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T ARTERI2E 3], 22 RE IR
e Convex optimization HALMEN LI (KKT conditions)
o U] SR AFE— % i) Convex Optimization

o Lasso {El—#Convex Optimization HJ—&&: 5

2.1 Convex Optimization

Optimization problem JARAETE :

minimize fo(x)

subject to  fi(x) <0,i=1,...,n,

IR A R O AN 85 T2 TR e AT 2 1 R B, AR AR R B 2 M L, 2 PR Convex
Optimization.

filax + By) < afi(x) + Bfi(y),

WRa+pB=1a>0,8>0 H p* ARE Ll @1 HIME.
—LLR{E. feasible, optimal Fllocally optimal.
feasible: z is feasible, if z € domfy I H & & i 2K . optimal: x is optimal, if z is
feasible, 3F H.fo(z) = p*. locally optimal: z is locally optimal, if there is an R > 0, ffiffz )5
BRI -
{z: ]z —z[l < R},

J& I I [ B LA (optimal ).
minimize(over z) fo(2)
subjectto  fi(z) <0,i=1,...,n,

hj(Z):O,jzl,...,m,

|z all: < R

EH 1. Convex problem )5 UM e 4 R Lfid. (1Ek)
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2.2  Duality

2.2.1 Lagrange dual problem

Lagrangian:

Ll M) = fola) + 3 Mfila) + 3 wh(a)
i=1 j=1
Lagrange dual function is defined as:
g(Av) = inf L(z, A, v),

where D & fo(z) 5 Ik, idh domfy.

P -

e g(\,v) is concave;

e Lower bound property: If A > 0, then g(\,v) < p*.

Proof. Suppose T is a feasible point. Then
L(z, M\ v) < fo(T).

Hence

g\ v) = in%L(x,)\,l/) < L(z,\v) < fz) <p"
re

The (Lagrange) dual problem:

maximize g(\,v)

subject to A >0 (2.1)

Ko g\, v) 72— concave function, iX & —“ convex problem, A4 5 iH] @l j& AN J& convex
problem. it i% i B KR ARAE K d*, T Ad ELF (KD 1) lower bound, in some sense. % i
Bk weak duality.

We refer to a pair (A, v) with A = 0 and g(\,v) > —oo as dual feasible.

2.2.2 Weak and strong duality

Weak duality: d* < p*
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e always holds
e can be used to find non-trivial lower bounds for difficult problems.
Example: Two-way Partitioning

minimize 2TWe

subject to x?=1,i=1,...,n. (2.2)

This is a non-convex problem and can be interpreted as a partition problem. Wj; is the cost of
assigning 4, j to the same set; —Wj; is the cost of assigning to different sets.

Dual function:

_ e T 2
gv) = 12f$ Wz + Z vi(z; — 1)
= infa? [W + diag(v)]z —17v

—1Tv, W +diag(v) = 0;
—00, O.W.

g(v) is a lower bound of p* for any v. By taking v = —Ayin(W)1, we have p* > nApin(W).

A better lower bound is given by the following convex optimization problem (SDP):

mazximize -1Ty

subject to W + diag(v) = 0. (2.3)
Strong duality: d* = p*.
e does not always holds
e (usually) holds for convex problems

e conditions that guarantee strong duality in convex problems are called constraint quali-

fications.

2.2.3 Slater’s constraint qualification

strong duality holds for a convex problem
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minimize fo(x)
subject to fi(x) <0,i=1,...,n,

Apasp = b (2.4)

if it is strictly feasible, i.e.,

Jreint D: fi(z) <0,i=1,...,n,Az=1b

FEH2. Slater’s constraint qualification guarantees strong duality for a convex problem.

% #3 (Separating hyperplane theorem). Suppose C and D are two convexr sets that do not

intersect. Then there exists a # 0 and b such that aTe < b, Vx € C and aTx > b, Vx € D.

Proof. BUEWIMRBERAE TR 1. HARREN PTG AR EOL R 8 2. AN R EFS
FITAT (¥ 240 oA o8 550™ A% FAT

We assume rank(A) = m and p* is finite (p* = —oo is trivial).

Let A CR" xR™ x R, A= {(u,v,t)|3z € D, fi(z) < w;,i = 1,...,n;hj(x) = vj,j =
1,...,m, fo(z) < t}, where u = (uy,...,u,) corresponds to the n inequality constraints, v
corresponds to the m equality constraints and h;(z) = [Az — b];.

Obviously, A is a convex set. Define another convex set

B=1{(0,0,s) e R" x R™ x R|s < p*}.

We conclude that
ANB=0.

To see this, suppose that (u,v,t) € AN B. Since (u,v,t) € B, we have u = 0,v =0, and ¢t < p*.
Since (u,v,t) € A, there exists an x with f;(z) <0,i=1,...,n; Az —b =0, and fo(x) <t < p*,
which is not impossible since p* is the optimal value of the primal problem.

By the separating hyperplane theorem, there exists (A, 7, 1) # 0 and oR such that

MNou+ v+ pt > a,¥(u,v,t) € A(1)

and

M+ v 4 pt < o, ¥(u,v,t) € B(2)
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From (1), we conclude that A = 0 and g = 0. (2) means ut < o for all t < p*. Hence up* < .

Together with (1), we have for any « € D,
n ~
D Aifi(@) + 7" (Az = b) + pfo(x) > a > pp*.(3)
i=1
Now assume that p > 0(later we will show that p # 0). We divide (3) by p to obtain

L(z, N p, o/p) > p*

for all z € D. By minimizing over z, we have g(\,v) > p*, where A = A\/u, v = /. So
d* = maximizeg(\,v) > p*, By weak duality, we have d* < p*, so d* = p*.
Now we show that p # 0 (we will use the condition that 3z € intD which is strictly feasible).

Suppose that g = 0. Then from (3), for all z € D,
> Aifi(z) + 7" (Az —b) > 0.
i=1

For Z which satisfies the Slater condition, we have
i=1

Since fi(Z) < 0 and ); > 0, we conclude that A = 0. From (\,7u, ) # 0, we have v # 0. (3)
implies that o7 (Axz —b) > 0 for all z € D. Since v (A% —b) = 0 and 7 € intD, there are points in

D with 97 (Az —b) < 0 unless AT% = 0. This contradicts our assumption that rank(A) =m. O

2.2.4 Complementary slackness

Suppose that the primal and dual optimal values are attained and equal. Let z* be a primal

optimal point and (A\*,v*) be a dual optimal point.

fo(z®) = g(A*,0")

inf | fo(z)+ Z N fix + Z mv*h;(x)
i=1 j=1

IN

fol@) + 3 N filw) + Y vihi (")
i=1 j=1
fo(x*)a

IN

from which, we have
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e x* minimizes L(x, \*,v*);

e )\; x fi(z*) = 0 (Complementary Slackness).

2.2.5 Karush-Kuhn-Tucker (KKT) conditions

The following four conditions are called KKT conditions (for a problem with differentiable f;,h;):
e primal constraints: f;(z) < 0 and h;(z) =0
e dual constraints: A = 0
e complementary slackness: \;f;(x) =0

e gradient of Lagrangian w.r.t. x vanishes:

va Z)‘ vfl ZVJVI’L

& F4 (Necessary). For any optimization problem with differentiable objective and constraint
functions for which strong duality obtains, any pair of primal and dual optimal points must

satisfy KKT conditions.
For a convex problem, KKT conditions are also sufficient.

FEH5 (Sufficient). For any convex optimization problem with differentiable objective and con-
straint functions, any points that satisfy the KKT conditions are primal and dual optimal, and

have zero duality gaps.

Proof. Suppose Z, A\, 7 satisfy the KKT conditions, then L(z, 5\, V) is convex in x and & minimizes

L(x,\, 7). So we have

Hence
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d* =p" < fo(T).

EFH6 (Necessary and Sufficient.). If a convex optimization problem with differentiable objective
and constraint functions satisfies Slater’s condition, then KKT conditions provide necessary and
sufficient conditions for optimality: x is optimal if and only if there are (A, v) that, together with
x, satisfy the KKT conditions.

2.2.6 Subgradient

Recall basic inequality for convex differentiable function f:

Fy) = f@) + V(@) (y - 2)
What if f is not differentiable?

EX1. g is a subgradient of f (not necessarily convex) at x, if

fy) = f@)+ 9" (y—x) for ally

e if f is convex, it has at least one subgradient at very point.

e if f is convex and differentiable, V f(z) is a subgradient of f at x.

& X 2. set of all subgradients of f at x is called the subdifferential of f at x, written as f (z).

Recall for f convex, differentiable,
f(a") =inf f(z) <= 0=V f(z),
generalization to nondifferentiable convex f:

f(a) = inf f(z) =0 € Of (z),
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Proof.
f@) < fly) <= fly) = fa*) + 0T (y — 2*) <= 0 € 9f (z7).

KKT conditions: (1)(2)(3) the same; (4) changes to
0 € Vfo(z)+ i; iV fi(z) + i vjVhj(x)
Some properties:
daf) =adf
A(f1 + f2) = 0f1 + Of2 (RHS is addition of sets) (1FM))

2.3 The Lasso and its duality

Let Y denote the vector of observed responses. X = (Xj,...,X,) be the n x p matrix. X is

the jth column of X. Let g € RP. The Lasso:

o1
min §||Y*X5||§+>\Hﬁ||1 (2.5)
<~
L. 1 n n 2
minimize 5y ., (yl =2 im1 xijﬁj)
subject to b 185 <t (2.6)
for some t.

The Lagrangian is
1 P
L(8,0) = 5[IY = XBIZ + AQ_ 185 —1)-

j=1

The dual function: g(A) = infg L(3,A) = infz 1||Y — X 8|3 + A( L1851 =)
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If the strong duality holds, then we see that
1 P
" =maxg(A) = g(A") =inf S|y - XBII5+ XD 185 — 1),
j=1

we conclude that (2.5) and (2.6) have the same solution.
FEHT (Strong duality). Strong duality of the Lasso problem holds.

Proof. We just need to show that Slater’s conditions hold. Suppose t # 0. 0 € intfy(3) and
0= ?:1 |B;] <t holds. When ¢ = 0, the problem is trivial, because the solution of the prime
problem is 0 and p* = %HYH% For the dual problem, by weak duality, we always have d* < p*.

It is easy to see that when A > max; [X]Y], g(\) = Y13 = p*. O

S, If X > max; | XY, then 0 is one minimizer of

1 -
min o [[Y = XBII5 + A |81
J=1

Proof. Let 3 is one minimizer of ming Y — X813+ AY0_1 1Bl Then

1 /4
0€ a5 IY — XBIB+AD 180l

Jj=1

o3IV — XBl3 = ~XT(¥ ~ Xp)

G[AZ 18i1] = As = X(s(B1), .-, 5(8;),5(B))",

where

1, x> 0;

s(r) =9 ael-1,1], x=0;
-1, x <0.
So we have
XT(Y —XB)=)s
~ ~ T

Since | XTY| < A, we see that 3 = 0 satisfy the above equality by taking s(8;) = Xj)\y
[—1,1]. O

Now we see that KKT conditions are necessary and sufficient B to be the solution of the

Lasso.
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KKT conditions:

Lo Y B <t
2. A>0
3.0 A 1Bl =t =0

4. XT(Y = Xj) = )s.

A =0 = [ is the least square estimate. A # 0 = ||3]|; = ¢.

EFE8. The solution of the Lasso (2.6) always exists. If
t <to:=min{|B]: XTX3=X"Y},

then for any solution (3, we have |||y = t. Ift > to, then some OLS estimate is the solution of

the Lasso.

Proof. Because t < tg, from 1 and 4, we have A # 0. If t > ¢y, some OLS estimate, especially
B = arg min{| 5y - X'Xp=X"Y}

together with A = 0 satisfy all of these FOUR conditions. O

EP9 (Uniqueness). Suppose that 3* and BT are both the solution of the Lasso (2.5). Let S be

the support of one solution B*:

S={j: 6 #0}

and

S°={j:B; =0},

If
XSTXS is invertible, and in KKT condition 4 s; <1, for j € S°¢

then the Lasso (2.5) has a unique solution:

Proof. Let fo(8) = ||Y — XB||3. Since both 3* and 3% are the solution of the Lasso (2.5), we
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have

fo(B*) + MBIl = fo(BT) + AllBT 1.
By the definition of s which satisfy KKT condition 4, we have
sT3* =8

So,
fo(B*) + A 8T 8% = fo(BT) + AIBT |-

By subtracting A s” 31 from both sides, we have
fo(B*) +XsT(8" = B%) = fo(B) + A8 [l = s"57).

Note KKT condition 4 says that
Vfo(B*) = —As.

So we have

Jo(B") + v fo(B)T (BT = B%) = fo(BY) = M|IBT 1 —s" B7).
By convexity of fo(53), we have
FoB%) = fo(B*) + v fo(B*)" (BT — BY).

So the left hand side is less than 0, and hence
1%l <s"pT <187

So
||ﬂ+||1 - sTﬁ_‘—v
from which we know that when |s;| < 1, ﬁ;r = 0.

Summarize, we have the following results:
+ _ * . o
B =pBj, for j € S°

and

fo(B%) + v fo(B)T (BT = B%) — fo(BT) = 0.
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Now let

Bs == ||Y — XsBs]|3 + A|Bs]l1,

then 8* = [Bs,0] and BT = [Bs, 0]. If B is unique, then 8* = *. In fact, Bg is unique, because

the above problem is a strictly convex problem.

