y5 = θX1+Y2ηY3+X5(1− θ − η)Y5 .

p(η|θ, Y, Z) = (1− θ)Beta(Y3 +X5 + 1, Y5 + 1), η ∈ [0, 1− θ]

p(Z|η, Y, θ) = P (X1, X5|η, Y, θ) = Bi(Y1, 2θ(1 + 2θ)−1)Bi(Y4, 2η(3 + 2η)−1)

^Gibbs Ä�§­E5000 g§�±��µ

E(η|Y ) = 0.123, E(η2|Y ) = 0.022, V ar(η|Y ) = 0.0065E(θ2|Y ) = 0.288, var(θ|Y ) = 0.018.

Homework.

�õ�~f�Tanner. Tools for statistical inference.

7.1.3 µµµ½½½Gibbs óóó���ÂÂÂñññ555

7.2 Metropolis ���{{{

Metropolis �{m©´�
ïÄâf£X�f¥�>f¤��XÚ�²ïA5"ù��{2

u�A^uÚOÔn�©z5�[E,XÚ"�!0�XÛ¦^Metropolis �{�E²ï©

Ùπ(x) �Markov ó"Äk{ü£��elÑ�m�Markov ó��
Ä��£"

7.2.1 lllÑÑÑ���mmm���Markov óóó������


ÄÄÄ������£££

b½G�8Ü�S = {s1, s2, . . . , sd}. 3��0, L§l,�G�m©§ü �mSlG�si =

�sj . éuMarkov ó§��n+ 1 �G�=�6u��n �G�"^pij L«lG�si =£�sj

�VÇ§�¤��d× d �Ý
§pij ,
∑
j pij = 1.

���§��äk=£
P �Markov ók��²­©Ù��=�π = πP, Ù¥π ∈ R1×d. X

Jπipij = πjpji, ¡ù�ó½�_ó"5¿�µπipij = πjpji %¹π = πP , ù´Ï�

(πP )j =
∑
i

πipij =
∑
i

πjpji = πj .

¤±§�
¢ylπ Ä�§·���U
�E��±π �²­©Ù��_ê¼ó§,�l?

¿G�Ñu§��ó��²ï©Ù§=�"Metropolis �£1953¤��z��Ò´§JÑ
¢
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y²ï©Ùπ, �EP ������{"

7.2.2 Metropolis ���{{{

Äk£ã�elÑ�¹e�g�§,�20�ëY�¹"-Q = qij ´��é¡�=£Ý
"

lG�iÑu§±Q �1i 1�VÇ�Å�Ä�G�sj , 2±®��VÇaij �Éù�G�£lsi

=£�sj¤, ÄK§�±3G�si. ù�L§½Â
��Markov ó§Ù=£Ý
pij = qijαij ,

pii = 1−
∑
j 6=i pij"Metropolis �£1953¤À�

αij =

 1 if πj/πi ≥ 1

πj/πi if πj/πi ≤ 1
.

ù�ê¼ó´���_ê¼ó§Ï�

πipij = πi min

{
1,
πj
πi

}
qij

= min {πi, πj} qij

πjpji = πj min

{
1,
πi
πj

}
qji

= min {πi, πj} qji

= πipij

¯¢þ§��πiαij = πjαji, P éA�ê¼óÒ´�_�"Baker (1965) À�αij = πj/(πi +

πj).

3ëY�¹e§π ´�Ý¼ê§f(x, y) ´é¡�=£VÇ¼ê§=f(x, y) = f(y, x), @

oMetropolis �{�µ

1. XJ8có´3Xn = x, @olf(x,y) �)e�� �Xn+1�ÿÀ�y
∗.

2. ±VÇα(x, y∗) = min
{
π(y∗)
π(x) , 1

}
�Éù�ÿÀ�§¿�òó£�Xn+1 = y∗. ÄK§áý

ù�ÿÀ�§¿-Xn+1 = x.

5µMetropolis �{=�¦���π ¤'~�¼ê§Ï��K~ê�±3'Ç¥π(y∗)
π(x) �

�"

Hastings (1970) *Ð
Metropolis �{§-

α(x, y) =

 min
{
π(y)q(y,x)
π(x)q(x,y) , 1

}
if πj/πi ≥ 1

1 if π(x)q(x, y) = 0
,
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~µ�ÄÄÏë£�."·�I�l��©Ù

π(θ) = (2 + θ)125(1− θ)38θ34, θ ∈ [0, 1],

Ä�"

5¿�£1¤�K~ê´ØI�O��£2¤Ä���l*ÿ��Ä�§ØI��Gibbs Ä�

@�§I�Ä�"�êâ"

�±À�f(x, y) = 1√
2πσ

e−
(y−x)2

2σ2 . ©O�σ = 0.001, 0.05, 0.12.

1. XJ8có´3Xn = x, @olN(x, σ2) �)e�� �Xn+1�ÿÀ�y
∗.

2. ±VÇα(x, y∗) = min
{
π(y∗)
π(x) , 1

}
�Éù�ÿÀ�§¿�òó£�Xn+1 = y∗. ÄK§áý

ù�ÿÀ�§¿-Xn+1 = x.

5¿µπ(x) = 0, if x 6∈ [0, 1].

