Theoretical Statistics. Lecture 14.
Peter Bartlett

Metric entropy.

1. Chaining: Dudley’s entropy integral




Recall: Sub-Gaussian processis

Definition: A stochastic proces8 — Xy with indexing setl’ is sub-
Gaussian with respect to a metdon 7' if, for all 6,6’ € T and all\ € R,

>\2d(9,9’)2> |

2

Eexp (A(Xo — Xo)) < exp (

Lemma: [Finite Classes] FoXy sub-Gaussian wrt onT’, and A a set of
pairs fromT,

E Xy — Xp) < d(6,0)/21og | Al.
(9{3@@( 6 9)_(0%%>€<A (0,0")\/21og | Al




‘ Recall: Covering number bound'

Theorem: Consider a zero-mean proceks that is sub-Gaussian wrt tf
metricd on T'. Suppose that the diameter Bfis D = supg 4. d(0,0').
Then for anye,

Esup Xg < 2E sup (Xy— Xy)+2D+/logN(e,T,d).
6 d(9,0")<e




Dudley’s entropy integral I

Theorem: Let Xy be a zero-mean stochastic process that is sub-Gauss
wrt a pseudo-metrid on the indexing set’. Then

Esup Xy < 8\/5/ Vdog N (e, T, d) de.
0 0

Note that we can always rewrite the integral as an integoahfy to the
diameter off".




‘ Dudley’s entropy integral: Proof I

As before,

E sup Xy = Esup(Xy — Xy¢) < Esup(Xy — Xy/),
0 0 0.6/

and choosing € T (a minimale-cover) withd(6, 8) < e (and similarly for
6"), we have
Xg —XQ/ :Xg —Xé—l—Xé —Xé/ ‘|‘Xéx _XH’

<2 sup (Xp—X;)
d(6,0)<e




‘ Dudley’s entropy integral: Proof I

Consider boundindg sup, 4, (X5 — X, ). Previously, we bounded the

supremum over the-cover?' (for which the diameter is that af). Instead,
we consider a sequence of progressively better approxamsato elements

of 7' (which leads to sets with progressively smaller diamet&sppose
the diameter of" is D. We first definel}, = T, and think of it as a
(2-%D)-cover ofT', wherek = [log,(D/€)] ensures tha2 %D < ¢. Then
we definel;_; = a minimal(2~¢~1 D)-cover ofT}, for i going from

k — 1 down to0. Notice thatl} is a minimalD-cover of T}, so|T,| = 1.

[PICTURE].




‘ Dudley’s entropy integral: Proof I

Pick 6, = 6, and then pick;_; € T,_; as the best approximation éf. We
can Writeéi_l == fz’—l(éz')1 Wherefz'_l : Tz — Tz’—l IS the best
approximation operator.

Then we can write

k
Xy =Xp, = Xg,+ > (X5, X5,

1=1

and, using the same notation it we have

Xg—Xg =Xy, — Xy,

35 %0.) X (3

1=1 1=1




‘ Dudley’s entropy integral: Proof I

k
E sup X;—X; <2 Esup (X, - X
0,0'eT i=1  0:€T;

fi—l(éi)) )

Sinced(d;,0;_1) < 2-(~V D, the Finite Lemma shows that

< 2_(i_1)D\/210g|Ti|

E sup (X — X
0,€T;

fi—l(éz'))

<27V D, /2log N(2—iD,T).




‘ Dudley’s entropy integral: Proof I

Finally, sincelog N(27°D) < log N (u) for u < 27*D, we can
approximate the area of the rectangle fr@n ¢+ D, 0) to

(27D, \/2log N(2—°D)) by the integral undet/2log N (u) for u in that
interval (which has length—(+1) D):

2-0=UD\/21og N(2=iD) = 4 x 27 *TD D /2log N(2-iD)

27'D
§4/ v/21og N (u, T) du.
2-(i+1) D




‘ Dudley’s entropy integral: Proof I

Combining, we have

k
Esup Xy <2E sup (Xo— X;) +2) E sup (Xé_—X

X f7;—1(9A7;)>
0 d(0,0)<e i=1 0:€T;

k
<2E sup (Xg—X;)+2)» 27U"UDy/2log N(27'D,T)
d(0,0)<e i=1

D/2
<2E sup (Xp— X;)+8V2 Vlog N (u, T)du.
d(6,0)<e 2—(k+1) D

Whene — 0, the first term goes to zero and (since= [log,(D/¢)]), the
second term approaches the integral fioto D /2, which gives the result.
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Dudley’s entropy integral I

We actually proved the following result:

Theorem: Let Xy be a zero-mean stochastic process that is sub-Gauss
wrt a pseudo-metrid on the indexing set’. Then