Some facts: 1. Strictly convex:

flaxy + (1 = a)zz) < af(z1) + (1 — a)f(z2)

2. For twice continuously differentiable function f(x), if

V2 f(x) = 0,

then f(z) is strictly convex.
3. If f(z) is strictly convex and g(x) is convex, then f(z) + g(x) is strictly convex.

4. For a strictly convex function, there is at most one minimization point.

10 (1EMk). The solution of the Lasso (2.5) always ewists. The solution B* satisfy the
following condition: (1) Xj* is a constant; (2) |Y — Xp||3 is a constant. (3) \|B||1 is a

constant.

Proof. It A >0, (2.5) —

min Y = XB)3 + AlIBl:

st 1Bl < 3[IYII3/A (2.7)

A continuous function on a closed set has a minimization point. Suppose 3* and ST are both

the solutions. By the proof in Theorem 9, we have

fo(B*) + Vfo(B) (BT — B*) — fo(BT) = 0.

By symmetry of 8* and 87, we also have

fo(B) + 9 fo(BF)T(B* = BT) = fo(8) = 0.
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So we have

Vfo(B*)T (BT = B*) + V(B (B = BT) =0.

[V fo(BT) =V fo(B)T(B* = 5F) =0
[—XT(Y = Xp*) + XT(Y = XBH)]" (B - pT)=0
(B =BHXTX(B —pT)=0
So we have
Xp*=Xpa+.
Since
1Y = XB*[| + AIB* 1| = Y = XBF] + AlIB*,

we have

181 = 118" -

FEHF11. The solution of the Lasso (2.5) always exists. If
A >0,

then for any solution B, we have |||y is a constant t*. (2.5) has the same solution with the

following problem:

2
.. . 1 n n
minimize 3y, (yz =i Il’jﬂj)

subject to ;’:1 1B;] < t*, (2.8)

Proof. Suppose 8* is an arbitrary solution. From Theorem 10 we have E?Zl |87 is a constant.
let t* = 1;:1 |87|. Then $* and A satisfy KKT conditions.

(1) Any solution of (2.5) is the solution of (2.7). This is obvious. Because any solution of
(2.5) together with A and some s satisfy KKT conditions.

(2) Any solution of (2.7) is a solution of (2.5). We only need to prove that for any 87 which

is one solution of (2.7), it satisfies

1Y = XB¥I5 + MBT [l = Y = X713 + M B[l = p.
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First ||[Y — XB8T||2 = ||Y — XB*||3 because both B and 5* are solutions of (2.7). Now we prove

1BF 1 = 118"l

Suppose not, then
1Y = X8+ XIB < [IY = X85 + A8,

which contradicts our assumption that 8* is one minimizer of (2.5). O

2.4 Interior-point methods

The basic idea of Interior-point methods is to transform the inequality constrained optimization

problem to equality constrained optimization problem. Then Newton method is applied.

2.4.1 Newton method

Second order approximation of f(z):

flo +0) = £2) + 91 @) 0+ 50" f (@,

which achieves its minimum at v = —v2f(z) "'V f(z). The quantity
Ay = —V2f(z) 7'V f(2)

is called the Newton step (for f at x).

Me) = [21f@) — flo+ 2w = (95792 @) 95 (@)] " = [Aa, 7 () Ac]

is called the Newton decrement at x.

Algorithm 1 Newton method
Input: a start point x, tolerance € > 0.
1: repeat
2:  compute the Newton step and decrement:

Azpy = —V2f(2) 'V f(2); N2 =V f(a)"V?f(z) 'V f(z).

3:  Update. z = x + Az,
4: until \?/2 < ¢

2.4.2 Newton method for equality constrained problem

A convex optimization problem with equality constraints:
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minimize  f(x)

subject to Ax =1b

Suppose this problem has some good properties, say the problem achieves its minimum at some

point z* and the Slater’s conditions hold. That is, there exists some = € int(domf) such that

Ax =b.

By KKT conditions, a point z* is optimal if and only if there is a v*, such that
Az* =b, Vf(z*)+ ATV =0.

The Newton method with equality constraints is almost the same as Newton’s method without
constraints, except for two differences: 1. the initial point must be feasible; 2. we make sure

that the Newton step Az, is a feasible direction: AAx,; = 0.

We derive the Newton step Az,; by second-order Taylor approximation near x:

minimize (over z) f(z +v) := f(z)+ Vf(x) v+ 0T V2 f(x)v

subject to Alz+v)=b
By KTT conditions, we have
AAzp =0, V2f(x)Azy + Vf(z) + ATv* = 0.
Write them in a matrix form,

v2f(x) AT AV —Vf(z)
A 0 v* 0

. . 1/2
The Newton decrement at z: A(z) = [Q[f(x) — flz+ Aznt)]} = [Axftv2f(x)Axnt]1/2.

Algorithm 2 Newton method
Input: a start point z, tolerance € > 0.
1: repeat

2:  compute the Newton step and decrement: Ax,; and A2
3: until A\?/2 <
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2.4.3 The barrier method

Once we can transform inequality constrained minimization problems to equality constrained

problem, then Newton methods described in previous subsection can be applied.

Note that
minimize fo(x)
subject to fi(x)<0,i=1,...,n,
Axr =b.
<

minimize  fo(z)+ Y i I_(fi(z))

subject to Ax = b,

where I_ : R — R is the indicator function for the nonpositive reals:

By replacing the indicator function I_(u) with an approximated differentiable function:
I_(u) = —(1/t)log(—u),

we transform the original inequality constrained problem to a tractable equality constrained

convex problem:

minimize  fo(z) + >, —(1/t) log(— fi(z))

subject to Az =b.

x*(t) is called central path. The function
$(z) = =) log(—fi(x))
i=1

is called the log barrier for the original problem.
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The gradient and Hessian of ¢:

vé(z) = Z fjx Vil
Volr) = Y- vzfi<x>+zf%@)vfi<w>vfi<wﬁ

E 12, Suppose the problem (2.11) has the following properties: 1. (2.11) can be solved via

Newton’s method 2. it has a unique solution for each t > 0.

Suppose the original problem has the following properties: 1. it achieves its minimum at some

point x* and the minimum value p* > —oo. 2. Slater’s conditions hold. Then
0< fo(z"(t)) —p" <n/t

Proof. Let x*(t) be the central path — the solution of problem (2.11), then it satisfies with KKT
conditions:

Az () = b, fi(z* (1) < 0,i=1,...,m

and there exists a 7 € RP such that

1)V<z>(:c*(t)) + ATD

0 = Thla" () +(
1; L () + AT

= Vfo(x

From the above equation, we see that: Every central point yields a dual feasible point, and hence

a lower bound on the optimal value p*. Define

X{(t):fm,izl,...,m,y*(t):u.

We claim that the pair A\*(¢), v*(t) is dual feasible. It is because A*(¢) = 0. Since
v folz +Z)\* )V fi(z* () + ATo =0,

we see that z*(¢) minimizes the Lagrangian:

L(z, A\, v) = +foz T(Az —b)
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for A = A*(¢) and v = v*(t), which means that A*(¢),v*(t) is a dual feasible pair. The dual

function is

n

g v*) = fola® (1)) + Y N (0) fila™ (1) +v* (1) (Az"(t) = b) = fo(a"(t)) - %
i=1
By weak duality, we have
ha' ) =5 <p"=0< fola™(t) —p < 7
This confirms the intuition that x*(¢) converges to an optimal point as ¢ — co. O

Algorithm 3 Barrier method

Input: strictly feasible point z, ¢t := t(9) > 0, > 1, tolerance € > 0.
1: repeat
2:  Centering step. Compute x*(¢) by minimizing ¢ fy + ¢, subject to Az = b, starting at x.
3:  Update. x := z*(¢).
4:  Increase t. t := pt.
5: until n/t < e

2.4.4 /(;-norm approximation

Consider the ¢;-norm approximation problem

minimize ||Az — b||;.

. . . n
minimize D i1 Yi

subject to |Ax—b| <y

. . . n
minimize D i1 Vi

IA

subject to



This is a linear optimization problem. The centering step:
minimize t17y + ¢.
Newton equation:

Ay

where H is the Hessian, g the gradient of t17y + ¢.

R N SRR o WIS PR
H = V(;S—; AOM fl()+zf_2(x)vf1( )V fi(x)

I o S P

= vfDVfT(in matriz form)

AT AT D, A -1

-1 -1 Dy —-A I

where Dy = diag(m),Dg = diag(m) and Vf =[Vf1, ...,V nlpxn-

t1

Il
<
\
+

-1 —I g2 t1l
AT(gl — g2)

—g1—g2+11

where g1, g2 are two column vector: [g1]; = [_A:r%yfb]i and [g2]; = [—m]i.
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Finally, we have the Newton equation:

AT AT D, A —I Az AT (g1 — g2)
-1 -1 Dy -A -1 AYnt —g1—g2+11

From which, under some simple regularity conditions, we have (homework)
ATDAAz, t = —AT§
and
Ay = (D14 D2)" ! [—=g2 + (D1 — Do) AAz,,],

where

G1=91—-92 g2 =—gl—g2+11
D = 2 [diag(y)? + diag(b — Ax)?] -

g =g+ (D1—D2)(D1+ D2)"'g,

2.5 Reading materials

An Interior-Point Method for Large-Scale ¢; Regularized Least Squares, written by Kim, Koh,
Lustig, Boyd and Gorinevsky.
An Interior-Point Method for Large-Scale ¢; Regularized logistic regression, written by Kim,

Koh, and Boyd.

2.6 Homework

1. Convex problem [1] ))& Uff A& 4 R B L.

2. The solution of the Lasso (2.5) with A > 0 always exists. The solution £* satisfy the following

condition: (1) X3* is a constant; (2) ||Y — X 3|3 is a constant. (3) ||3]|1 is a constant.

AT AT D, R ATy AT (g1 — g2)
-1 I D, -A —I AYny —g1—g2+11
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From which, under some simple regularity conditions, we have (homework)
ATDAAz, t = —AT§

and

Ayns = (D1 + D2)7 ! [=go + (D1 — D) AAz ],

where

G1=91—92 g2 =—gl—g2+11
D = 2 [diag(y)* + diag(b — Ax)?] -

G=a1 + (D1 —D2)(D1+ D2) '3,

A(f1 + f2) = 0f1 + 0f2 (RHS is addition of sets)

5. Definition of Strictly convex:

flazy + (1 = a)rz) < af(r1) + (1 — a)f(x2)

(1) For twice continuously differentiable function f(z), if
v23f(z) = 0,

then f(z) is strictly convex.
(2) If f(x) is strictly convex and g(x) is convex, then f(x) + g(z) is strictly convex.

(3) For a strictly convex function, there is at most one minimization point.

2.7 Small project

{1 regularized robust regression.
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Applied problems

33



34

3.1 R package for the Lasso

1. The installation of LARS

install.packages(‘lars’)

2. The usage of LARS
library(lars)

?lars

A 7lars” object is returned, for which print, plot, predict, coef and summary methods exist.

3.2 Simulations

n = 1000,p = 3 X1, Xo, € ii.d. ~ N(0,1) X3

f1=2,02 =3; (b)f1 =—-2,02=3.

-3

2 2

CoCr' = (§7§)~

(1) the differences between the two solution path:

LASSO

60
|

Standardized Coefficients
40

20
|

o —g—

0.0 0.2 04 06 0.8

|betal/max|betal|

Figure 3.1: Two different Lasso solution paths. Left: 8 = (2,3,0). Right: S

1.0

Standardized Coefficients

100

50

-50

LASSO

0.0

T T T
0.2 04 0.6 0.8

|betal/max|beta|

1.0

= (~2,3,0).

X+ %Xz + %ei Y = X161 + Xofa + € (2)

The key difference between the two settings is that the first setting (8 = (2,3,0)) does not

satisfy the Irrepresentable Condition, while the other one satisfy that condition.

7 X3 (Irrepresentable Condition).

max | X s Xs(X& Xg) sign(B)] < 1.
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3.3 Applications—Microarray Classification

Data Description

Training set: 144 patients with 14 different types of cancer Test set: 54 patients. Gene expression

measurements: 16,063 genes.

n =144, p=16,063

Data visualization
Model Fitting
What model?
1. Regression.
min [|Y — X5][3
Assumption:
1. Y=XpB+e¢
2. E(e)=0
In practice, it works quite well for binary Y.

2. Binary Logistic regression. This is one special case of GLM - Generalized Linear Models.
Y; € {0,1}.

logit P(Y; = 1|z;) = 2! B

min Z [log (1 + e'”'iT/3> — ylszﬂ}
i=1

3. SVM

For separated case, the optimization problem is

maxg g, || 8|l ,=1 M

st. yi(@TB+Bo) > M,i=1,...,n.

which is equivalent to
min ||3|2

st yi(xlB+Bo) > 1,i=1,...,n.
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2@+ f=0 B+ =0

. e Py

FIGURE 12.1. Support vector classifiers. The left panel shows the separable
case. The decision boundary is the solid line, while broken lines bound the shaded
mazimal margin of width 2 = 2/||4||. The right panel shows the nonseparable
(overlap) case. The points labeled £ are on the wrong side of their margin by

an amount £2 = M{;; points on tﬁc correct side have £2 = 0. The margin is

mazimized subject to a total budget 3 & < constant. Hence 3 £7 ie the total
distance of points on the wrong side of their mangin.