7.2.3 Gibbs ÄÄÄ���ÚÚÚMetropolis ���'''XXX

Gibbs Ä�´AÏ�Metropolis �{§Ù�ÉVÇo´1"�Ä3Gibbs Ä�¥§θt+1 from

p(θ1|θt2, . . . , θtd|Y ). ��oo´�Éù�#�point (θt+1
1 , θt2, . . . , θ

t
d) Qº

�c:´θ = (θt1, θ
t
2, . . . , θ

t
d), y3·�lq(θ, θ

′) = p(θt+1
1 |θt2, . . . , θtd, Y ) Ä�
��#

�:θ′ = (θt+1
1 , θt2, . . . , θ

t
d). dGibbs Ä�L§��§q(θ′, θ) = p(θt1|θt2, . . . , θtd, Y ). ¤±§

dHastings �{§

α(θ, θ′) =
p(θ′)q(θ′, θ)

p(θ)q(θ, θ′)
(7.1)

=
p(θt1θ

t
2, . . . , θ

t
d, Y )p(θt+1

1 |θt2, . . . , θtd, Y )

p(θt+1
1 θt2, . . . , θ

t
d, Y )p(θt1|θt2, . . . , θtd, Y )

(7.2)

= 1 (7.3)

7.2.4 Gibbs ÚÚÚMetropolis ���···ÜÜÜ���{{{

3Gibbs �{¥§I�l^�©ÙÄ�"'Xlp(θ1|θ(i)
2 , . . . , θ

(i)
d ) Ä�"Muller (1993) ïÆ

^Metropolis �{"-π(ρ) = p(ρ|θ(i)
2 , . . . , θ

(i)
d ).

a. l©Ùf(x− y) = f(y − x) �)y∗, Ù¥x ´ó��cG�"

b. ±VÇα(x, y∗) = min(1, π(y∗)/π(x)) �Éy∗ ����#G�¶ÄK�±�5�G�x.

­Ea, b T g§θ(i+1) Ò´ù�ó�1T ��"AO�§T �±�1"
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7.3 ~~~fffµµµBayesian Variable Selection Using Gibbs-Based

Methods.

·�X­0�5guDellaportas et al (2002)��{"

3CþÀJ¯K¥§?¿���.m§�±d��p �����þL«µγ ∈ {0, 1}p. Ù

¥γj = 0 L«1j �CþØ3�.¥§γj = 1 L«1j �Cþ3�.¥"

GLM ù��xµ

g(E(Y )) =

p∑
j=0

γjXjβj (7.4)

7.3.1 Prior distribution for variable selection in GLM

Zellner (1986) g-prior:

βm|σ2,m ∼ N
(
µβm , c

2(XT
mXm)−1σ2

)
.

'uZellner’s g-prior, y3k���*�)º"y3��k��b��data y∗, §dGLM

(7.4) �.��§�O
´Xm. y3·�òβ �k���ù�b�data �q,��ê(a

qconjugate)§½ö`lb��data //0
�
&E"

f(βm|y∗,m) = [f(y∗|βm,m)]
1/c2

lþ¡�½Â��§ù«k���u“/
” n/c2 �data point"3���.§=g(x) = x ¿

�noise ´��©Ù�§þ¡�prior gives

βm|σ2,m ∼ N
(
(XT

mXm)−1X ′my
∗, c2(XT

mXm)−1σ2
)
.

�y∗ = Xmµβm =�Zellner’s g−prior.

XJvk?Û�k�&E§Ï~�µβm = 0. c2 = n, =“/” ��data point"

éuÙ¦�.§Xlogistic regression, poisson regression β �k��±aq��"

3�.ÀJ¥§Ï~é�.¦^Ã&Ek�:

f(m) =
1

|M|
, for all m ∈M.

ù�du

γj ∼ Bernoulli(1/2), for all j = 1, 2, . . . , p.
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7.3.2 Gibbs variable selection (GVS)

�
¢yGVS, ·�Äk��½k�©Ù"

f(γ, β) = f(γ)f(β|γ)

y3·�òβ ©¤üÜ©µ(βγ , β\γ), Ù¥βγ ´À?�.�βj ’s, β\γ ´vkÀ?�.�βj ’s. @

ok�?�ÚL«�µ

f(γ, β) = f(γ)f(β|γ) = f(γ)f(βγ |γ)f(β\γ |βγ , γ).

k
±þ�k���½§Ò�±��£éÜ¤��µ

f(βγ , β\γ , γ|y) = f(y|β, γ)f(γ)f(βγ |γ)f(β\γ |βγ , γ).

l
§����^�©Ùµ

f(βγ |β\γ , γ, y) ∝ f(y|β, γ)f(βγ |γ)f(β\γ |βγ , γ)

f(β\γ |βγ , γ, y) ∝ f(β\γ |βγ , γ)

f(γj |β, γ\j , y) ∼ Bernoulli( Oj
1 +Oj

),

Ù¥

Oj =
f(γj = 1, γ\j , β, y)

f(γj = 0, γ\j , β, y)
=
f(y|γj = 1, γ\j , β)f(β|γj = 1, γ\j)f(γj = 1, γ\j)

f(y|γj = 0, γ\j , β)f(β|γj = 0, γ\j)f(γj = 0, γ\j)
.

3¢SA^¥§Ï~À�f(β\γ |βγ,γ) = f(β\γ |γ).

7.3.3 Posterior Inference

Bayesian variable selection �Ì�8�´��������(MAP: maximum a posteriori)��

."

��VÇ�±ù���µ

P̂ (m|y) =
1

T −B

T∑
t=B+1

I(mt = m)
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Cþj À?�.�VÇ:

P̂ (γj = 1|y) =
1

T −B

T∑
t=B+1

I(γtj = 1).

k�ÿ§·�¿ØF"ÀÑ���."ù�ÿ§�±�Ä¦^¤k��.§,�\�¦²

þ"'X§XJF"��ýÿξ �©Ù:

f(ξ|y) =
∑
m∈M

f(ξ|y,m)f(m|y).

7.3.4 Implementation in WinBugs

�!ÏL��{ü����.5Ð«XÛ¦^WinBugs �MCMC �O�"Ù¦�õ��.Ú

~f�±ë�Ntzoufas et al(2000) ”Stochastic search variable selection for log-linear models”,

Journal of Statistical Computation and Simulation, pp 23 – 38.

n = 50, p = 15, Xj , j = 1, . . . , p ∼i.i.d. N(0, 1).

Yi ∼ N(Xi4 +Xi5, 2.5
2), i = 1, . . . , n.