D/2

Esup Xy <2E sup (Xy— Xo) +8V2 Vdog N (e, T, d) de.
0 d(0,0)<s 6/2

When the entropy integral does not exist (becabige 7', d) grows too
quickly ase — 0), this can still give a useful bound.
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Dudley’s entropy integral I

When does the entropy integral exist? Supgbses diametep and
log N(e,T,d) = O(e~?). Then

D D
/ \/logN(e,T,d)degC/ e~ U2 e
0 0

. C
- 1-—d/2

Dl—d/Q

provided thatl < 2. The integral does not exist otherwise.
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‘ Entropy Integral: Lipschitz parameterized cIassI

Suppose that' is a parameterized clask,= {f(4,-) : 0§ € ©}, where
© = By C RP. The parameterization i5-Lipschitz wrt Euclidean distance
on ©, so that for allr,

|f<9733) — f<9/7$)| < L”H _ 0/”2'

Suppose also thdf = —F (that is,F' is closed under negations).

Theorem:
p

E|R,||r =0 (L

NB: We've lost the log factor.
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Entropy Integral: Lipschitz parameterized cIassI

Recall that

nEHRnHF =K Sup <€7 > — ESU.p(E, > — ESUp(E, f(ev X?»a
FU—F F 0

which is sub-Gaussian wrt the Euclidean distanc&bdnAlso, recall that

N, f(©,XT7), ]l l2) < N(6/(Lv/n), O, - |l2) < (1 + 2Lv/n/d)".
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‘ Entropy Integral: Lipschitz parameterized cIassI

Hence,

8y/2 [° €
< — .

B R, |- < 2 / \/ng(Lﬁ,@,n ||2)de
8+v/2

2L [°
- log N -
o / VIog N(e, 0, ][ [I2) de

< 8\/§L\/g/02 \/log (1 + %) de
< SﬂL\/g/OQ \/log (%) de.
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‘ Entropy Integral: Lipschitz parameterized cIassI

Integrating by parts,

’ 4
E|R,|r < 8\/§L\/E/ \/log (—) de
n Jo €

= 8\/§L\/E <[4€y y]oox/logZ _4/ e Y dy)
n

oo

< 16v/2 (\/@Jr\/%) L\/g
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Entropy Integral: VC-class I

Theorem: For F aclass of 0, 1}-valued functions with VC-dimensia

d
E|R,||r =0 ( ) .
n

Compare with the consequence of Sauer's Lemha;/d log(n/d)/n).
We lose the log factor.

Note: This leads to a faster rate (without the log factorhm proof of the
Glivenko-Cantelli Theorem:

C
P F,—Flloc > —+1
(16 = Pl 2 2+
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Entropy Integral: VC-class I

We have

8v2_ 2V
B[ Rulr < 2F [y flog N(e, FOX) | - ) de
0

8v2_, [2V"
<P [\ flog Ne/Va F - loar,) de
0

_%E 2

) de,

1F = 0y = - S(FOX) — a(X0))

1=1
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Entropy Integral: VC-class I

Fact (due to Haussler):

N(&, F, || - lryp,)) < cd(16e)%e 2%

8vV2._, [7
VI [ \log N F |- e, de
n 0
5 2
gE/ \/log (cd(16e)de=29) de
n 0
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An aside: Generic Chaining'

Theorem: Let Xy be a zero-mean stochastic process that is sub-Gausqgi
wrt a pseudo-metrie/ on the indexing sef".

distributiony on T,

Then for any probability

Esung < csup/ log
ocT
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An aside: Generic Chaining'

Talagrand’sys:

Theorem: For Xy as above and
= inf Sup/ \/log
Ko oeT

Esup Xy < cyo(T,d).
0

we have
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Sudakov’s Lower Bound'

Theorem: For a zero-mean Gaussian procé&ssdefined onl’, define the
variance pseudometrit{6, §')? = Var(Xy — Xy/). Then

E sup Xy > supE\/logM(e,T, d).
0 e>0 2

22



Sudakov’s Lower Bound'

Compare with the Entropy integral:

Theorem: Let Xy be a zero-mean stochastic process that is sub-Gauss
wrt a pseudo-metrid on the indexing s€et’. Then

Esup Xy < 8\/5/ Vlog N (e, T, d) de.
0 0

Suppose that V&Xy — Xy/) is on the same scale d§9, 0')? (think of the
Gaussian example of a sub-Gaussian process—this is pyettiee
variance). Then, modulo constants, the lower bound is tb& afrthe
largest rectangle that can fit under the cufaie,/log N (¢)), whereas the
upper bound is the area under the curve.
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