Figure 3.2: This figure is from “elements to statistical machine learning” P418.

Now consider the nonseperable case. The natura way to modify the constraint in (3.1) is

by introducing the slack variable £ = (&1,...,&,):

yi(z] B+ Bo) > M(1 - &),

Vi, & >0, . & < constant.

Remark: M )", & measures the total amount distance of points on the wrong side of their

margin.

An equivalent form of the no-separable SVM problem

min || 33
st yi(@lB+Bo) >1—&,i=1,....n. (3.3)

§& >0, & < constant

Or equivalently,
min 3 ||8[I3 + C' 3, &

st. yi@@IB+B) >1-&,i=1,...,n (3.4)
& >0
Equivalently,
o A
mind_[1 =yl 8+ Sl + 15 (3.5)

where x4 indicates the positive part of x.

If A = C/2, then (3.5) and (3.4) are equivalent. (Homework.)

4. k-NN This method requires no model to be fit. Given a query point z¢, we find the k training
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points z(,),r = 1,...,k closest in distance to zo,, and then classify using majority vote

among the k neighbors.

5. Multi-category SVM. (Ref. Multicategory support vector machines. By Lee, Lin and Wahba.
JASA 2004 67-81)

Define v; as a k-dim vector with the jth coordinate 1 and — k—il elsewhere. If example i falls

into class j, then we denote y; = v;. Now define k classifier f(X) = (f1(X),..., fx(X))

with sum-to-0 constraint
Zfz(X) =0, for any X € RP.

Let L(-) be a function that maps a class label y; to a 0-1 loss vector: if sample ¢ falls into
class j, then L(y;) is a k-dim vector with 0 in the jth coordinate and 1 elsewhere. Then

we can define the Multi-category SVM:
1 T A 2
min = Z L(y:)" (f(zi) —yi)+ + 5 Z Bij-
i=1 (]
Classification rule:
o(x) = arg max fi(z).

When K = 2, the M-SVM reduces to the simple SVM. If y; = (1, —1), then

L(y:)" (f(zi) —yi)+ = (0, 1)" (fu(xs) — D)y, folai) + 1)5) = (folwi) + 1) = (1= fr(2s))+.

6. Multi-class logistic regression. It generalizes the binary response case to the multi-nominal

response case.

P(Y; = k|a;) o exp(z] Br + Bro)

or,
exp(z? Br + Bro)
Yoy exp(al B + Bjo)

P(Y; = klz;) =

7. Sparse LDA.

(1) LDA. Suppose that we model each class density as multivariate Gaussian

1 1 Ty —1
i P | T3 @ T ) B ()

fe(z) = 5
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Let 7, denote the prior probability of class k, then

P(G = HX =) fil@)m
o8 G =X = a) log = o)
— [togtm) — G108 501 - 50— "5 0 - )
 [1oetm) - 108151 = 0 - )75 0 - )]
Define

1 1 _
Or () = log(mx) — 3 log || — §($ — )" S (@ — ),

then

P(G=EkX=2)>PG=IX =x) = 0x(zx) > d(z).

So the decision rule can be described as:
G(z) = arg max o ().
This is QDA. If ¥, = X, for all &k, then the QDA can be LDA with

_ 1 _
Ok (x) = log(mi) + 2" S~ g — 5#5219 g

In practice, parameters should be estimated from train data:
L] 7A1'k = Nk/N
[ ] ‘[Lk = 291':16 .I‘z/Nk

o U =0, e — ) (@i — )T/ (N — K)

(2) FDA. Transform categorical response to continuous scores containing the information

of predictors.

We use g; to denote the class of sample 4, then we solve
argmin » (6(g;) — z7 B)°.
i

To avoid a trivial solution, we use restrictions on 6 - mean zero and unit variance.

For a two class separation problem, one direction is enough. But for a K-class separation

problem, more directions are needed. Suppose we use L < K — 1 directions, we can solve
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the following problem:
min Y (6i(g:) — 2] B)°,
[
such that

070 = Irvr,

Once the L orthogonal directions are obtained, we can use the new features to train the
classifiers via LDA. It can be shown that this LDA is equivalent to the original LDA on

the raw data.

The more powerful of this model is that

e introduce non-linear function

e introduce regularization (penalty)

8. Classification Tree.

£ = S enl{X} € R

How to find the best partitions? Computationally infeasible. A greedy algorithm for

Ry

Ry

X2
I
X2

Ry

Ry

X1 =ty

Xa < ta X1 =ty

Hi Ha Hs ’7—‘

Ry R

Figure 3.3: Partitions and CART

regression tree:
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Consider a splitting variable j and split point s, define

R1(j,s) = {X|X; < s} and Rs(j,s) = {X|X; > s}.

min | min E (y; — ¢1)* + min E (y; — c2)?
7,8 c1 c2
z;€R1(7,8) z;€R1(],5)

Repeat the above procedure until some some criteria is reached.

For Classification tree, the only difference is that we won’t use L2 loss function, instead we

use 0-1 loss, that is
1511811 min > Hyi#ci} + min > Hyi# e}
IiERl(j,S) IquRl(j,s)
Selection of Tuning Parameter

(1) Cross validation
(2) Three splits

(3) AIC,BIC,Cp values
AIC =nlog(]|Y = Y||?) + 2 df
BIC = nlog(||Y = Y||?) + 2logn df

v -y

Cp 3 —n+2df.
g

Results and Comparison

3.4 Homework

1. If A = C/2, then (3.5) and (3.4) are equivalent.

2. Reproduce the simulations in Section 3.2 in ”On model selection consistency of the Lasso”

by Zhao and Yu. Report your findings. Hand in your report with your code.
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3.5 Small Project

Working on handwritten digit recognition problem. Compare your method with popular meth-

ods you can think of.

Working on the microarray classification problem. Compare your method with popular methods

you can think of.
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Chapter 4

Concentration Inequalities
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4.1 Introduction

Concentration inequalities deal with deviations of functions of independent random variables

from their expectations.

Jenson Inequality: for convex f,
FE(X)) < E[f(X)].
Proof. Since f(z) is convex, we have
F(X) = f(BE(X)) +a (X - B(X)),
for a € Of at E(X). So we have

E[f(X)] = f(E(X)) +a" E(X - E(X)) = f(E(X))

Applications of Jenson Inequality:

=100 > (I 0y

KL-divergence is always non-negative: For two distributions P and @ of discrete random vari-

ables, their K - L divergence is defined as

mmW@=me%§2

> 0 (homework)

Markov inequality: If X > 0, then for all t > 0,

P[X >1] < y
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Proof.
P[X > t} = E[I{th}]
< E |:t1{X2t}:|
< E[Xl{th}]
- t
_ Bl
- t
O
Chebyshev: for any ¢ > 0,
Var(X
PlIX - B[X]| > 4 < Y X),
t2
Chernoff: for all t € R,
P[X > ] < inf E[e*X7Y)],
A>0
Proof.
PIX >t] = P(e* >eM)
E[eAX]
S et
— E[eA(X—t)]
O

4.1.1 Asymptotic V.S. Non-asymptotic

Let X, X5, ..., be i.i.d. Bernoulli random variables: P(X; = 1) = P(X; = —1) = 0.5. Then by

the Central Limit Theorem as n — oo,

1 n
= Z Xz —dist. 9,
Vi
where g is a N(0,1) standard normal random variable. Equivalently,

P

1 & 1 [ e
— X; >t —>Pg>t=—/ e 4.
\/ﬁ; ( ) V2r e
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Hoeffding’s tail inequality tells us that, for any n and ¢t > 0,

P < eftz/Q.

1 n
— ) X; >t
vn i=1
To prove Hoeffding’s tail inequality, we can use Hoeffding’s inequality:

5|32 (Heoffding’s Inequality.). Let X be a random variable with EX =0, a < X < b. Then

fort

E[etX] < etz(b—a)2/8.
Proof of Hoeffding’s tail inequality:

Proof. By Chernoff Inequality,

P

1< A= "X t)
ZXi>t] < B(eMvE Zim i)
ﬁi:l

= e_’\tHZLzlEeﬁXi'

< ef)‘tﬂzlzle[%]%wg(by Hoef fding's Inequality)

ez A=At

by taking A = t, we have

n

1 o

i=1

P

Proof of Hoeffding’s Inequality:

Proof. We only have to prove ¢t > 0 case. For t < 0 case, we can write tX = —t x (—X). Since

e'® is convex, we have for any 0 < o < 1,

eata+(1—a)tb < ael® + (1 _ a)etb.

By taking o = %, we have

b—x T—a
€t$§ eta etb
b—a b—a

By taking expectation on both sides, we have
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Finally it suffices to prove

Let f(t) = log [ﬁet“ — 52|, then we have

f(0)=0

ab(e'® — ett)

bete — getd

f'(t)

ab(aet® — be'®) (be!® — aet®) — [ab(e'® — e'?)]?
[bete — aeth]2
ab[—BReta ) _ g2etath) 4 9gpet(ath)]
[bete — qeth]2

—abe!(*+t) (g — b)?

[bet® — aet®]2
—abet(*1Y) (g — b)?

—4abet(a+d)
(a—b)

1

IN

we used the condition that a < 0 and b > 0. By Taylor expansion,

F(0) + /() + 55", for some € € [0,

t2(b — a)?
8 bl

ft)

IN

Equivalently,

a 201 \2
ete — etb < et (b—a) /8.

4.2 Bounded random variables

EF13 (Hoeffding). Let X1, ..., X, be independent bounded random variables such that X; falls

in the interval [a;, b;] with probability one. Then for any t > 0 we have

P {Z X, E (Z Xi> > t] < o2/ Klbima)’,

A disadvantage of this inequality is that it ignores information about the variance of the X/s.
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FEF14 (Bennett’s inequality.). Let X1,..., X, be independent real-valued random variables with

zero mean and assum that X; < 1. Let

1
2
) X;).
o ”anT( )

Then for any t > 0,
t
P|: X,L ti| < — 2h R ,
E > _exp{ no <n02>}

where h(u) = (14 w)log(l + u) — u for u > 0.

Proof.
P {Z X; > t} < e ML E(eY)
Let
Y(x) = exp(x) —x — 1.
We see that
P(z) < %2, for x <0.
d(sx) < 2%(s), for s > 0 and = € [0,1].
So,
Ele*™] = 14 sB(X;) + B(¢(sXi))
= 1+ E((sX;))
= 14+ E(W(sXi)+) + E(P(—(sXi)-)
< 1+ BO((sX)4) + TE{[(X)-1)
< L+ oEE{(X)42} + FE{I(X)-]7)
< 1+ 9(s)E{[(X0)+]?} +o(s) E{[(X0)-]?}
= 14 () E(X?)
< el/)(s)‘fiz
So we have

P [Z X; > t:| < eistHiE(esxi)

IN

exp {no?y(s) — st}
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Note that

no?i(s) — st = no?(e® —s —1) — st

is minimized at

t
=log(l+ —).
s = log(1+ —)

Substituting this value in the upper bound, we obtain Bennett’s inequality. O

E 15 (Bernstein’s inequality.). Let X1,..., X, be independent real-valued random variables

with zero mean and assume that X; < 1. Let

Then for any € > 0,

Proof. This is because

4.3 Gaussian Random Variables

5] #3 (Bounds of Gaussian CDF). X is N(0,1), for any t > 0,

—t2/2
Left“’/z (11)§P[X2t]§e )

V2T t 3 V2t
Proof.
< 1 1 2
PIX >t = / ——(—)ze” T dx
t 2T

I
)
)
9]
~
+
8
Rw‘ —_
)
|
s
| I

I
[N) | Bl
3

o

©
7N\
&+ |

\
& =
N———
\

8
bl e

('b‘

m‘m

U

8
"
/N

IV
@ .
3
—

o

|

N.I\J
7N
~+ | =

\
& =
N——
I
N————
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O
EH16. X ~ N(0,0?), we have
P(X|>t) < et/
Proof. We only need to prove
P(IX|>t) <e /2,
for a standard normal r.v. X.
P(X|>t) = 2P(X >1t)
2e~t"/2
V2nt
S e—t2/2 (lft Z \/g)
For 0 <t < /2, let f(z) =2P(X >t) — e /2. we have
f(0) =0,
2 2 2 2 2
"(2) = ——=—=e "2 fae™ /2 = (2 - \/7 e /2 <0,
f@) == -y
so we have f(z) < f(0) =0, for 0 <t < \/g
O

EH 17 (Gaussian concentration inequality for Lipschitz functions). Let f : R — R be a function
which is Lipschitz with constant 1 (i.e., |f(x) — f(y)| < ||z — yl|2 for all z,y € R?). Then for
any t, we have

P[f(X) - E(f(X)) 2 1] < exp(—ct?)