Data Úcode ��uhttp://stat-athens.aueb.gr/∼jbn/winbugs book/.
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Chapter 8

Bootstrap ���{{{

8.1 Bootstrap

888IIIµµµ ÏL�X��Å��x = (x1, . . . , xn) ∼ F , Ù¥F ��§�O,��½��ÅC

þR(X,F ) �©Ù"

8.1.1 Bootstrap ���{{{

·�Äk£ãBootstrap �{µ

1. �E²�©ÙF̂ : P (X = xi) = 1
n ;

2. l²�©ÙF̂ ÕáÄ�n ���:"P�

x∗i , i = 1, 2, . . . , n.

5¿µx∗iÙ¢Ò´k�£�l{x1, . . . , xn} Ä��"

3. O�R∗ = R(x∗, F̂ ).

±þL§­Eéõg§=�±��*ÿR∗§l
��R∗ �²�©Ù"^d²�©ÙC

qR(X,F ) �²�©Ù��{§Ò´Bootstrap �{"

5¿�, �� x *ÿ���§R∗ �©Ù´�±°(O�Ñ5�§ØI�¦^­Ä�=�"

ù´Ï�x∗ �©Ùù��ÿ´®��,§´ F ∗.

~µ�Äx = (x1, x2, . . . , xn) i.i.d. from Bernoulli(p). y3'%�ÚOþ´ biasµ

R(x, F ) = x̄− P (X = 1).

95
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IO�ÚO�{w�·�µ

E(R(x, F )) = 0, var(R(x, F )) =
p(1− p)

n
,

3¢SO�¥§~~�

ˆvar(R(x, F )) =
x̄(1− x̄)

n
,

y3·�5wBootstrap �{O��E∗ Úvar∗. 5µ·�¦^E∗ Ú var∗ �LdBootstrap

�{���Ï"Ú��"

5¿xi ��´1½ö0"
�²�ªÇP̂ (xi = 1) = x̄. d Bootstrap Ä����ÚOþ�µ

R∗ = R(X∗, F̂ ) = X̄∗ − x̄

dX∗�Ä�L§��§§�þ�Ú���µ

E∗(R
∗) = 0, var∗(R

∗) =
x̄(1− x̄)

n
.

~µ�O��"X ∼ F"�Ä�OvarF (X).¦^Xe��Oþµ

t(X) =

n∑
i=1

(Xi − X̄)2/(n− 1).

y3·��8I´�Oe¡�Bias �©Ùµ

R(X,F ) = t(X)− varF (X).

½Âµk(F ) := EF (X − EFX)k. ^µ̂k(F̂ ) �Lk �¥%��Ý"

dBootstrap�����ÚOþ�

R∗ = R(X∗, F̂ ) = t(X∗)− var(F̂ ).

�±y²§

E∗(R
∗) = 0, var∗(R

∗) =
µ̂4 − [(n− 3)/(n− 1)]µ̂2

2

n
.

1��ªfé{ü"XJyi, i.i.d. from F with a finite variance σ2, then E(
∑n
i=1(yi− ȳ)/(n−

1)) ´σ2 �Ã �O"5¿�X∗i ∼ F̂ , ¤±kE∗t(X
∗) = var(F̂ ).

Homework.
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3þ¡�ü�~f¥§Ï��O��ÚOþ��{ü£Ñ´õ�ª¤§¤±�±��

O�"3¢S�A^¥§Bootstrap �{�J:3uXÛO�dBootstrap�����ÚOþ

�Bootstrap Ï"Ú��§����§ÚOþ�©Ù"

~^?nTJ:��{:

�{1. �cü�~f¥@���O�"

�{2. Monte Carlo Cq" õgÄ� Bootstrap��§¿O�R(x∗, F̂ )"¦^Histogram

CqR(X∗, F̂ )"

8.1.2 ���OOO¥¥¥   êêê

��!§·�F"�O©ÙF �¥ ê§P�θ(F ). ^t(X) L«��¥ ê§

t(X) = X(m),

Ù¥X(1) ≤ X(2) ≤ . . . ≤ X(n) ´gSÚOþ§n = 2m − 1. ·��8I´�OXeÚOþ�©

Ùµ

R(X,F ) = t(X)− θ(F ).

*ÿêâ�x1, . . . , xn, bootstrap Ä�P�X∗ = (x∗1, . . . , x
∗
n), dd��Bootstrap ÚOþ

R∗ = R∗(X∗, F̂ ) = X∗(m) − x(m).

5¿�éu?¿���ê1 ≤ ` < n,

Prob∗(X
∗
(m) > x(`)) = Prob

(
Binomial(n,

`

n
) ≤ m− 1

)
=

m−1∑
j=0

(`/n)j(1− `/n)n−j .

Homework.

¤±§

Prob∗(R
∗ = x(`) − x(m)) = Prob∗(X

∗
(m) > x(`−1))− Prob∗(X∗(m) > x(`)).

����A~§n = 13(m = 7), eL�ÑR∗ �©Ùµ

` = 2 or 12 3 or 11 4 or 10 5 or 9 6 or 8 7
0.0015 0.0142 0.0550 0.1242 0.1936 0.2230.
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8.1.3 ���OOO©©©ÛÛÛ¥¥¥������ØØØÇÇÇ

�!?ØIO�5�O©Û¯K¥��ØÇ�O¯K"

êâµ

Xi ∼i.i.d. F, i = 1, 2, . . . ,m,

Yj ∼i.i.d. G, j = 1, 2, . . . , n.

�5�O©Û�?Öµ�â*ÿ��data§ò�m©�ü�«�A ÚB. éu#5���*

ÿz, XJz ∈ A, Ò@�§5gF ; XJ5gB, Ò@�§5gG.

éuF , ��w,��ØÇ

errorF := Prob{X ∈ B}.

��O´

êrrorF =
#{xi ∈ B}

m
.

5¿µ3O�VÇ��ÿ§·�ÀB fixed.

