Theoretical Statistics. Lecture 3.
Peter Bartlett

1. Concentration inequalities.




Review. Markov/Chebyshev Inequalitiei

Theorem: [Markov] ForX > 0a.s..EX < oo,t > O:

EX
P(X 2 1) < =

Theorem: Chebyshev’s inequality:




Review. Chernoff techniquﬂ

Theorem: Fort > 0:

P(X —EX >t)=P(exp(AM(X —EX)) > exp(At))

Eexp(AM(X — EX))
- exp(At)

=e MMx_,(N).

log P(X —p>t) < —sup (At —T'(N)),
A>0

wherel'(\) = log Mx_, () is thecumulant generating function of
X — L.




‘ Example: Gaussiad

ForX ~ N(u,0%), Mx_ M()\) IS

Eexp(AM(X —p)) = exp Az — 2°/(207)) dx

VQWU

eXp (N20?/2 — (z/o — Xo)?/2) du

’VQWO
= exp(\?0?/2) \/—2_7r /_OO exp (—(y — A\o)?/2) dy

= exp(\0?/2),




for the change of variablg = /0. Thus,

log P(X —p>1t) < —sup (M —log Mx_,(N))
A>0

)\2 2
= —sup ()\t _ 27 )
A>0 2

t2

202’

using the optimal choicé = t/0% > 0.




‘ Example: Gaussiad

For X ~ N(u,0?), it's easy to check that

Hence, forXy,..., X, ~ N(u,c?),

0.5 exp (_n(t J;(;/\/ﬁ) ) < P(X, —p>t)<

and so the Chernoff bound is tight:

1 )
lim —InP(X,, —pu>t)=

n—oo M o



‘ Example: Bounded SupportI

Theorem: [Hoeffding’s Inequality] For a random variable € |a, b] with
EX = pand) € R,

A2 (b — a)?
_ 8 °

IHMX_,UJ<>\) <

Note the resemblance to a Gaussiaf? /2 vs A\?(b — a)? /8. (And since
P has support ifa, b], VarX < (b — a)?/4.)




Example: Hoeffding’s Inequality Proof'

A(N) = log (Ee™*) = log ( / e dP(x)) :

whereX ~ P. ThenA is the log normalization of the exponential family
random variableX , with reference measur and sufficient statistic.
SinceP has bounded suppor,(\) < oo for all A\, and we know that

A’()\) — E(XA), A”()\) — VCL?"(XA).

SinceP has support ifa, b], Var(X,) < (b — a)?/4. Then a Taylor
expansion about = 0 (at this value of\, X, has the same distribution as
X, hence the same expectation) gives




\ Sub-Gaussian Random Variablej

Definition: X is sub-Gaussianwith parameter? if, for all A € R,

\2o2
2

In MX—M()\) S

Note:
Gaussian Is sub-Gaussian.

X sub-Gaussian iff- X sub-Gaussian.




\ Sub-Gaussian Random Variablej

Note:
X sub-Gaussian implies
P(X — p>t) < exp(—t*/(207)),
P(X — p < —t) < exp(—t*/(207)),
P(|X — p| > t) < 2exp(—t?/(20?)).
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\ Sub-Gaussian Random Variablej

Note:

X1, X, independent, sub-Gaussian with parametérs2, implies
X, + X, sub-Gaussian with parametef + o3.

Indeed, for independetk, X5,
MX1—|—X2 — Eexp <>‘(X1 + XQ))

= Eexp <)\X1) Eexp ()\XQ)
= Mx, Mx,.