Proof. We only need to prove
P(f(X) > t) < exp(—ct?),

for E(f(X)) = 0. In fact,

P(f(X) = 1) < Elexp(s(f(X) — 1))].
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Let Y be an independent copy of X. By Jenson’s inequality, we have

Elexp(=sf(Y))] = exp(=sEf(Y)) = 1,

So

Elexp(sf(X))] < Elexp(sf(X)) exp(=sEf(Y))]
= Elep(s[f(X) = F(V)))]
{ if X is one-dimensional variable, then we have the following conclusion...}

Elexp(s|X — V)] < ¢

IN

{ ... and the theorem is proved under a more mild condition: subgaussian.}

Now we prove for a general dimension d. Suppose f is a differentiable function. Since it is a
Lipshitz function, we have

[V f(z)]2 < 1.

Note that
La
0f((1 —-0)YY +60X)do,

10— = | 5

by Jensen’s Inequality, we have

xp(t((X) = FYD) < [ explt (V1= 0) + X0))dp

By chain rule

1
Eexp(t(f(X)— f(Y))) < /0 Eexp(tVf(Xg)(X —Y))do < exp(Ct?)

P(f(X) > t) < Elexp(s(f(X) —1))] < exp(Cst® - st).

Taking s = %, we have
1
P(f(X)>1t) < ——t?).
(F(X) 2 1) < exp(~51%)
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4.4 Sub-Gaussian Random Variables

Sub-gaussian r.v. is a generalization of Gaussian random variables.

7 X4 (Subgaussian random variables). A r.v. is subgaussian if 3 ¢, C' such that
P(jz| > t) < Ce™" vt > 0.

5|34, Let X be a zero mean r.v., then the following two statements are equivalent

1. X is subgaussian

2. E'CQ,OQ,

E€C2X2 S 02

3. 303, 03,
E(e™) < Csecst” vt,

Equivalently, dcs, Cs,
E(e!X < Cae®t Vit >0,

by the fact that

HXT < otX 4 o—tX

4. deg >0

E(etX) < et vt

Proof. We prove this theorem by the following way: 1. =— 2. =— 3. =— 1.

1. = 2.

o
E(eCZXQ) = / 202uec2“2P(|X| > u)du+1
0
o 2 2
< C’/ ue?" e du+1
0
= C’/ ue 2 dy + 1 (by taking ¢y = ¢/2)
0

= —C/c/ de=c*/2 41
0

= Cle+1
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2. = 3. It suffices to prove dcs, C3, such that

E(etX7C3t2) < 03'

In fact we know that

E(etsz:th) < FEic

IN

Cy  (by taking c3 = 7+-)

462

P(X|>t) <E XI7Y
S C3€C3)\27)\t

2

= (e Tm (by taking A = 5-)

3

Finally (3) <= (4).

(3) = (4). For |t| > 1, we have

2 2
EetX < Oge%t < et

For 0 < [t| < 1, we have

Ee* = 14+ E@(tX))
< 1+ E@tX))
< 1+ #EyY(|X])
< et

So,

EetX < emaux{z:4 ,c5 32

Examples about sub-gaussian random variable:
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1. N(0,1) N(0,02)

2. Bounded R.V. with mean 0. By Hoeffding’s inequality,

E[etX] < 6t2(b7a)2/8'

Sub-Gaussian distribution is a generalization of Gaussian distribution.

18, Let X1, Xo, ..., X, bei.i.d, mean-zero subgaussian random variables. Also let ai,as,...,an €

R be such that >, a? = 1. Then Y ap Xy, is a subgaussian random variable.
Proof.

E(etZaka) — ertaka

< ercaitz

ct?

#i81 (Hoeffding Tail Inequality).

4.5 Random Matrix

AEF19 (Wigner’s Semicircle Law). Consider and N x N matriz A with entries A;j ~ N(0,0?).
Define

Ap = ——(A+ A).

8-
3

Then A, is symmetric with

a’/n, ifi#j;
202 /n, if i =j.

var(Ai;) =
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The density of eigenvalues of A,, is given by

1
fa¥) im0 <0 <A+ At/AC
27302 Vo2 — X2, if [N < 20;
——n—o0
0, if i =j.

Below is the R code to demonstrate the semi-circle law:

n <- 5000;

m <- array(rnorm(n~2),c(n,n));

m2 <- (m+t(m))/sqrt(2#n);# Make m symmetric
lambda <- eigen(m2, symmetric=T, only.values = T);
e <- lambda$values;
hist(e,breaks=seq(-2.01,2.01,.01),

main=NA, xlab="Eigenvalues",freq=F)

x = seq(-2.01,2.01,.01)

y = sqrt(4-x"2)/(2%pi)

lines(x,y,col = ’red’)

Density
015 020 025 030 035
| | | | J

0.10
1

0.05
1

0.00
L

[ T T T 1
-2 -1 0o 1 2

Eigenvalues

Figure 4.1: Demonstration of Semi-circle Law

Let s1 > s3 > ... > s, be the p singular values of A, x,. (n > p) In this section, we bound

s1 and s,. We mainly use the following result:
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EFH20 (Slepian’s Inequality). Assume (X;)ier,(Y:)ier are Gaussian centered process. If for all
s, teT,

E(X; — X,)> < E(Y; - Y.)?,

then
FE (sup Xt> <F (sup Yt) .
teT teT
Note: A Gaussian process is a stochastic process whose realizations consist of random values
associated with every point in a range of times (or of space) such that each such random variable

has a normal distribution. Moreover, every finite collection of those random variables has a

multivariate normal distribution.

It is easy to show that

s1 = sup ||Aull2 = sup < Au,v >
lJull<1 llull2<1,[lv]l2<1

sp=inf ||Au|s= inf sup < Au,v>
llull2<1 lull2<1 o<1

FEF21 (Upper Bound). Let A be an n x p Gaussian random matriz. Then

Proof. Let

Xuwy =< Au,v > and Y, ) =< g,u >+ < h,v >,

where [Jull2 = ||v||2 =1, g = (91,92, ... gp) is a gaussian random vector with g; i.i.d. ~ N(0,1),
and h = (hy,h2,...h,) is a gaussian random vector with h; i.i.d. ~ N(0,1). We can verify that

for any (u,v) and (u',v")
E[X(u’v) - X(u/’,vl)]2 S ED/(UKU) — }/(u/,v/)]Q.
The LHS:

E[X(u’v) — X(ul’,ul)]2 = E(Z(Aijuivj — ugv’-)z) = Z(Uﬂ)j — u;v})Q

i i

The RHS:

ElY ) — Yo = Eu’g+v"h — u'T g — U’Th]2 = Z(uz —ul)? + Z(Uj - 03)2
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Now we verify

So

Z(uivj U; j < Z ;)2 + Z(UJ -

ij

g(uivj—u;v;)Q = E E uiu? 4 uj v —Quiugvjvé)

ij

Z u?—i—u — 2uul; Zv]]

i

2-2 (Z umé) Zvjv;
( J

Z(ui—u;)Q—kZ(Uj—v;f = 4- QZUZ QZv]J

D =) + 3y = 0))?) = D (wiwy — wjo)?

ij

4— 22“@ QZUJJ — 22<Zu,u;> Zvjv;
i J

2+2 (Z umé) Zvjv; — QZuZu; — QZvjv;
i j i j
2 (Z iy, — 1) va} -1
i J

By Slepian’s Inequality, we have

E(sup X(u,v)) < E(sup }/(u,v))
= E(sup < g,u>+ < h,v>)

= E(lgll2) + E(|[v]2)

< VEIg) + E(gl3)

= Va+yp
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FEH22 (Gordon’s Inequality). Let (Xy .o )ucv.vey and (Yo o)ucu.vev be centered Gaussain ran-
dom process. If

(1) B(Xu = Xurar)? < BVaw — Yo if u o

(2> E(Xu,v - Xu7v’)2 = E(Yu,v - Yu,v’)2
Then

Esup inf X, , < Esup inf Y, ,.
welU VEV welU VEV

Note that Gordon’s inequality implies Slepian’s inequality by taking the index set V' to be a

singleton set (i.e., |V|=1).

By applying Gordon’s Inequality for —X, —Y, we have

E inf sup X, , > E inf sup Y, ,.
uel yevy uel yev

EF23 (Lower Bound). Let A be an n X p Gaussian random matriz. Then
E(sn) = v/n—/p.

Proof. We already show that X, , and Y, ,, constructed as before satisfy condition (1) in Theorem

22. Now we verify condition (2) in Theorem 22. That is,

Z(uivj - uw;)2 = Z(ul - ui)2 + Z(Uj - v;)z’

ij

which holds by the fact that Y u? = 1. By Gordon’s inequality we have

E(s,) = Egggsgg){uw

> FEinf supY,,
w€elU ey ’

= F inf sup(< g,u >+ < h,v>)
uel yev

= E(inf <g,u>)+E(|h]2)

Y

—E(llgll2) + E(llA]l2)

Vi = b

Y

The last inequality uses the fact that

f(n):=+vn—E\/X?+...X2
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is a decreasing function of n. O

Some facts about chi-square distribution:

1. density
1

ot k/2-1 /2
ok20(k/2)" €

f(zin)

1z>0

2. Gamma function

3. Expectation and Second moment.

E(X)=nand E(X?) = 2n +n?

4. Squre Root.
r(54)
k
2

I'(3)

By the fact that

I‘(%) = /7 and I'(1 + z) = 2[(2),

we have

5.
pn(1) = %
w2 =13

plk+2) = (1 + (k)

Finally we use some known concentration inequalities for the extreme eigenvalues of Gaussian
random matrices [Davidson, K. R. and Szarek, S. J. (2001).] to bound the eigenvalues of a
Gaussian random matrix. Although these results hold more generally, our interest here is on

scalings (n, q) such that ¢/n — 0.

FE #24 (Davidson, K. R. and Szarek, S. J. 2001.). Let I' € R™ 9 be a random matriz whose

entries are i.i.d. from N(0,1/n), ¢ < n. Let the singular values of T' be s1(I") > ... > s4(T).
Then

n

max{P [sl(F) > 1+ \/54—2%] P [sq(r) <1-,/%- t} } < exp{—nt?/2}.



60

Proof. Let A = /nT’, then A satisfies the conditions in Theorems 21 and 23. We will show that

both s1(A) and s4(A) are Lipschitz functions with constant 1. That is

|s1(A) = s1(B)| < [|A = Bllz and |s,(A) = sn(B)| < |4 = B|2.

In fact
max [[Ael — max [[Ballo) < max (4~ Bl
= /Anax(A = B)T(4 - B)
< Y A@A-B)T(A-B)

= \J/tr(A- BT(A-B))
|A— Bl|2

min ||Azlls < min (|[Bz|lz +[[(A = B)z2)

llz]l2=1 llz]l2=1
<  min ||Bz|2+ max|[(A— B)zl|s
llz]l2=1
< win Bl +]A— Bl
llz]l2=1

Applying Gaussian concentration inequality for Lipschitz functions Theorem , we have
P(s1(A) — Es1(A) >t) < e 3t’
P(=5,(A) + Es,(A) > t) < e 3
P(s1(A) > Esy(A) +t) < e 2"’
P(su(A) < Esn(A) —t) < e 3"

(Note: here we used ¢ in Theorem to be 1/2, which is not shown in this Lecture.) By using

Theorems 23 and 21:

Es1(A) < vn++/q and Es,(A) > v/n — /g,

we have

P(s1(A) > Vn+ Jg+1t) <e 3"
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P(sn(A) < Vn—g—t) <e 3"

Taking A = y/nT in the last inequality we have

P(Vnsi(T) = Vin+ g +/nt) < e 5"
P(Vnisa(T) < v/n — g — vt) < e 57

This is to say:

wx {2 [s1(0) 2 14+ \/gﬂ] NGRS

=

- t} } < exp{—nt?/2}.

Using Theorem 24, we now have some useful results.

FEH25. Let U € R™*Y be a random matriz with elements from the standard normal distribution
(i.e., Ujj ~ N(0,1), i.i.d.) Assume that q/n — 0. Let the eigenvalues of 2UTU be A1 (LUTU) >

> Aq(%UTU). Then when n is big enough,

1 1
Pl5< Ai(EUTU) < 2| >1—2exp(—0.03n). (4.1)

W2, Let X € R™¥Y be a random matriz, of which, the rows are i.i.d. from the normal distribu-
tion with mean 0 and covariance Y. Assume that 0 < Cyin < A(D) < Cinax < 00 and q/n — 0,

then when n is big enough,

1~ 1 -
P [QCmin <A(=XTX) < zcmax} > 1 — 2exp(—0.03n). (4.2)
n

Proof. Let U = X Z_%, then U satisfies the condition in Lemma 25. Then

1 1
P [2 < Ai(EUTU) < 2} > 1 — 2exp(—0.03n).

Since
A 1 T 1 T A 1 T
CminAl(gU U) S AZ(EX X) S Cmaqu(ﬁU U),

result (4.2) is obtained immediately. O
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4.6 Stein’s Method

4.6.1 James-Stein Estimator

Suppose 0 € R is an unknow parameter vector. yi,¥ya,...,Yy, are n independent observations
normally distributed:

yi ~ N(0,0°I).

How to estimate 67

Bias-variance trade-off.

>

MSE(0) E0—0)?

= E@—E®)+ E(0) —0)?

= war(f) + bias?

Property: James-Stein estimator has smaller MSE than LS estimtor § when m > 3.

4.6.2 Stein’s Method for Concentration Inequalities

Stein’s method was introduced by Charles Stein in the context of normal approximation for
sums of dependent random variables. A general version of Stein’ s method for concentration
inequalities was introduced for the first time in the Ph.D. thesis of Sourav Chatterjee. We will

introduce this powerful method here.