·�'%�ÚOþ´

R((X,Y ), (F,G)) = errorF − êrrorF .

éu*ÿêâx Úy, �5�O(LDA) ù�½ÂBµ

B =

{
z : (ȳ − x̄)′S−1(z − x̄+ ȳ

2
) > log

m

n

}
,

Ù¥x̄ =
∑
xi/m, ȳ =

∑
yj/n and S =

∑
i(xi − x̄)(xi − x̄)′ +

∑
j(yj − ȳ)(yj − ȳ)′/(m+ n).

3Gauss ©Ùe§·�í��eLDA. �F ÚG Ñ´Gauss©Ù§�äk�Ó���"K§F

�density ´

f(x) =
1

(2π)p/2|Σ|1/2
exp[−1

2
(x− µx)TΣ−1(x− µx)].

^πA �LáuA �prior§πB �LáuB �prior§@o
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log
P (z ∈ A|z)
P (z ∈ B|z)

= log
fx(z)πA
fy(z)πB

=

[
log(πA)− 1

2
log |Σ| − 1

2
(z − µx)TΣ−1(z − µx)

]
−
[
log(πB)− 1

2
log |Σ| − 1

2
(z − µy)TΣ−1(z − µy)

]
= log(

πA
πB

) +
1

2
[(z − µy)TΣ−1(z − µy)− (z − µx)TΣ−1(z − µx)]

= log(
πA
πB

) + (µx − µy)TΣ−1z +
1

2
[µTy Σ−1µy − µTxΣ−1µx]

= log(
πA
πB

) + (µx − µy)TΣ−1(z − µx + µy
2

)

�����ª¤á§´Ï�

x′Ax− y′Ay = x′A(
x+ y

2
) + x′A(

x− y
2

)− [y′A(
x+ y

2
) + y′A(

y − x
2

)]

= (x− y)′A(
x+ y

2
) +

1

2
[x′Ax− y′Ay].

¤± 1
2 [x′Ax− y′Ay] = (x− y)′A(x+y

2 ).

¤±§��äz ∈ B, Ò´

log(
πA
πB

) + (µx − µy)TΣ−1(z − µx + µy
2

) < 0.

ò�«�O�\þª§=k

B =

{
z : (ȳ − x̄)′S−1(z − x̄+ ȳ

2
) > log

m

n

}
.

�e5§·�¦^Bootstrap �{§�OR �©Ù"

1. Ä�x∗i ∼iid F̂ , i =1,. . . , m; y∗j ∼iid Ĝ, j = 1, 2, . . . , n.

2. O�B∗

3. O�Bootstrap ÚOþ

R∗((X∗, Y ∗), (F̂ , Ĝ)) = errorF̂ − êrrorF =
#{xi ∈ B∗}

m
− #{x∗i ∈ B}

m
.

�é{ù§þªÒ´/ý¢�ØÇ£éAý¢£²�¤©Ù¤0− “�O��ØÇ£éA*

ÿ£Bootstrap ��¤©Ù¤”"

±þL§­ENõg§��R∗ ���§^ù
�±CqR∗ �©Ù§±d�OR �©Ù"

y3�ÄF = N((−1/2, 0)′, I), G = N((1/2, 0)′, I). m = n = 20. ¦^simulation 5ÿ
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ÁBootstrap.

Mean SD
Error Rate * *

Bootstrap Expectation (E∗R
∗) * *

Bootstrap SD (SD∗(R
∗)) * *

Simulation ¥§¤k�­Egêþ�100"

Homework.

¢�uy§E∗R
∗ 6= 0. ù¿�XêrrorF ´��k �O"¤±���Ð�Å ��O

´µêrrorF + E∗(R
∗).

8.1.4 £££888©©©ÛÛÛ

���£8�.´

Xi = gi(β) + εi, i = 1, 2, . . . , n,

Ù¥§g(·) ´®��¼ê§¹k���ëêβ; εi ∼i.i.d F, i = 1, 2, . . . , n. EF (εi) = 0.

β �±d���¦�O�Ñµ

β̂ = arg min
β

n∑
i=1

[xi − gi(β)]2.

y3·�F"��β̂ �©Ù"ù´ëêBootstrap.

5¿§ùpX@�´fixed. �Å55guε ∼ F . ¤±§Bootrstrap Ä�§�lF̂ �Ä�"

F̂ : mass
1

n
atε̂i = xi − gi(β̂), i = 1, 2, . . . , n.

Bootstrap ��µ

X∗i = gi(β̂) + ε∗i , ε
∗
i ∼i.i.d. F̂ , i = 1, 2, . . . , n.

d±þBootstrap ���±��β̂∗.

­E±þL§�±��Nõβ̂∗.±d�±Cqβ̂∗ �©Ù§d©Ù^5�Oβ̂ �©Ù"

·�¦^��{ü�~f§5`²Bootstrap 3£8©Û¥�A^"

�Y = Xβ + ε. β̂ = (X ′X)−1X ′Y . XJX�1��´1. KØ�ε̂i�²�©Ùþ��0§

���σ̂ = mean(Y − Xβ̂)2. ¤±§�±��β̂∗ = (X ′X)−1X ′(Xβ̂ + ε̂)�þ�ÚÏ"©O

´µE∗(β̂
∗) = β̂, Cov∗(β̂

∗) = σ̂2(X ′X)−1.
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8.2 Jackknife

8.2.1 Jackknife ���{{{

Y1, . . . , Yn ´n i.i.d. Ä�"^θ̂ L«ddn������ëêθ ��O"òn ���©¤g

�Group, z�group ¹kh ���µn = gh, AO�§g = n, h = 1. -θ̂−i ´�âíØ1i

�Group �êâ����O"½Â(pseudo value)

θ̃i = gθ̂ − (g − 1)θ̂−i, i = 1, . . . , g.

Jackknife estimator is

θ̂J =
1

g

g∑
i=1

θ̃i = gθ̂ − (g − 1)
1

g

g∑
i=1

θ̂−i.