SO]DMXl—I—XQ—u = 1I1MX1_,UJ1 -+ 1Il]\4X2_M2 < )\2(0'% -+ O'%)/Q
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‘ Hoeffding Bound'

Theorem: For X,..., X, independentEX; = u,;, X; sub-Gaussia
with parameter2, then for allt > 0,

1

! <Z<X )2 t) =P (‘zzt )

e.g., forEX; =0, X; € [a,b], we haves? = (b — a)?/4 SO

J= (% iXi > t) < exp (— (bzft;) |

1=1
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‘ Sub-Exponential Random Variableﬂ

Definition: X is sub-exponentialwith parametergo?, ) if, for all |\| <
1/b,

\2o2
2

In MX—M()\) S

Examples:

Sub-GaussiaX with parameter? is sub-exponential with parameters
(02, 0) for all b > 0.
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‘ Sub-Exponential Random Variableﬂ

Theorem: For X sub-exponential with parameteis?, b),

exp( 2t22> if 0 <t<o?/b,
exp (—5) if t > o2 /0.

P(X>u+t)<{
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‘ Sub-Exponential Random Variableﬂ

Proof: Assume: = 0. As before,

P(X >t) <exp(—At)Eexp(AX)

A o2
< exp (—)\t + )

2

provided0 < )\ < 1/b. As before, we optimize the choice &f But now, it
IS constrained t¢0, 1/b). Without this constraint, the minimum occurs at
N =t/o?. Soif

t/o? < 1/b <=t < o*/b,

we have

P(X > 1) < exp(=A't + A*202/2) = exp(—t?/(20?)).
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‘ Sub-Exponential Random Variablej

If ¢ is larger, the minimum occurs at= 1/b (since the function
L —At+ 22 s monotonically decreasing if, A*], which contains

2
[0, 1/b]). Substituting this\ gives

P(X >t) <exp(—t/b+0°/(2b°)) < exp(—t/(2b)),

where the second inequality follows fran® o2 /b.
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‘ Sub-Exponential Random Variableﬂ

Examples:

X ~ x4 has

Eexp(A(X — 1)) = N /OO exp(A(z% — 1)) exp(—22/2) dz

1

= o e

for |A\| < 1/2. And for |\| > 1/2, Mx (\) does not exist, s& is not
sub-Gaussian.

But it is easy to check that

for |A\| < 1/4. Thus,X is sub-exponential with parameters 4).
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‘ Sub-Exponential Random Variablej

Example: X variances?, bounded]X — u| < b.

N2 NG E(X — )k
Eexp(A(X —p)) =1+ 5 —|—;)\ 1

Ao?2 N2 &
<1
<1+ 5 + 5

And for || < 1/b, this is no more than

A2

Eexp(A(X —p)) <1+ 5

(1= bAl
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‘ Sub-Exponential Random Variableﬂ

Soif|A| <1/(2b),1—b|A| >1/2and

Eexp(A(X — p)) < exp (\0?).

Thus, X is sub-exponential with parametetsr, 2b).
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‘ Sub-Exponential Random Variablej

Theorem: [Bernstein] For X bounded as above and alb> 0,

t2
P(X>pu+t) <exp <_2(02+bt)>'

Proof:
We saw above that

Eexp(A(X — 1)) < exp (2<1A—Ubw>)

for |\| < 1/b. Setting\ = ¢/(bt + o) < 1/b gives the result.
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‘ Sub-Exponential Random Variableﬂ

Note:

o2 = E(X — u)? < b?, so this bound is always at least as good as
Hoeffding’s inequality. If the variance is sma#t{ < b?), then it can
be a large improvement. We'll see examples where this inggm@ant is
necessary to get optimal rates.
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‘ Sub-Exponential Random Variableﬂ

Note:

For independenKi, sub-exponential with parameteis?, b; ), the sum
X = X1+ -+ X, Is sub-exponential with parameters

(ZZ 7J,maxz )
Indeed, forEX,; = 0,

Mx(\) = H E exp(AX;)

< Hexp()\2ai2/2) = exp <)\2 ZOE/2> ;

where the inequality holds provided| < 1/b; for all 7.
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‘ Sub-Exponential Random Variableﬂ

Hence,

Theorem: For independenk;, sub-exponential with parametgks?, b; ),
with meany;,

Z(Xi — ) >t

1=1

_ exp(—nt?/(20%)) for0 <t < o?/b,
| exp(—nt/(2b)) fort > o2 /b,

wheres? = Y. 07 andb = max; b;.
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