EFE26. Suppose (X, X') is an exchangeable pair of random variables, that is .
(X, X') =4 (X', X).
Suppose f(x) and F(x,y) are square-integrable functions. F is antisymmetric:
F(X,X') = —F(X', X).

E[F(X,X') | X] = f(X).
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Define
A(X) = %E[I(f(X) - fX)FP(X, X)) | X].

Then E(f(X)) =0 and the following concentration results hold for f(X):

1) If E(A(X)) < 0o, then Var(f(X)) = 3E ((f(X) - (X)) F(X,X")).

2) Assume that
E/TO|P(X, X")| < o

for all 0. IF there exists non-negative constant B and C such that
A(X) < Bf(X)+C,a.s.,
then for any t > 0,

t2

e ) and P(f(X) < —t) < exp (—20> .

P(f(X) > t) < exp <_20+23t

8) For any positive integer k, we have the following inequality:

E(f(X)*) < (2k — )*E(A(X)").

Proof. For any square-integrable function h(x), we have

E(h(X)F(X,X") = E(h(X")F(X', X)) = —E(h(X")F(X, X")).

E(hX)f(X)) = E(M(X)E(F(X,X")|X)) = E(W(X)F(X, X)) = %E([h(X) — M(XNF(X, X)).

By taking h(z) = 1, we have E(f(X)) = 0. By taking h(zx) = f(x), we have B(f*(X)) =
FE(f(X) = F(XF(X, X)),

Now we prove 2). Let m(0) = E(e?7(X)).

m' () = B X f(X)) = %E(eaf(X) — TENF(X, X,
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1

T _ oy
‘e e’ / ctet(1=t)y gy
r—y 0
1 1
< /teu(l_t)eydt:g(e”ey)-
0
So we must have
1 /
' @) < SE(e 0 — I P X))
0 ’
< %E (700 4 BTN £(X) — F(XN)P(X, X))
10

- S ((69f<X>A(X)) +E (e"f(X/)A(X’))
= 101E (¢ 0A(X))
< |OIEETOBF(X) +C)

= B|O|m’(6) + C|6|m(6)

Since m(0) is a convex function of # and m'(0) = 0, so m’(#) and @ has the same sign. So for

0 < 6 < 1/B, the above inequality is equivalent to

dlog(m(0)) < co
df ~1-B6

So
Cu CH?

0
log(m(6)) < /0 = Ba™ = 30 =50

P(f(X)>1t) < B~
= exp(log(m(0)) — 6t)
< Co? 1)

P55 — 59y ~
(C +2Bt)9? — 20t
2(1 — B) )
2

(=5 51

= exp(

For 6 < 0, we have

—m/(0) < B|0|m’(0) + C|0|m(0) < C|0|m(0) = —COm(0)
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‘We have

P(—f(X)>1t) < Eell-fX)~1]

— exp(log(m(~0)) — 61)

< exp(% —6t)
2

= eXp(—Zt—C)by taking 6 = &

Finally, we prove 3).

By the fact that

we have

E(f(X)*) < (2k = DE(f(X)* ) A(X) < (2k = 1(E(f(X)*)E DA E(AX)M)VE

Example 1. Let Y;,i =1,...,n be independent random variables.
wi=EY;) and o*=var(Y;).
Let I be chosen uniformly random from {1,2,...,n}, and defining

X'=) Y;+Y],
J#L

where Y;,...,Y, are independent copies of Yi,...,Y,. It can be verified that (X, X’) is an

exchangeable pair. Let F(z,y) = n(z —y). Then F is an antisymmetric function.
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E(F(X,X") | Y1,..., Y,) = E@Yr-Y))|Y,..., Yo)
= Y Em(Y;-Y{) | Y1,....Yol =i)P(I =
= Z(E —pi) =X — B(X)
We have
f(X)=X-E(X)
AX) = %E[\(f(X) — fX)F(X, X" | X]
= JE[n(X ~ X)(X - X')| | X]
= %E (n(Yr —Y/))? | X]
= SYEM-Y)? K]
From Theorem 1), we have
var(J(X) = 3 SB[ =) = Y o?
If |Y; — pi| < ¢, for each ¢, then
E[Yi-Y)?|X] = E[Yi—w)?|X]+E[(Y] - )]

< c? +J?.

So
AX) < 0% f(X) + 5 (e +07)

By 2), we have
P(|f(X) = E(f(X))| 2 t) < 2¢ >i(TFD

.....
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4.7 Homework

P(i)
Q) ="

Dgr(PlQ) =) P(i)log
2. For a non-negative random variable (which can be continuous and discrete), show that

BE(X) = /0 T PX > 0

3. X;,i=1,...,niid. ~ N(0,1). Show that

f(n) = — B\ X2+ ... X2

is a decreasing function of n
4. Let U € R™ 4 be a random matrix with elements from the standard normal distribution
(i.e., Uy ~ N(0,1), i.i.d.) Assume that g/n — 0. Let the eigenvalues of 2UTU be
A (EUTU) > ... > Ay(FUTU). Then when n is big enough,
1 1 .
P35 < A(UTU) <2| 21— 2exp(~0.03n). (4.3)
5. Let Y;,i =1,...,n be independent random variables.
wi=EY;) and o*=var(Y;).

Let I be chosen uniformly random from {1,2,...,n}, and defining

X'=3 Y +Y]
A
whereY;, ..., Y, are independent copies of Y7, ...,Y,. Show that (X, X’) is an exchangeable
pair:

P(X <t1, X' <ty)=P(X' <t1,X <t).
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5.1 Sign consistency

To define the Lasso estimate, suppose the observed data are independent pairs {(z;,Y;)} € RP xR

for i =1,2,...,n following the linear regression model
Y; =al " + e, (5.1)
where 7 is a row vector representing the predictors for the ith observation, Y; is the correspond-

ing ith response variable, ¢;’s are independent and mean zero noise terms, and 8* € RP. Use
X € R™P to denote the n x p design matrix with 27 = (Xj1,..., Xg,) as its kth row and with

X =Xj1,..., Xjn)T as its jth column, then

Let Y = (Y1,...,Y,)" and e = (e1,€,...,€,)" € R™. The Lasso estimate (?) is then defined as

the solution to a penalized least squares problem (with regularization parameter \):

1
B(A) = argmin %IIY—XﬁH%ﬂL/\IIﬁHu (5.2)

where for some vector z € R¥, ||z, = (Zle |57

Define
1 ifz>0
sign(z) = 0 ifz=0
-1 ifz<0O.

Define =, such that S(\) =, 8* if and only if sign(5(\)) = sign(8*) elementwise.
We want to know if the Lasso can recover the sparsity pattern correctly. To be precisely, we

introduce the term Sign Consistency:

EX5. The Lasso is sign consistent if there exists a sequence X\, such that,
P (B()\n) =, B*) — 1, asn — oo.

This section examines when the Lasso is sign consistent and when it is not sign consistent
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under the sparse Poisson-like model for a nonrandom design matrix X. First, some notation,
_ T

where e; is the unit vector with ith element one and the rest zero. Because S = {j : 8} # 0} is

the sparsity index set, x;(.5) is a row vector of dimension ¢. Define

B*(S) = (8)jes and b = sign(8*(S)).

Suppose the Irrepresentable Condition holds. That is, for some constant n € (0, 1],

HX(SC)TX(S) (X(S)TX(S)) b H <1-1. (5.3)
The £ norm of a vector, || - ||, is defined as the vector’s largest element in absolute value. In
addition, assume that
1
Ammin (nX(S)TX(S)) > Chnin > 0, (5.4)

where Apin denotes the minimal eigenvalue and Cyy;, is some positive constant. Condition (5.4)
guarantees that matrix X (5)” X (S) is invertible. These conditions are also needed in ? for sign

consistency of the Lasso under the standard model. Define

BB = A |1 (Coi) 2+ (2X(9)"X(5)) T

] <A1 (Contn) ™2 + VAC,

oo

with which:

EH27. Suppose that data (X,Y) follows linear model described by Equations (5.1) and each
column of X is normalized to la-norm v/n. Assume that (5.8) and (5.4) hold. If X satisfies

M(B") > ¥(X, 5%, A),

then with probability greater than

2,2

n
1- 2exp{— — +log(p>} ,

the Lasso has a unique solution B(\) with B(\) =, B*.

Before proving this theorem, we first introduce a lemma about the solution of the Lasso.
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51 #5. For linear model Y = XB* + ¢, assume that the matriz X (S)" X (S) is invertible. Then

for any given A > 0 and any noise term € € R™, there exists a Lasso estimate B()\) which satisfies

B(N) =5 B, if and only if the following two conditions hold

\X(SC)TX<S><X<S>TX<S>>—1 [;X<S>Te—xsmnw*<s>>} Slxeytd a9
sign (5°(5) + (X () X ) [ LX) e dsign(5°(9)] ) = sion(a" (5. (50)

where the vector inequality and equality are taken elementwise. Moreover, if (5.5) holds strictly,

then

BD = 5(8) + (LX(5)TX(5)) ! | LX(8)Te — Asign(B*) | . (5.7)

n n

Proof. The Lasso estimate satisfies the following condition:
1 2
Ol IV = XBI3+ A8l soin =0,

that is,

%XUYme+A?:Q
where 5 ; = sign(B;(\),ifB;(\) #0 and F; € [~1,1],ifB;(A) = 0. B(\) =, §* if and only if

Lx(8)T(v - X(8)5(5)) + Asign(8(S)) = 0,

n

and

LX)~ X($)HE)] < A

By substituting ¥ with X (S)3*(S) + € and solving 8*(S) we complete the proof.

Now we prove Theorem 27.

Proof. Define

=l

= sign(8(5)),
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and denote by e; the vector with 1 in the ith position and zeroes elsewhere. Define

Uz' = BT(

3

X(8)X(S))"! FX(S)Te - A?] ,

S

vy = XT{X(S)(X(8) X ()70 = [X($)(X ()" x(5) 7 X(8)" - )] =}

n

By rearranging terms, it is easy to see that (5.5) holds strictly if and only if

wM() = {maelvil < 2} (53)

holds. If we define M(3*) = minjes || (recall that S = {j : B; # 0} is the sparsity index),
then the event

M) = {maxlti] < 216} (5.9)

is sufficient to guarantee that condition (5.6) holds. Finally, a proof of Theorem 27.

This proof is divided into two parts. First we analysis the asymptotic probability of event

M(V), and then we analysis the event of M(U).
Analysis of M(V) : Note from (5.8) that M(V') holds if and only if 224€s° Vil < 1 Each

random variable V; is Gaussian with mean

1y = AXTX(8)(X ()X (8)) 71D

Define V; = X7 [I — X(S)(X($)TX ()71 X ()] £, then Vj = p; + V;. Using condition

(5.3), we have |p;| < (1 —n)A for all j € §¢, from which we obtain that

1 - max;ege |V}
3 ggasfl il <m 3 <
By the Gaussian comparison result, we have
1 ~ )\2,'72
P |—-max|V;| > n| <2(p—q)exp{— — |.
{A max [Vj] = 77] < 2(p — q) exp{ ST E(‘/jQ)}

Since

- 1
E(V}) = ﬁXjTH[VAR(e)}HXj

where H = I — X(S)(X(S)" X(9))"'X(S)" which has maximum eigenvalue equal to 1, and

V AR(e) is the variance-covariance matrix of €, which is a diagonal matrix with the ith diagonal
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element equal to o2.

Therefore,

So, we have

1 .
Pljmaivi<1| = 1o |7l 0]
J J

v

202

Analysis of M(U) :

max U] < /(- X ()7 X ()7

’I?)\Q 2
12(1)(1)6Xp{ 7 }

X(S) elle + NI X(S)TX(S) ™ F

Define Z; := e?(%X(S)TX(S))_liX(S)TG. Each Z; is a normal Gaussian with mean 0 and

variance
1 1 1 1
var(Z;) = ¢l (- X(8)"X(8) 7~ X()" [VAR(9)] - X (8)(~ X(5)" X(8) es
< o?
- ncmin
So, for any ¢ > 0,
t2nCmin
P(max|Zi| 2 1) < 2qexp{———5—1,
by taking t = \/é,L, we have
An nA2n?
P Zi| > <2 — .
(max|Z;| = min) < qexp{ 252

Recall the definition of ¥(X, *,\) = A [n (Crmin) ™12 + H <%X (S)TX(S))

)\2 2
P(max |U;] > ¥(X, 5%, 1)) < 2qexp {n20727 } :

b

H }, we have
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By condition M (5*) > ¥(X, 8*, \), we have

2,2
Pmax |Us| < M(87)) = 1 2qexp{—”;§ }

At last, we have

P[M(V)& M(U)] > 1 - 2pexp {_”35’272}

Theorem 27 gives a non-asymptotic result on the Lasso’s sparsity pattern recovery property.

The next corollary specifies a sequence of \’'s that can asymptotically recover the true sparsity

pattern. The essential requirements are that

ni2

(1) Tlog(p £ 1) — oo and (2) M(F*) > U(X,[%,)N).