The estimate of variance of θ̃J is

v̂ar(θ̂J) =
1

g(g − 1)

g∑
i=1

(θ̃i − θ̂J)2 =
g − 1

g

g∑
i=1

(θ̂−i − θ̂(·))
2

Ù¥θ̂(·) = 1
g

∑g
i=1 θ̂−i.

~µX1, . . . , Xn iid. from F . F ��"y3�ÄF �Ï""Ï~¦^

x̄ =
1

n

n∑
i=1

xi

�OF �Ï""

¯¢þ§éuù�{ü�~f§·���±�Ñx̄ ���µ

σ̂2 =
1

n(n− 1)

n∑
i=1

(xi − x̄)2.

�´§XJ´'�E,�ÚOþ§'X¥ ê§ÒéJ�Ñ����O"Bootstrap

ÚJackknife ´ù�~f�*Ð§�±O�Ñ?¿ÚOþ���"Bootstrap �{·�®²
)

L"y3·�Äk¦^c¡0��Jackknife �{O�Jackknife �OÚ��"XJvk?Û`

²§±��Jackknife ¥�h = 1, g = n.

1. O�pseudo value

x̄−i =
1

n− 1
(nx̄− xi)

x̃i = nx̄− (n− 1)x̄−i = nx̄− (n− 1)
1

n− 1
(nx̄− xi) = xi
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2. O�Jackknife �Oµ

x̂J =
1

n

n∑
i=1

x̃i =
1

n

n∑
i=1

x̃i =
1

n

n∑
i=1

xi = x̄.

3. O���µ

σ̂2
J =

1

n(n− 1)

n∑
i=1

(x̃i − x̂J)2 =
1

n(n− 1)

n∑
i=1

(xi − x̄)2

�±w�Jackknife �O���Úc¡�Ñ�����"Jackknife ���Ð?´§O�L§

{ü§�±é?¿��Oþ§O�Ñ��"

�
é'§·�ùp��ÑdBootstrap �{���estimator���"

£�Bootstrap �{µ

1. l²�F̂Ä�x∗1, . . . , x
∗
n.

2. dBootstrap sample O�Bootstrap ÚOþ:

X̄∗ =
1

n

n∑
i=1

x∗i .

3. ^Bootstrap ÚOþ�©Ù§Cqestimator �©Ù"¤±§�O���´

var∗(X̄
∗) = var∗(

1

n

n∑
i=1

x∗i ) =
1

n
var∗(x

∗
i ) =

1

n

1

n

n∑
i=1

(xi − x̄)2 =
n

n− 1
σ2
J .

8.2.2 Why Jackknife?

���ÑÑÑ���OOO���������

�±ÏL��{ü�Ú½§�Ñ�O���"

}}}   

��(ØµXJ

E(θ̂) = θ + a1/n+O(1/n2),

@o

E(θ̂J) = θ +O(1/n2).

~µ

σ̂2 =
1

n

n∑
i=1

(xi − x̄2)

.
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E(σ̂2) = n−1
n θ = θ + (−θ)/n§vkp��§¤±§²LJackknife �§ ���}K"

8.3 Bootstrap ÚÚÚJackknife ���mmm���'''XXX

y3�Äθ(F ). ��´x1, . . . , xn. P�O�θ̂ = θ(F̂ ). ^���þ

P = (P1, P2, . . . , Pn)

L«��Ú�1�VÇ(�K)�þ"^T�þ­#½��“²�©Ù”

F̂ (P ) : mass Pi on xi, i = 1, 2, . . . , n.

½Â

θ̂(P ) = θ(F̂ (P )).

y3·�­#^,�«�ª5�ÄBootstrap.

éu�gÄ�§PP ∗i = #{X∗i = xi}/n

P ∗ = (P ∗1 , P
∗
2 , . . . , P ∗n).

�d§·��±w�Ñ5§Bootstrap ÚJackknife 3O�����ÿ§oNg´´���µ

éuz�Ú§���(x1, x2, . . . , xn) ���­:

3Bootstrap ¥§�­´(P ∗1 , P
∗
2 , . . . , P

∗
n);

3Jackknife ¥§�­´1/(n− 1) ∗ (1, 1, . . . , 0︸︷︷︸
i

, . . . , 1)

8.4 Cross Validation

·�{ü0��e�Bootstrap ÚJackknife k'�Cross Validation. Äk0�Leave One Out

Cross Validation (LOO).

Cross validation ´�
O�prediction error �"

b�·�k��model"

y = g(x) + ε.

y3k�
*ÿ(xi, yi), i = 1, 2, . . . , n.

LOO �L§´ù��µ
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éui = 1,2,. . . , n

1. 1i Ú§�K1i �*ÿ§[Ü�.

2. ^þ¡[Ü��.§�ýÿ1i �*ÿ§l
��prediction error ei

��§prediction error Ò´ 1
n

∑n
i=1 ei.

~: �Ä��{ü��.. �½*ÿêâx1, . . . , xn ∼ F"y3�½��#�*ÿx0 ∼ F . ·

�¦^x̄ ýÿ§"ù�§ýÿØ�´

E(x0 − x̄)2 =
n+ 1

n
σ2.

y3·�^LOO CV O�ù�ýÿØ�µ

1. �Ø1i �*ÿ§fit �.§��ýÿ�x̄−i.

2. O�prediction error: ei = (xi − x̄(−i))
2

²þ�e§��prediction error:

1

n

n∑
i=1

(xi − x̄(−i))
2 =

1

n

n∑
i=1

(xi −
nx̄− xi
n− 1

)2 =
n

(n− 1)2

n∑
i=1

(xi − x̄)2.

K-fold CV: K-fold CV ´òData �Å�©¤K °§,�¦^Úþ¡����{�

Oprediction error. ØÓ�/�3u§LOO ´íØ1i�*ÿ§^�{�data�fit model,

CV ´íØ1i�group§^�{�data �fit model"

éui = 1,2,. . . , K

1. 1i Ú§�K1i �group§[Ü�.

