
Theoretical Statistics. Lecture 6.
Peter Bartlett

1. U-statistics.

2. Projections.
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Review.U -statistics

Definition: A U -statistic of order r with kernel h is

U =
1

(

n

r

)

∑

i⊆[n]

h(Xi1 , . . . , Xir
),

whereh is symmetric in its arguments.
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Review.U -statistics: Examples

• s2
n is aU -statistic of order2 with kernelh(x, y) = (1/2)(x − y)2.

• Kendall’sτ : test for independence.

• Wilcoxon one-sample rank statistic: test for symmetry. Sumof

U-statistics.
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Review. Properties ofU -statistics

• “U” for “unbiased”: EU = Eh(X1, . . . , Xr).

• Var(U(X1, . . . , Xn)) ≤ Var(h(X1, . . . , Xr)) (Rao-Blackwell

theorem).

• Concentration: If|h(X1, X2)| ≤ B a.s., then

P (|U − EU | ≥ t) ≤ 2 exp(−nt2/(8B2)).
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Review. Variance of U-statistics

Var(U) =
1

(

n

r

)

r
∑

c=1

(

r

c

)(

n − r

r − c

)

ζc

=
r

∑

c=1

θ(n−c)ζc,

ζc = Cov(h(XS), h(XS′)) where|S ∩ S′| = c

= Var(E [h(Xr

1 )|Xc

1 ]) .

So if ζ1 6= 0, the first term dominates:

nVar(U) → nr!(n − r)!r(n − r)!

n!(r − 1)!(n − 2r + 1)!
ζ1 → r2ζ1.
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Variance of U-statistics: Example

Estimator of variance:h(X1, X2) = (1/2)(X1 − X2)
2:

ζ1 = Cov(h(X1, X2), h(X1, X3))

= Var(E[h(X1, X2)|X1]) + E[Cov(h(X1, X2), h(X1, X3)|X1]

= Var(E[h(X1, X2)|X1]) = Var

(

E

[

1

2
(X1 − X2)

2|X1

])

= Var

(

E

[

1

2
(X1 − µ + µ − X2)

2|X1

])

= Var

(

1

2
((X1 − µ)2 + σ2)

)

=
1

4
(µ4 − σ4),

whereµ4 = E((X1 − µ)4)) is the 4th central moment. So
nVar(U) → µ4 − σ4.
We’ll see that

√
n(U − σ2) N(0, µ4 − σ4). (What if µ4 − σ4 = 0?)
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Variance of U-statistics: Example

Recall Kendall’sτ : For a random pairP1 = (X1, Y1), P2 = (X2, Y2) of

points in the plane, ifX, Y areindependent and continuous [andP1P2 is

the line fromP1 to P2]

h(P1, P2) = (1[P1P2 has positive slope] − 1[P1P2 has negative slope]) ,

ζ1 = Cov(h(P1, P2), h(P1, P3))

... = 1/9

sonVar(U) → 4/9. We’ll see that
√

nU  N(0, 4/9). And this gives a

test for independence.
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Asymptotic distribution of U-statistics

How do we find the asymptotic distribution of a U-statistic?

We’ll appeal to this theorem:

Theorem:

Xn  X andd(Xn, Yn)
P→ 0 =⇒ Yn  X.

In particular, we find another sequenceÛ such that

• √
n(U − θ − Û)

P→ 0, and

• The asymptotics of̂U are easy to understand.

In this case, we find̂U of the formÛ =
∑

i
f(Xi). Then the CLT gives the

result.
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Asymptotic distribution of U-statistics

1. Why do functions of a single variable suffice? Because the interactions

are weak.

2. How do we find suitable functions? Byprojecting: finding the element

of the linear space of functions of single variables that captures most of

the variance ofU .

This leads us to the idea ofHájek projections.
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Projection Theorem

Consider a random variableT and a linear spaceS of random variables,

with ES2 < ∞ for all S ∈ S andET 2 < ∞. [Write T ∈ L2(P ),

S ⊂ L2(P ), the Hilbert space of finite variance random variables defined

on a probability space.] Aprojection Ŝ of T onS is a minimizer overS of

E(T − S)2. [Picture]

Theorem: Ŝ is aprojection of T onS iff Ŝ ∈ S and, for allS ∈ S, the

errorT − Ŝ is orthogonal toS, that is,

E(T − Ŝ)S = 0.

If Ŝ1 andŜ2 are projections ofT ontoS, thenŜ1 = Ŝ2 a.s.
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Projection Theorem

Notice that ifS contains constants, thenS = 1 ∈ S shows that

E(T − Ŝ) = 0, i.e.,ET = EŜ.

Also, for all S ∈ S, S − ES ∈ S, so

Cov(T − Ŝ, S) = E((T − Ŝ)(S − ES)) = 0.
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Projection Theorem Proof

Theorem: 1. Ŝ ∈ S is aprojection of T on S (minimizesE(T − S)2)

iff, for all S ∈ S, E(T − Ŝ)S = 0.

2. If Ŝ1 andŜ2 are projections ofT ontoS, thenŜ1 = Ŝ2 a.s.

We can write the criterion, for anyS ∈ S as

E(T − S)2 = E(T − Ŝ + Ŝ − S)2

= E(T − Ŝ)2 + 2E((T − Ŝ)(Ŝ − S)) + (Ŝ − S)2.

If E(T − Ŝ)S = 0, then this isE(T − Ŝ)2 + (Ŝ − S)2, which is minimized

for S = Ŝ, and strictly minimized unlessE(Ŝ − S)2 = 0, soŜ is unique.
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Projection Theorem Proof

If Ŝ is a projection, then

E(T − Ŝ − αS)2 = E(T − Ŝ)2 − 2αE(T − Ŝ)S + α2
ES2

is at leastE(T − Ŝ)2 for anyS ∈ S and anyα. And this implies that

E(T − Ŝ)S = 0.
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Projection Theorem

• Pythagoras theorem:E(T )2 = E(T − Ŝ + Ŝ)2 = E(T − Ŝ)2 +E(Ŝ)2.

• If S contains constants,E(T ) = E(Ŝ) and

Var(T ) = Var(T − Ŝ) + Var(Ŝ).

• So if S contains constants and̂S andT have the same variance, then

Ŝ = T a.s.

• A similar property holds asymptotically...
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Projections and Asymptotics

ConsiderSn a sequence of linear spaces of random variables that contain

the constants and that have finite second moments.

Theorem: ForTn with projectionsŜn onSn,

Var(Tn)

Var(Ŝn)
→ 1 =⇒ Tn − ETn

√

Var(Tn)
− Ŝn − EŜn

√

Var(Ŝn)

P→ 0.
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Projections and Asymptotics: Proof

Define

Zn =
Tn − ETn
√

Var(Tn)
− Ŝn − EŜn

√

Var(Ŝn)
.

Clearly,EZn = 0.

Var(Zn) = 2 − 2
Cov(Tn, Ŝn)

√

Var(Tn)

√

Var(Ŝn)

= 2 − 2

√

Var(Ŝn)
√

Var(Tn)

→ 0,

where the second equality is becauseS contains constants, so
Cov(Tn − Ŝn, Ŝn) = 0, hence Cov(Tn, Ŝn) = Var(Ŝn).
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