Slightly stronger conditions:

nA? y
(1) Plogpr1) > nd (2) M(B") > A0V Cumin + v/ Crain)-
Define,

2 *\12
I(X, 5. o) = nn*[M(8")]
X, 507 802(n C;ilnm +4q Crin)?log(p+ 1)

HE® 3. As in Theorem 27, Suppose that data (X,Y) follows linear model described by Equations

(5.1) and each column of X is normalized to lo-norm /n. Assume that (5.3) and (5.4) hold.
Take A such that

o M(5") |
2 (0 Cotd* + v C)

(5.10)

then B()\) =, B* with probability greater than

1—2exp{— (I'(X, 8%, 0% a)—1)log(p+1)} .
IfT(X, B*,02%) — oo, then P[B(/\) =5 *] converges to one.

This corollary gives a class of heteroscedastic models for which the Lasso gives a sign consistent

estimate of 3*. This class requires that I'(X, 8*,02) — oo which means that

SNR = %ﬁw =Q(qlog(p+1)), (5.11)
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where a,, = Q(b,,) means that a,, grows faster than b,, that is, a, /b, — co. In other words, this

condition requires that SN R grows fast enough.

The next corollary addresses the classical setting, where p,q, and g* are all fixed and n
goes to infinity. While this is a straightforward result from Corollary 3, it removes some of
the complexities and leads to good intuition. Since M(8*) and ||8*||2 do not change with n,

I'(X, 8*,0%, a) — oo in Corollary 3 when n — co. Then:

HEiB4. As in Theorem 27, Suppose that data (X,Y) follows linear model described by Equations
(56.1) and each column of X is normalized to la-norm \/n. Assume that (5.8) and (5.4) hold. In

the classical case when p,q and B* are fized, by choosing \ as in equation (5.10),
P [B(A) —, ,8*} 1
as n — 0o.
A more beautiful result:

HEIR5. As in Theorem 27, Suppose that data (X,Y) follows linear model described by Equations
(5.1) and each column of X is normalized to ls-norm \/n. Assume that (5.3) and (5.4) hold. In

the classical case when p,q and 8* are fized, by choosing \ such that n\?> — oo and A — 0, then
P30 = 8| =1 and [BO) = 8]l =1 0
as n — 0o.

A suitable choice of A is A = logn//n. So far the results have given sufficient conditions
for sign consistency of the Lasso. To further understand how the sign consistency of the Lasso
might be sensitive to the heteroscedastic model, the next theorem gives necessary conditions on

the ratio of 3} to the noise level.

% #28 (Necessary Conditions). Suppose that data (X,Y) follows linear model described by

Equations (5.1) and each column of X is normalized to lo-norm /n. Assume that (5.4) holds.

(a) Consider %X(S)TX(S) = Iyxq. For any j, define

*2
2 _ 15

Cn,j 2

- (5.12)
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Define ¢, = min; ¢, ;. Then, for sign consistency, it is necessary that ¢, — co. Specifically,

_exp {-c2/2}
V2r(14¢,)

(b) If the Irrepresentable Condition (5.3) does not hold, specifically,

HX(SC)TX(S) (X(S)TX(S))_l ?Hw >1, (5.13)

(SIS

then, the Lasso estimate is not sign consistent: P [B()\) =5 ﬁ*} <

Proof. First prove (b). Without loss of generality, assume for some j € S¢, XJTX(S) (X(S)TX(S)> b =

. - —1
1+¢, then V; = A(1+¢) + V;, where V; = —[X(S) (X(S)TX(S)) X(8)T — 1)< is a Gaussian
random variable with mean 0, so P(V; > 0) = 1. So, P(V; > A) > %, which implies that for any

A, Condition (5.5) (a necessary condition) is violated with probability greater than 1/2.

For claim (a). Condition (5.6),

sign (°(5) + (X ()X [ LX(S) e~ Asign(5°(5))| ) = sign(s°(5))

n

is also a necessary condition for sign consistency. Since L X (9)" X (S) = Iyxq, (5.6) becomes

n

sign (8°(5) + | LX(5)" e~ dsign(5°(5))| ) = sian(5°(5))
which implies that
sign (5*(5) + ;X(S)TG) — sign(B*(S)). (5.14)

Without loss of generality, assume for some j € S, 87 > 0. Then (5.14) implies B; +Zj >0,

T . . . . .
where Z; = e;r%X (S)" € is a Gaussian random variable with mean 0, and variance

var(Z;) = e?%X(S)TVAR(e)%X(S)ej
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where the last equality uses the definition of c,%! ; in Theorem 2. To summarize,

e
E)
=
Il

sy
X
IN

P[,B]* +Zj > 0}
= P[Z; > —p]]

= Plz;< 5]
2

1_/* \/W exp{— 2uar(Z )}ac

! _/,8 */\/var(Z;) \/ﬂ p{_i}dl‘

X

1
- ( +
./Qﬂ/ﬁ;/m 1+z  (1+2x)?

B
— eXpP— 2var(Z;)

B*
V2 1 -3
7'('( + \/UQT(ZJ'))

2 .
exp {5 }
N P G

\/ﬂ(l + Cn,j) ’

) exp{—%}dw

IN

O

Statement (a) would hold for the homoscedastic model by removing diag(|]X(*|) from the
denominator in Equation (5.12). Equation (5.12) can be viewed as a comparison of the signal
strength (ﬁf) to the noise level (var(XjTe)). Theorem 28 shows that the signal strength needs
to be large relative to the noise level.

Statement (b) says that the Irrepresentable Condition (5.3) is necessary for the Lasso’s sign
consistency. This necessary condition can also be found in both Zhao and Yu (2006) and Wain-
wright (2009). Zhao and Yu (2006) points out that the Irrepresentable Condition is almost
necessary and sufficient for the Lasso to be sign consistent under the standard homosedastic
model when p and ¢ are fixed. Wainwright (2009) says that it is necessary for the Lasso’s sign

consistency under the standard model for any p and gq.

5.2 Piecewise Linear Solution

FEHE29 (Piecewise Linear Solution). The Lasso solution is piecewise linear when X varies from

oo to 0.

Proof. 1t is sufficient to prove

d B(N)
d A\

is piecewise constant.
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For every value of A we have a set of “active” variables
A= {52 B;(N) # 0},

such that

X4(Y — XaB4) — Asign(Ba) =0

[ X3 (Y = XaeBac)| < A
So on this set A, we have

Ba = [X3Xa] T (XLY — Asign(Ba))

So when A does not change, 84 will change linearly with A. O

5.3 The Lasso and path Algorithms

5.3.1 LARS

By the piece-wise linear properties, we can have the following algorithm: 1. Initialize :
B=0,A=arg meax (XY, ya = —sign(X1Y),y4c =0
2. While(XT(Y — XB3) #0): (a)
dy = min{d > 0+ [[X] (Y = X (8 +dy)]| = |[XL(Y = X(B+dv))]|,j € A%}

doy =min{d >0:(f+dy); =0,j € A}

Find step length: d = min(dy,ds).
(b) Take step: 8 =0+ dy
(c) Update the active set: If d = dy, then add variable(s) attaining equality at d to A. If

d = ds, then remove variable(s) attaining 0 at d from A.

(d) Calculate new direction:

Ya = (X3 X4) sign(Ba) and y4e =0
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5.3.2 Coordinate Descent
Coordinate descent for the Lasso

1
min - | — X8 — 9] + M3
Yo =mean(Y — XB) B; = S(L Y x4 (yi — D 0z TieBe, N)

Coordinate descent for L1 Logistic regression

1
PT(Y = 1) = —1 n e—(ﬁo—i—xTﬁ)
log-likelihood:
(o, B Zyl Bo + x —log(1+ eﬂo+-’£¢Tﬂ)

Iteratively reweighted least squares: Suppose the current estimate is (BO, B), then a quadratic

approximation to the log-likelihood is:

607 sz Z; ﬁo_xTB)

where
Di

T
= Bo + =, 5+7(1—p1)

w; = pi(1 —p;)

5.4 Homework

1. In LARS algorithm described in Section 5.3.1, for j € A¢, if 0 < d < dy, where

dy = min{d > 0 : [[X] (Y = X (8 +dy))]| = [[XZ(Y — X(8+d))][},

then [[X7(Y — X(B8 + dv))]| < A —d, where A = [[XT (Y

2. Describe the detailed LARS algorithm for a linear model with three predictors:

Y =51X1 4 B2 Xo + B3 X3 + €.

(1) Write the detailed LARS algorithm.

XB),jeA

(2) Do simulations. Generate X; from N(0,1) for j = 1,2, 3. Generate € from N(0,0.04).

Set 1 =1, B2 = 2 and B3 = 0. Plot the solution path obtained from (1).
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(3) Compare your solution path with the solution path obtained from LARS package and

write up your findings.

3. Show that a quadratic approximation of the following expression

U(Bo, B) = Zyi(ﬁo + 27 B) —log(1 + ePotal )

at (8075), is:
lQ(Bo,B) =D wi(z — Bo —al B)* + C,
where
5 T Yi — Di
“=hote 6+ﬁi(1_lﬁi)
w; = pi(1 — pi),

and C' is a constant which does not depend on unknown parameters.
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Chapter 6

Model Assessment and Selection

83
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6.1 Generalization Errors

6.1.1 Continuous Response

We have a target variable Y, a vector of inputs X, and a prediction model f (X) that has been
estimated from a training set 7. The loss function for measuring errors between Y and f (X) is

denoted by L(Y, f(X)). A typical choice of L(-,-) is

Test error, also referred to as generalization error, is the prediction error over an independent

test sample:

Erry = E(L(Y, JE(X))‘T)’

where both X and Y are drawn randomly from their joint distribution.

A related quantity is

Err = E(L(Y, (X)),

which averages over everything that is random, including the randomness in the training set that
produced f .

Training error is the average loss over the training sample:
_ 1 2
T = Z L(yi, f(xi)).
1

Note that training error is not a good estimate of the test error.

Example: Consider a linear regression model with p parameters, fit by least squares to a
set of training data (z1,41),...,(zn,yn) drawn at random from a population. Let 3 be the
least squares estimate. Suppose we have some test data (Z1,91),...,Znm,Um). Let Lipgin =

% > i By — xyTB)Q and Liest = ﬁ > B — 56?3)2 Then

Ltrain S Ltest~

6.1.2 Categorical Response

Typical loss functions:
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Test error is Errmatnearr = E(L(G, G(X))|T).

6.1.3 Splits of Data

We have two separate goals: 1) Model slection: estimating the performance of different models

in order to choose the best one.

2) Model assessment: having chosen a final model, estimating its prediction error (general-

ization error) on new data.

If we have enough data, the best approach is to randomly divide the dataset into three parts:
a training set, a validation set and a test set. The training set is used to fit the models; the test
set is used for assessment of the generalization error for model selection; the test set is used for

assessment of the generalization error of the final chosen model.

6.2 Bias-Variance Tradeoff

6.2.1 Bias-Variance Decomposition
Y =f(X)+e,

where E(e) = 0 and var(e) = 2. Using squared-error loss, we can derive the expected prediction
error at an input point X = xg,
Err(zo) = BE((Y - f(20))?)
= E(f(x0) — f(x0) +€)?
= o+ (Ef(x0) — f(w0))* + E(f(w0) — Ef (x0))”

= o2+ Bias® + Variance

6.2.2 Bias-Variance tradeoff

We show the bias-variance tradeoff via a simple example.

Y =XB"+e,

X'X =1,E(e=0),E(c?) = o°.
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Then the solution of ridge regression is

Q)
I
g
<

J—
+
>

For a new test point zg, the prediction error is
Err(z¢) = E(y — 2,8)* = 0% 4+ Bias® + Variance,

where

Bias® = (zp* — Ex6T A)z
= (2pB* — a2y B*/(1+N))?
1
= (1- m)Q(foTB*)Q( increasing with \)
Variance = E(IBB — BT 3)2
o2
= m%xo( decreasing with \)

6.3 Cross Validation

6.3.1 K-fold Cross Validation

We split the data into K roughly equal-sized parts. For the kth part, we fit the model to the other
K —1 parts of the data, and calculate the prediction error of the fitted model when predicting the
kth part of the data. We do this for £ =1,2,..., K and combine the K estimates of prediction

error.

Question: Is the CV error a good estimate of generalization error?

6.4 Bootrstrap

We have b =1, ..., B bootstrap datasets, from each dataset we have the model fb(x) which can

be used to give prediction error on a;, L(y;, f¥(x:)).

11 2

Erﬁboot = EML(yu fb(xi))
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How to overcome the correlations between different samples? 0.632 bootstrap.
Errpoot <+ 0.368¢rr + 0.632E7 T b00t,

where efr is the training error.

6.5 Homework

Consider a linear regression model with p parameters, fit by least squares to a set of training data
(z1,11),---,(xN,yn) drawn at random from a population. Let /3 be the least squares estimate.
Suppose we have some test data (Z1,71),...,Zam,5m). Let Lipgin = %ZlE(yl - x;‘FB)Q and
Licst = 27 > E(5i — 7 3)2. Then

Ltrain S Ltest .
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Chapter 7

Gaussian Graphical Models
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7.1 Gaussian Graphical Models

Graphical model is used to describe the relationship between variables. A graph is denoted by
(E,V), where E is the node (variable) set and V' C E x E is the edge set. If X; is independent

of X; given all of the other variables, then there is no edges between node X; and X;.