2. ^þ¡[Ü��.§�ýÿ1i �group§l
��prediction error ei

��§prediction error Ò´ 1
n

∑n
i=1 ei.

8.5 Asymptotic Theories

8.5.1 Bootstrapping the mean

X1, X2, . . . , Xn ∼iid. F . F ��§þ��µ, ��´σ2§ü�ëêÑ��. DÚ�Oµ ¦^XeÚ

Oþ

µn = X̄ =

∑n
i=1Xi

n
.

P����´

s2
n =

1

n

n∑
i=1

(Xi − µn)2.
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¥%4�½nw�·�µ

Qn :=
√
n(µn − µ)/sn ⇒ N(0, 1).

y3·�5wBootstrap ´Ä�kaq(J"

^Fn �L²�©Ù"^X
∗
1 , . . . , X

∗
m �LBootstrap ­Ä�"y35w

Q∗m =
√
m(µ∗m − µn)/s∗m,

Ù¥

µ∗m =
1

m

m∑
i=1

X∗i , s
∗
m =

1

m

m∑
i=1

(X∗i − µ∗m)2.

½½½nnn10. b�X1, X2, . . . i.i.d. var(Xi) = σ2 <∞. Given (X1, . . . , Xn), �n Úm ÑªuÃ¡�,

a. Conditional distribution
√
m(µ∗m − µn)⇒ N(0, σ2).

b. s∗m → σ in Conditional Probability: that is, ∀ε > 0,

P [|s∗m − σ| > ε|X1, . . . , Xn]→ 0, a.e.

8.5.2 Bootstrapping Regression Models

�Ä�5£8�.µ

Y = Xβ + ε,

Ù¥Y ∈ Rn, X ∈ Rn×p, β ∈ Rp and ε ∈ Rn. ùp§X ´÷�Ý
"ε ´�ÅØ��"

β ��O�d���¦{��µ

β̂ = (X ′X)−1X ′Y.

ùp�?n�¯K´β̂ �β �å´N��ºBootstrap �{���(JÚ²;����5�

kN��'Xº

Ä�b�µ(1) X ´fixed.

(2) εi, i.i.d. from F . F unknown, mean 0§variance σ2. σ2 unknown.

(3) 1
nX

TX → V which is positive definite.

²;����nØw�·�µ

√
n(β̂ − β)⇒ N(0, σ2V −1).



106

Bootstrap: 1. O�ε̂ = Y −Xβ̂

2. �EF̂ : put mass 1
n at ε̂−mean(ε̂)

3. draw ε∗1, . . . , ε
∗
n i.i.d. from F̂ .

4. O�Y ∗ = Xβ̂ + ε∗

5. O�β̂∗.

½½½nnn11. b�£8©Û�.9Ä�b�(1,2,3)¤á"�m Ún ÑªuÃ¡�

a.
√
m(β̂∗(m)− β̂(n))→ N(0, σ2V −1)

b. σ̂∗m → σ, a.e.

�õ�~f9í��“Some Asymptotic Theory for the Bootstrap” by Peter Bickel and David

Freedman (1981).

8.5.3 Open Questions

éu�5£8�.§3p < n �^�e§David Freedman �Ä
^Bootstrap �{�Ñëê�

O�©Ù"¯K´§3p�êâe§p � n ��ÿ§Bootstrap (JNo�Qºë�©zµD.

A. Freedman(1981). Bootstrapping Regression Models. Annals of Statistics, 1218-1228.

8.6 0.632 Bootstrap

8IµÏL*ÿêâ(ti, yi), i = 1, . . . , n �O�ØÇ§Ù¥ti ´ýÿCþ§yi ´�A"�!§yi

´��Cþ"

Ï~§<�¦^CV �O�ØÇ"CV �±�Ñ��'u�ØÇ�CqÃ ��O"�´ù

«Ã 5��dÒ´����"�!Áã`²¦^Bootstrap �{�±��/~���"

Äk·�w��~fµi = 1, 2, . . . , n = 20. Independently draw (yi, ti) with

yi =

 0, 1/2;

1, 1/2.
ti|yi ∼ N((yi − 1/2, 0)T , I).

^r �L�O5K"��½Â�µ

Q(y, r) = Iy 6=r.

éu��#�*ÿ(y0, t0), �O��Ò´

Q(y0, r(t0)).
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True error rate ½Â�µ

Err = Err(X,F ) = E0F [Q(y0, r(t0))|(yi, ti), i = 1, 2, . . . , n]

5ïþ���O5K�Ð�"

k�ÿ�¦^expected true error:

EF [E0F [Q(y0, r(t0))|(yi, ti), i = 1, 2, . . . , n]]

Err ���g,��O´µ

¯err = Err(x, F̂ ) = E0F̂Q(x0, X) =
1

n

n∑
i=1

Q(yi, rx(t)).

Ï~ ¯err ����O� �"ù´Ï�Ôö��X ¦^
üg§�g^ufit model, �g^uÿ

Á�ØÇ"

CV �±;�ëY¦^ügÔö���¯K"Ï�ÔöÚµd�.�dataØ´���"Error

rate �LOO CV �O´

Êrr
cv1

=
1

n

n∑
i=1

Q[yi, rx−i(t)] =
1

n

n∑
i=1

Q[xi, x−i].

y3�ÄéQ(xi, x−i) �Bootstrap. Ù¥xi ´fixed"ù���Ð?��´§ò��ØëY

�Q(xi, x−i) =z¤
��1w���¼ê"

·�¦^

EF̂−i [Q(xi, x
∗
−i)]

5��

EF [Q(xi, x−i)]

�Bootstrap ��"

Ù¥F̂−i ´x1, x2, . . . , xi−1, xi, . . . , xn �²�©Ù"

éz�i Ñ¦^bootstrap �{§·�Ò��
Error rate �LOO bootstrap �O:

Êrr
(1)

=
1

n

n∑
i=1

EF̂(−i)
[Q(xi, x

∗)].

ù��O´Êrr
cv1
���²w��"d�OÏLíØ1i���:��bootstrap ���O�

�i �Ø�"
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�±^,�«�{)ºÊrr
(1)

. §�±w�´Expected true error ����O"Expected

true error ����Bootstrap ��O´µ

EF̂E0F̂Q(x∗0, X
∗).

5¿�§x∗0 3X
∗ ¥�VÇ´µ1− (1− 1

n )n = 0.632.

�´ù��O~~$��ØÇ§¤±U^

EF̂(−·)
E0F̂Q(x0, X)

Efron (1983) JÑ
¦^0.632 estimatorµ

Êrr
.632

= 0.368err + 0.632Êrr
(1)
.

ù´Ï�Ï~err $�
Ø�§
Êrr
(1)
  p�
Ø�"¤±�¦^§��²þ5N�Ø�"

��o�^0.632 Qºk0.632 �Å¬§x∗0 Úx
∗ 5gu�Ó�data set. ,	�0.368 �Å

¬§¦�Êrr
(1)
p�
Ø�"ùÜ©�±¦^Err 5“Å�”  �"



Chapter 9

ÚÚÚOOO���{{{���¦¦¦)))

�ÙÏLRidge Regression �¦)L§§`²�Kz�{¥§N�ÀJtuning parameter.

9.1 Ridge regression

β̂ = arg min
β
‖Y −Xβ‖2 + λ‖β‖22

¦)µ

β̂ = (X ′X + λI)−1X ′Y.

�k�å���ÿµ

β̂ = arg min
α,β
‖Y −Xβ − α‖2 + λ‖β‖22

ù��ÿN�¦)Qº

�±ÄkòX,Y ¥%z��Xc, Yc, ,�$1��vk�å�ridge regression.

β̂c = arg min
β
‖Yc −Xcβ‖2 + λ‖β‖22,

K

β̂ = β̂c, α̂ = Ȳ − X̄β̂.

9.2 Selecting tuning parameters

3¢S¥§I��½��λ. Ï~�±¦^CV 5(½λ. PÄk(½�|λ: (λ1, . . . , λm). ,�Ï

L¦^CV l¥mÀ���λ, §¦�prediction error ����"

y3�¯K´§XJkNõλ �ÀJ§éuz��λ Ñ��¦_$�"ù��$�Ø´k�

109
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�"5¿�éu¤k�λ, ¦_$�L§¥§eigen vector ´ØC�§�´eigen value Cz
"ù

Ò�Ïé�k��O��{Jø
Ä:"

òX �SVD ©)µ

Xn×p = Un×kSk×kVk×p,

Ù¥U ´X �ÛÉ�"S ÚV ©O´�A��þÚmA��þ"

SVD ©)ÚA�©)�m�'Xµ

1. SVD ©)�é�´?¿Ý
¶

2. A�©)�é�´é¡Ý
;

3. SVD ©)���ÛÉ�§Ñ´��"
A�©)Ø�½"

4. X = USV, X ′X = V ′SU ′USV = V ′S2V,XX ′ = US2U ′.

k
ù
�§·��±��Ridge regression �)µ

β̂ = (X ′X + λI)−1X ′Y =
[
V ′(S2 + λI)−1V

]
V ′SU ′Y = V ′[(S2 + λI)−1S]U ′Y

5¿µV V ′ = I, =V ��1´���"�´V ���Ø´���§V ′V 6= I. �´�±òV

��1?1*¿§¦�#�Ý
´������Ý
"½Â

Ṽ =

 V

V0

 ,
¦�

Ṽ ′Ṽ =

 V

V0


′  V

V0

 = V ′V + V ′0V0 = I,

�

V0V
′ = 0

=V0 ��1ÚV��1´���"¢Sþ§V0 ´X
′X �"A��éA�A��þ"

k
ù
O���§�±��

(X ′X + λI)−1 =

 V

V0


′  S2 + λI 0

0 λI


−1  V

V0

 = V ′(S2 + λI)−1V + λV ′0V0
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l


(X ′X + λI)−1X ′ = [V ′(S2 + λI)−1V + λV ′0V0]V ′SU ′ = V ′(S2 + λI)−1V V ′SU ′

9.3 the Lasso

β̂ = arg min
β

1

2
‖Y −Xβ‖22 + λ‖β‖1.

XJX ′X = I, Kþª=z¤µ

β̂ = arg min
β

1

2
β′β − Y ′Xβ + λ‖β‖1

¦�§��µ

βj −X ′jY + λ = 0, if βj > 0

βj −X ′jY − λ = 0, if βj < 0

¤±

β̂j = X ′jY − λ if X ′jY > λ

β̂j = X ′jY + λ if X ′jY < −λ

XJ|X ′Y | < λ, @oþ¡üªÑØ�U¤á§ù��ÿβ̂j = 0

dþ��§Ü·�ÀJλ, �±?1CþÀJ"

nþ§

β̂j =


X ′jY − λ if X ′jY > λ

0 if |X ′jY | ≤ λ

X ′jY + λ if X ′jY < −λ

ù¡�soft-thresholding. �±^eãL«µ

Figure 9.1: Soft-thresholding

±þ�)º§�±î��^convex optimization �nØ��"
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Chapter 10

'''uuu������555������


­­­���VVVggg

3Nõ�ÚO¯K¥§b½��5g��oN"�Ù?Ø±eXÛu���´5gu��o

N"XJ��Ø´5gu��oN§�±�N��C�§¦���5gu��oN"

10.1 ������555uuu���

10.1.1 χ2 uuu���

��{·^uu�?Û©Ù"3ùp§�´±��©Ù�~§`²XÛ¦^χ2 u�{"

�X1, X2, . . . , Xn 5g,oN"y3·�u�H0 : ��5gu��©ÙN(µ, σ2).