EF30. X = (X1,...,X,) follows a joint normal distribution N(0,%) with ¥ > 0. The following

three properties are equivalent:

1. There is no edge between X; and X; in the Gaussian Graphical model;

271, 5) = 0;

8. BE(X;1Xv\j) = gz BinXw, Bji =0

Before proving this theorem, we first give a result about partitioned matrices. Consider a

general partitioned matrix

E F

G H

where we assume that both ¥ and H are invertible. Then we have

JEFE31.
—1
E F E-'+E'F(M/E)"'GE~' —E-'F(M/E)™!
G H —(M/E)"'GE™! (M/E)~*
(M/H)™! —(M/H)"*FH™!
~H'G(M/H)™ H '+ H'GM/H)"'\FH™!
where
M/E=H—-GE'F and M/H=F -~ FH'G

Proof.

1 0 E F I —-E-'F E 0
~-GE-1 T G H 0 I 0 H-GE'F
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So,
-1
E F I —E7'F B! 0 I 0
G H 0 I 0 [H-GE'F]! ~GE~' I
E-'+E'F(M/E)"'\GE~! —-E'F(M/E)™!
—(M/E)~"'GE™ (M/E)~
By
I —FH! E F I 0 E-FH'G 0
0 I G H ~H7'G I 0 H

we have another equation.

Now we prove Theorem 30.

Proof. We partition ¥ the following way:

Oii Yiv,
Y= ,
Yvii Lwv,

where Vo = V' \ {i} and V ={1,2,...,p}. Correspondingly, we write

sl dii Dy,
Dv,i Dy,v,
From Theorem 31, we have
Dy, = —diiSiv, [Svs, 1]

Now we partition Xy, v, in the following way:

| 9 X
YV v = ;
XBj XBB

where B =V '\ {4, j}. Correspondingly, we write

[Evz,vz]_l = )



92

From Theorem 31, we have

Dpj = —d;j[£p,5] ' E5;.

We have

%7, 4)

DiV2 [J}
= —dii[Sijdj; + SipDp;]
= —diiloijdj; — dj;%i5(E5,5] 7 S5y

= —diidj;loij — £ip[Ep,5] ' Tn]
Not that X4|Xp is a joint Gaussian random variable and
Var(XalXp) = Ya.a — Sa,855 pXs,a(homework)
X, L zj|otheres if and only of [cov(Xa|Xg)];; = 0 that is
0 — Lip[SeB)"'Ep,; =0,

which is equivalent to £71(4, j) = 0.

E(X|Xvvi) = 2 g Bin X =

Bix = argmin B(X; — > Bix Xi)”
s

So

Bivs = Siva (Zvavs) !t = =Dy, /dis.

So we have 3j; = 0 is equivalent to £71[i, j] = 0.

7.2 Neighborhood selection

For each 7, let

§i — arg mein ||Xj - XQH% + )\||9||1

ne(j,A) = {j : 6 # 0}
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7.3 Ll-loglikelihood
likelihood

n 1 1 T -1
f(®)= Hi:lW exp{—§xi (B) i}

(%) =log(|=71)) — tr(2718,)

where

1
= — E xza:ZT
n

S = arg min —log |C| + tr(CS) + A > 1C]

7.4 Graphical Lasso

We want to solve the following optimization problem:

6= m@in—log |O] +tr(0©S) + )\Z 191

Let W =6~ and partition W as follows:

Wi wie
W =
W1 W22
We also partition S accordingly:
S s12
S =
821 S22

We solve W column by column using block coordinate descent.

51 246.
9]
—1 —o7! :
B 0g|B| +tr(@S)=-0""+S5

Proof.

0
a@ tr @S 89 Zzeklslk— i

(7.1)
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1 0

=210
|©] 00

B
1 =
90, 0z [0

Note that
0] = > (1) e,; M,

J

where M;; is the determinant of the matrix obtained by removing the ith row and jth column

of ©. So
)
90,

18] = (=1)" Mj;.

Denote the adjugate matrix adj(A) with the (4, 7) element (—1)"*7 M;;, we have A x adj(A) =

|A|I, equivalently A~ = %{f‘@
So
1 0 1
L 9= Lo = o1,
690 ° = 154 (®)
O
EFE32. Wiy fized, we have wis = W11, and was = Soo + A where
21 B
ﬁ:%ying%—WWQQ&ﬂ@+Mwm, (7.2)

Proof. Set Subgradient of (7.1) to be zero, by Lemma 6 : W — S — A" = 0, where I' = sub(0).
Since O;; is always greater than 0, we have 'y = 1. So woy — s99 — A = 0 and we have

Wos = S99 + \. Wio satisfies

W12 — 512 — )\’712 =0. (73)
By setting subgradient of (7.2), we have
WA W2 8 — W2 815) — Asign(B) = 0

[ satisfies

W11 B — Sia + As =0 (7.4)

If (3, s) solves (7.4), then W15 = Wh13 and ~v12 = —s solves (7.4). To show this, we only need

to verify —s is a subgradient of ©15. Expending

we =1,
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we have
Wi Wia O 612 | (T 0
Wat1  was Oy 099 0 I
W11012 + wi2flae = 0,
SO

—1
O12 = =W wiabaa,

sign(O12) = —sign(B).

So —s is a subgradient of ©.

while not converged do
Start with W =S + AI. The diagonal elements of W will not change any more.
For each j = 1,...,p solve the Lasso problem (7.4) and obtain . Fill in the corresponding
row and column of W with wqo = W11[§

end while

7.4.1 Update of O

By

Wi1012 + wi2flee =0

and

wa1612 + wazbaz =1

We have
010 = —Witwiahan = — 3095

Oz = 1/[waa — wa Wi wia] = 1/[waa — w21 f]
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Chapter 8

Dictionary Learning
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8.1 Dictionary Learning

Consider a signal 2 € R™ and a fixed dictionary D = [dy,...,d;] € R™** (allowing k > n,
making the dictionary overcomplete.) In this setting, sparse coding with an ¢; regularization
amounts to computing

& = arg min || — Dal| + A1]je||1-
aERF

Now we consider a supervised setting, where the signal may belong to nay of p different
classes. We model the signal x using a single shared dictionary D and a set of p decision
functions g;(x, @, 0),i = 1,...,p acting on x and its sparse code « over D. A possible choice of

gi is gi(z, 0, 0) = wl o+ b;.

Recall Multi-logistic regression:

i 0 1
Zj:l eXp(gj (.’E, «, 9)) Zj:l €xXp [g7 (J}, «, 9) - gi(xa «, 9)]
Let us assume that we are given p sets of training data 75,7 = 1,2, ..., p such that all samples

in T; belongs to class i. A direct method for learning unknown parameters is via maximum

likelihood:
p
max » log P(yi|Xi) =max Y Y —log»_explgr(;, a,0) — gi(w;,,0)],
B i=1 jeT; 2

equivalently,

P
minz Z logZeXp lgk(xj, 0, 0) — gi(xj, 0, 0)],

i=1 jeT; k
where « is the sparse representation of z. A joint optimization problem — supervised dictionary

learning is defined as

p
min Y Y " log Y exp gk (w;, @, 0) — gi(xs, @, 0)] + Aollw; — Dol + A flag [l + Aall6]3, (8.1)
i=1 jeT, %

such that

[Djll2 < 1.
Define

Si(e,x,D,60) =log ¥ exp [gr (), @, 0) — gi(ws, @, 0)] + Xol|x; — D13 + M| s
k
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. For observation z, it should be classifies into class i* defined as:

i*(o,x, D, 0) = arg Irgn Sk, 2, D, 0)

Equation (8.1) can be written as

p
min 37 Si(ag, 5, D,0) + a0,
i=1j5€T;
such that

| Djll2 < 1.

Note that we not only hope S;(z) to be small, we also hope that S;(x) is smaller than S;(z)
for all 7, if z € T;. Softmax function satisfies this purpose. The softmax function is defined as:
6(13

Ci(ﬂfl,.]?g, A 7xp) = _log Z ix' _ IOg(Ztefmi)'
Jja J

So we can have another objective function:
p
min Y Y~ Ci(Si(ay, x5, D, 0)F_,) + Ao 03,
i=1jeT;

such that

| Djll2 < 1.

A model combines the above two models is given by

p
min » > uCi(Si(ay, x5, D, 0)_,) + (1 — ) Si(ey, 25, D, 0) + Ao|0]]3,

i=1 jeT;
such that

|1Djll2 < 1.

8.2 Optimization Procedure
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Algorithm 4 Sparse Dictionary Learnng

Input: p (number of classes); n (signal dimensions); T;,7 = 1,...,p (training signals); k (size of
the dictionary); Ao, A1, Ag;
Output: D € R"**:0
1: Initialization: Set D to be a random Gaussian matrix. Set 6 to be zero.
2: Repeat until convergence
3: Supervised sparse coding: For all [ =1,...,p, all j € T;, compute

&;; = argmin Si(a, x5, D, 0) (8.2)

4: Dictionary update. Solve, under constraint ||d;||2 < 1,

P
mlnz Z ,uci(Sl(é‘lﬁxja Da 0)110:1) + (1 - U)Si(&jia‘rjv D7 0) + /\2H9”§a (83)
i=1jeT;

8.2.1 Supervised Sparse Coding

Now we solve Equation (8.2). Recall the definition of S;.

Si(a,x,D,0) = log»_ exp [gr(;, i, 0) — gi(ws, . 0)] + Aol — Doyl + Al
k

= ci(A" i +b) + Aollz; — Doylls + Allaglh

When D and 6 are fixed, this is a Lasso problem. Coordinate descent can be used to solve

this problem.

8.2.2 Dictionary Update

A local minimum can be obtained using projected gradient descent by taking partial derivatives

to be zeros with respect to D and 6.

8.3 Application

Digits recognition
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9.1 PCA

PCA is an unsupervised method, which is widely used in data processing and dimensionality
reduction. However, PCA suffers from the fact that each principal component is a linear combi-
nation of all the original variables, thus it is often difficult to interpret the results. We show that
PCA can be formulated as a regression type optimization problem and thus the sparse loadings

can be obtained via the Lasso.

PCA seeks the linear combination of the original variables such that the derived variables
capture the maximal variance. PCA can be done via the SVD of the data matrix. In detail, let
the data X be an n x p matrix, where n and p are the number of observations and the number
of variables, respectively. Assume that the column means of X are all 0. Suppose we have the

SVD of X,
1

vn

Then UD = [U1Duy,...,UpD,,] are the principle components and the columns of V' are the

X =UDVT.

corresponding loadings of the principle components. The variance of the ith PC is D%. Usually
the first ¢(< p) components are used to represent the data and so dimensionality reduction is

achieved.

Some comments to the above paragraph: The first component seeks the combination of X,

such that it has the maximum variance:
(1) Lo
B\ =arg mﬁax var(Xp) ~ arg mﬂax —B8X'Xp
n

So BM) is the first eigen vector of
1
—X'X =VD*VT.
n
B1) = V:,1]. The loadings of the other PCs are the columns of V. That is 3 = V:,i].
Note that

1

XV =UD
AV =UD,

SO

%"
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9.2 Direct Sparse Approximations

We first discuss a simple regression approach to PCA.

EF33. Let
X =UDVT.

For alli, denote Y; = U; Dy;. Y; is the ith PC. Y A > 0, suppose B”-dge is the ridge estimate given
by
Bridge = arg mﬁin |}/z - XB| + AHB“%

Let © = —Pridse  ypen

1Briagell2’

>
I
=

Proof.

Brigge = (X'X +X)7'X'U; Dy
= VID* 4+ \|7'VTX' XV,

= V[D*+\I"'WVTvD*vTy,

Now let us consider the following Elastic net problem by adding ¢; penalty to the above

regression problem, we have
B = argmin ¥; = X8|+ X 18l + XI55

We call
_ B
18]]2

an approximation to V; and XV ith approximate PC.

Vi

Based on the above results, we can have a two stage sparse PCA algorithm: (1) perform PCA

(2) obtain the sparse approximation. We will give another “self-contained” Sparse PCA.
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9.3 Self-contained Sparse PCA

EH34. Let xl denote the ith row vector of the matriz X. Let o and B are both p x 1 matrices.

For any A > 0, let

(. 8) = argmin 3 [le; — a3 + B3,

such that ||o||3 = 1. Then §  Vi.

Proof.

Do lei—aBTwlE B = el (- aBT)T(U - afT)a;

= tr((I—ap") (I - afT) D (wia])
= tr(I - Ba” — ap” + paTafT)XTX

= tr(X'X)+tr(BTXTXB) — 2tr(a” XTXB)
For a fixed «, the solution of B is

B=XTX +)N)XTXa

a =argmaxa’ (XTX)(XTX + M) X" Xa
such that o”a = 1. By X = UDV”, we have

D4

T T —1vT _
(XTX)(XTX +AN T X Xa = Vg

v,

N 5 D2
so & =sV; and 8 = sDziljr/\Vl, where s can be 1 or —1. O
11

€ H35. Suppose we are considering the first k PCs. Let z; denote the ith row vector of the

matriz X. Let a and B are both p X k matrices. For any A > 0, let
(@, 8) = argmin 3 | — a” B3 + A6,
3

such that ||a||3 = I,. Then Bj xV;, forj=1,2,... k.
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Proof.

D llzi = BT |5 + AlBIIS ol —ap™) (1 - apT)z;

= tr((I —ap")T(I - aBT)Z(xixiT)
= tr(I — Ba’ —aB” + Ba’ap")XTX
= tr(X'’X)+tr(BTXTXB) - 2tr(a’ XTXB)

= tr(X'X)+ > _tr(Bf XTXB;) - 2tr(a] XTXB;)
J

For a fixed «, the solution of B is
Bj = (XTX + )\)71XTXOL]',

or equivalently

B=XTX +)NXTXa.

& =argmaxa? (XTX)(XTX +X)'XTXa
such that a”a = Ij,. By X = UDV™, we have

D4

T T —1vvT _
(XTX)XTX +AD T X Xa = Vg

e,

2

so & =sV[;,1: k] and §; = 51%%'

So a Sparse PCA can be obtained via:

(,5) = argrgiélz " = o™ Bl 15 + MBS + D Al Bl
B4 -

9.4 Numerical Solution
For a fixed «, [ is obtained via the following elastic net:

Héiln tr(X'X) +tr(8] XTX ;) — 2tr(a] XTXB;) + Al 511
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For fixed 3, « is obtained via

maxtr(a? (XTX)p),

such that

afa=1.

€ #36. Let A and B are two m x k matrices and B has rank k. Consider the following

optimization problem:
A=arg mﬁuxtr(ATB), such that AT A = I.

Suppose the SVD of B is B=UDVT, then A=UvVT.

(k+1)

Proof. The constrain AT A = I}, is equivalent to k 5— constraints:

AT A =1
ATA; =0,i > j.
Using Lagrangian multiplier method, we define

L= BIA+ Y DhalAT A — 1)+ 30 A (AT 4)).

i>7

Setting % = 0, we have
J

B; = N\ + Z)\ijaj =0.

j>i
So
B = AA.
A=DBA"
tr(AT"B) = trA""BTB = tr A"'VD*VT = tr VT ATV D%
Note that

ATA=ATBTBA '=ATVvD>VTA L =T,

Let C := VTA~V. Then

T T "2 2 2
ATA=C"D*C=1= > C}D} =1
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So
At=vevT =vDvT,

A=BA'=UDVTVvD VT =UuVvT.
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Chapter 10

Boosting
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Boosting is a general method for improving the accuracy of any given learning algorithm. In
this chapter we first introduce the boosting algorithm AdaBoost, and explains the underlying
theory of boosting. Then we introduce the L2-boosting algorithm and a statistical view of

boosting.

10.1 Adaboost

The adaboost is introduced first by Freund and Schapire, 1995. It takes as input a training set
(21,91),- .-, (@n, yn), where each z; belongs to some domain or instance space, and each label y;
is in some label set Y. Let’s first assume y; € {—1,1}. We define F(z) = an\le Cm fm(x) where
each f,,(z) is a classifier producing values 1 or —1 and ¢, are constants; the corresponding pre-
diction is sign(F'(z)). The AdaBoost procedure trains the classifier f,,(x) on weighted versions
of the training sample, giving higher weight to cases that are currently misclassified. This is
done for a sequence of weighted samples, and then the final classifier is defined to be a linear

combination of the classifiers from each stage. The adaboost algorithm is described in Algorithm

5.

Algorithm 5 Adaboost Procedure
Input: (z1,91),..., (Tn,Yn), where z; € RP,y; € {—1,1}.
1: Initialization: w; = 1/n, fori=1,...,n.
2: form=1,...,M do
3:  Estimate the classifier f,,(z) from the training data with weights w;.
4:  Compute the error:

em = Pricwlhe(zi) # 4] =Y wily 2f, (2
1

5. Choose ¢, = %log (1*‘3”)

€m
6:  Update:
Wy exp(_cmyifm(xi))
w; =
Zm,
where Z,, is a normalization factor,such that ), w; = 1.
7: end for
8: Output the final classifier:
M
Sign( Z Cmfm (x))
m=1

For a not bad “weak learner”, e, < %, S0 ¢, > 0. So Step 6 increases the weight for

misclassified samples.
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Algorithm 6 Confidence Rated Adaboost Procedure
Input: (z1,%1),.-.,(Tn,Yn), where z; € RP,y;, € {—1,1}.
1: Initialization: w; = 1/n, fori=1,...,n.
2: form=1,...,M do
3:  Estimate the “confidence rated” classifier f,,(x) from the training data with weights w;.
4:  Compute the error:

em = Priculhe(zi) # 4] = D wilyzp, -

5. Choose ¢, = 3 log (%)
6:  Update:
Wy exp(—Cmyifm(l"i))
w; =
Zm,
where Z,, is a normalization factor,such that ZZ w; = 1.
7: end for
8: Output the final classifier:
M
sign( Y cmfm()).
m=1

10.2 Boosting — a Statistical View

In this section we show that the boosting algorithms are stage-wise estimation procedures for

fitting an additive logistic regression model.
FEH3T. The AdaBoost algorithm produces adaptive Newton updates for minimizing E(e*yF(“).

Proof. Let J(F) = E(e ¥F(®)). Suppose we have a current estimate F(z) and seek an improved

estimate F'(z) + cf(x).

¢ = argminE(e’y[F(m)Jrcf(r)])

= argmin E,e ¥/ (@)
(&

€m

1—em

1
- 1
9 08

where w = e_yF(”)/Ee_yF(x) and ey, = By [lyrtfa)]-

Eue @ = Eullyssm)e’ + Bully—pmle™

= eme S+ (1 —ep)e.

By letting the derivative to be zero, we have ¢ = %log T

In the next iteration, the new weight is proportional to e ¥F@+ef ()] = 4y x ¥/ (*) followed
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by a normalization. O

10.3 Using the log-likelihood criteria

Let y* = (y+1)/2 and
eF(ac)

p(z) = Py* =1|z) = F@) f o F@)

e2v" F(x)

P(y*|z) = m~

Then expected log-likelihood is
UF)=E[2y"F(x) —log(1 + exp(2F (x))].

Let

f = argmin ((F + f) = argmin B[2y" (F(z) + f ()] ~ log(1 + exp(2F (@) + 2/ (2))

Note that
UF+ f)=0F)+U(F)f+ %é”(F),
where
U'(F)=2E(y" - p(z)),
and

U"(F) = —4p(x)(1 — p(x)).

So, the Newton update for f(x) is

where w = p(1 — p) equivalently

(y* —p(z))

P —py

f(x) = arg m}n Eu(

Finally we have the logitBoos algorithm as follows:
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Algorithm 7 LogitBoost Procedure

Input: (z1,%1),.-.,(Tn,Yn), where z; € RP,y;, € {—1,1}.
1: Initialization: w; = 1/n, for i =1,...,n. F = 0 and probability estimates p; = 1/2.
2: form=1,...,M do
3:  Compute the working response and weights

- Yi —Pi
Copi(l—pi)

w; = pi(1 —p;).
4:  Estimate f,,(x) by weighted least-squares fitting of z to x.
5:  Update:

1
F(z) = F(x) + §fm(x) and p(x)

6: end for

N

: Output the final classifier:
M
sign( Y emfm(@)).
m=1

10.4 Boosting with the L2-Loss

From the above sections, we can see that the task of the Boosting algorithm is to estimate a

function F : RP — R, minimizing an expected cost:
E(l(y, F)).

The most prominent examples for £(-,-) are:

Uy, F) = e ¥F with y € {~1,1}; AdaBoost

Ly, F) =log{exp(2yF) /(1 + exp(2F))} with y € {0,1}; LogitBoost

Uy, F)=(y—F)?/2 withy € R or y € {—1,1}; L2-boost.

For L2Boost, the update of f after F/(X) is known is
f=arg mfinE(Y — F(X) - f|X)?/2 = arg min E(Res — f|X).

So the L2Boost procedure can be described as follows:

L2boosting is nothing else than repeated least squares fitting of residuals. Generally speaking,

we hope the weak learner to be simple.
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Algorithm 8 L2Boost Procedure
Input: (x1,%1),.-.,(%Tn,Yn), where z; € RP,y; € {—1,1}.
1: Initialization: w; = 1/n, fori=1,...,n. F =0.
2: form=1,...,M do
3:  Estimate f,,(z) by least-squares fitting of Y — F(z) to x.
4:  Update:

Fz) = F(2) + fm(z)

5: end for
Output the final learner:

=

10.5 Path following algorithms using ¢-Boosting

10.5.1 Gradient Descent View of Boosting

Given data Z; = (Y;, X;),i =1,...,n. We want to learn a model in the following family:
F={F:F(x Z Bjh;
To find an estimate of 3, we set up an empirical minimization problem:

B = argminz L(Z;, B),

i=1

where L is the loss function. Boosting is a progressive procedure that iteratively builds up the

solution:

(7,9) = rgmmZL Zi, 5" + g15)

2,9
B = B,

e—Boosting has the similar procedure, but using a fixed step instead:

(j,9) = arg mln ZL Z;, B + s1;)

j,s==e

B = B a

10.5.2 General Lasso

BN = argmmF (B, ) ZL Zi, B) + MBIl
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10.5.3 The Boosting Lasso Algorithm

Algorithm 9 Boosting Lasso Procedure

1: Step 1 (Initialization). Given Data Z; = (Y;, X;),i = 1,...,n and a small stepsize constant
€ > 0 and a small tolerance parameter £ > 0, take and initial forward step:

7, 8) = i L(Z;, s1;
(j,8) = arg min > L(Z,s1;)

20 _ a1
B =351

Then calculate the initial regularization parameter
1 .
M= "L(Z,0) =Y L(Z;,5°
(S LiZ0) ~ S L2 )

Set the active set index set I = {j}. Set ¢t = 0.
2: Step 2 (Backward and Forward steps). Find the "backward” step that leads to the minimal
empirical loss:

j= argminZL(Zi,Bt +s;1;), where s; = fsign(Bt)e

Take the step if it leads to a decrease of moderate size in the Lasso Loss, otherwise force a
forward step and relax X if necessary: If T'(8% + 8515, A —T(B, M) < —¢, then

Btﬂ — Bt +§jlj7>\t+1 — A\t
Otherwise,
oAy . At .
(7,8) = argjglzlgegjL(Zmﬂ +51))
1 ~ A
1 eyt L (7 B4)) — 1(Z.. 31y _
A = minX, (0 28 - S L)~ )

I3 = I, U {7}

3: Step 3 (Iteration). Increase t by one and repeat Step 2 and 3. Step when \! < 0.

1#7. 1. For any A > 0, if there exists j and s with |s| = € such that T'(s1;,\) < T'(0,)), we
have A0 > \.

2. For any t, we have D(BHE N1 < (Bt AHL) — ¢

3. For £ >0 and any t such that X't < A\t we have F(Bt +elj, AY) > F(,@t, AY) — € for every

j and |8l = (|6 + €.

Remark: Lemma (7) (1) guarantees that it is safe for BLasso to start with an initial A’ which
is the largest A such that would allow an e step away from 0. Lemma (7) (2) says that for each
value of A\, BLasso performs coordinate descent until there is no descent step. Then, by Lemma

(7) (3), the value of X is reduced and a forward step is forced.
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Proof. 1. If there exists A and j with |s| = e such that
[(s1;;A) <T(0;4),
then we have

> L(Zis1;) 4+ Ae <Y L(Z3;;0).

%

Therefore

A< Y U250 - Y L Zs1y)

IA

%{Z L(Z;;0) — min L(Z;,s15)}

dlsl=e 4
- %{ZL(ZZ»;O)—ZL(ZnBO)}
- N

2. Since a backward step is only taken when D(31: A(#)) < (3% — ) and A1 = A, we only
need to consider forward steps. When a forward step is forced, if D(85F1; ALHL) > T(38 ML) — ¢,

then

STL(Z: B 4 NFAH > ST L2 B + N B — €

i

equivalently,
NB I = XFHB T > D L(Z0 B = D L(Zi, ) =&
Al > ZL(ZivBt) _ ZL(ZivBtJrl) —¢

PRI %(Z L(Zi,B') =Y L(Z;, %) =€)

which contradicts the algorithm.

3. Since A*! < A and A\ cannot be relaxed by a backward step, we immediately have

18111 = [|8t]| + € (or else B can be obtained via a backward step). Then from

N = (T L% B - YD L2 ) - 6
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we have

NS~ 180 = 30 L(Ze 5 — 3D Lz ) ~ ¢

SOL(Zi B A N8 = 3D L(Zi, B + A8 ) — €

i

DOLZu B AN L = D L(Z B+ AB T L A ATHIB = ATH|B T - €

%

SOL(Zi, B + A8+ Ale+ AFYBY [y — ATy — A e — ¢

D L(Zi, BN + MBIl + Ae — A He—¢

> N L(Zi B+ N8 - €

Note that
STL(Z B + BT = min L(Zi, B" + s1;) + N8|y
3 Js|S|=€
< D L(Zi, BT Eely) + AIBT
So we have

F(Bt +elj, \) > F(Bt,)\t) — & for every j
O

%E B38. For a finite base learners and & = o(e), if Y. L(Z;, B) is strongly convex with bounded
second derivatives in 8 then as € — 0, the Blasso path converges to the Lasso path uniformly.

Note that strong convezity and bounded second derivatives imply that M > m > 0:

mI<AQZL4MI
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