äN�{µ

1. 3¢ê¶þ�m �:: t1 < t2 < . . . < tm. ù
:r¢ê¶©¤m+ 1 ã"

2. ^µi L«á\z�ã�����ê"

3. 3H0 e§O���á\z�«m�VÇµ

pi =
1√
2πσ

∫
x∈Ii

e−
(x−µ)2

2σ2 dx

4. O�ÚOþµ

V =

m+1∑
i=1

(Oi − Ei)2

Ei
=

m+1∑
i=1

(µi − npi)2

npi

3�b�e§V Ñlχ2(m), �n ¿©���ÿ"

5¿µ3¢SA^¥µ Úσ2 ´Ø���§¤±I�k�OÑ5"¤±gdÝAT~�2, =V

Ñlχ2(m− 2).

113
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10.1.2    ¸̧̧uuu���{{{£££ÝÝÝuuu���{{{¤¤¤

�X ´��=Cþ§¡IOn�¥%Ýg1 = E[X−E(X)]3

σ3 �X � Ý¶¡IOo�¥%

Ýg2 = E[X−E(X)]3

σ4 �X �¸Ý(Ù¥σ2 ´X ���)"�X ���©Ù�§´�§ Ý�0,¸

Ý�3.

�u���X1, X2, . . . , Xn ´Ä5g����©Ù§kO���� ÝÚ¸Ý�ÚOþµ

G1 =
1
n

∑n
i=1(Xi − X̄)3

s3
,

G2 =
1
n

∑n
i=1(Xi − X̄)4

s4
,

Ù¥X̄ = 1
n

∑n
i=1Xi, s =

√
1
n

∑n
i=1(Xi − X̄)2

d¥%4�½n§�n ¿©���ÿ§G1 ÚG2 ÑCq��©Ù§þ�Ú��©O´µ

E(G1) = 0, var(G1) =
6

n

E(G2) = 3, var(G1) =
24

n

¤±§XJ

|G1| ≤ 1.96

√
6

n

½ö

|G2 − 3| ≤ 1.96

√
24

n

k��Ø¤á§Òáý�b�§@�oNØ´5gu��©Ù"5¿§ùp¿vk�Äõ­u

�"¢Sþ§XJ�Äõ­u�§Tu��Y²Ø´0.05. Ï�ù��u�§O\
��a�Ø

�VÇ"

3éz��u�Ñ�Y²0.05 ��ÿ§=��1�a�Ø�VÇ≤ 0.05, ¢Sþ��ØÇ

´(ùpb½ü�u�´Õá�§XJØÕá�{(éõ�ÿÑ´§X�~)§´��JK)

PH0
(H01 fail or H02 fail ) = 1− PH0

(H01 suc and H02 suc ) = 1− 0.952 = 0.0975

���Å�u��{´Benferonni u�"�
���1�a�Ø�VÇ�u��Y²§'

X0.05. y3·�km �u�§K�½z��u��Y²´0.05/m.

K¢S��1�a�Ø�VÇ�±���µ
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PH0(∃i,H0i fail) ≤ mPH0(H0i fail) = m× 0.05/m = 0.05.

10.1.3 Q−Q uuu���{{{

Quantile - Quantile u��Ä��nµ

b���5g��oNN(µ, σ2). ^²�©Ù(F̂n)Cq©Ù¼ê§k

P (X ≤ x) = Φ(
x− µ
σ

) ≈ F̂n(x),

l
x−µ
σ = Φ−1(Fn(x)) := u, =x = σu+ µ.

XJr(u, x) x3��²¡þ§ù
:òCq©Ù3�^��þ"

y3ò��x1, x2, . . . , xn üS§��gSÚOþµ

x(1), . . . , x(n).

3ù
gSÚOþ?§´�F̂n(x(i)) = i
n , 3¢SA^¥§Ï~^ i−0.5

n �O i
n . ¤±§Q−Q plot

�Ú½´µ

1. òêâl���üS

2. O�²�©Ùµpi = F̂n(x(i)) = i−0.5
n (5¿§XJk
x ���Ó§K�����i)

3. O�Quantile ui = Φ−1(pi)

4. xã(ui, x(i))

5. O�u Úx ��'Xê

10.2 êêêâââ���CCC���

XJêâ���5b��Ä½"Ï~�±éêâCz§¦�C���êâCq��©Ù"e¡

·�0���~��C�– �C�{"

�xi > 0 (XJØ´§À�a, ¦�xi + a > 0), -

Yi =

 (xλi − 1)/(λgλ−1
1 ), λ 6= 0

g1 log xi, λ = 0.
,

Ù¥g1 = (
∏n
i=1 xi)

1/n.
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,�´�ÀJ��Ü·�ëêλ, ¦�C���êâäk��5"λ �±ÏL��q,{¼

�"

¢Sþ§þ¡�C�Ò´Box − Cox C�"g1 �Ú\¦�Jacobi 1�ª�1"ù´Ï

�µλ 6= 0 �§
n∏
i=1

dYi
dxi

=

n∏
i=1

λxλ−1
i

λg1
= 1.

λ = 0 �§�k
n∏
i=1

dYi
dxi

=

n∏
i=1

g1

xi
= 1

ù�ÿ§b½Yi(λ) Ñl��©Ù§�±��q,¼êµ

L(µ, σ2, λ) = (2πσ2)−n/2 exp{− 1

2σ2
(Y − µ)′(Y − µ)}.

é�½�λ, �±��§µ Úσ2 �e����ÿ§q,¼ê�����µ

µ̂ = Ȳ (λ)

σ̂2 =
1

n

∑
(Yi − Ȳ )2

d�q,¼ê����´

L = (2πσ̂2)−
n
2 exp(−n

2
)

éþª'uλ ¦��§=��λ ëê"

λ̂ = arg max
λ

(− log σ̂2).
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