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1. 
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jLp,9
^G,9�P�
8
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6
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(3) �u�6k���~��z,
.*H&w1�j^G6k!b�0&���l!N!
m26d (sample space), Y
 Ω.6k!�u~0&��j
m2) (sample point), Y
 ω.

1



2 'uC rq}X!E2W%j Ω m~�u1vp!�N
^G.p (random event), ��CÆ� A, B,

C, · · · >,�u~^G.p`�u~H03℄!6k��j
u~E2.p (Pu~m2)b�l!N! {ω}).56km
ju~.pJ�0^�lp.p!u~m2)z,���m26d Ω )�\b�!m2)
b|5��6km
d�0J�
��j Ω 
8x.p (certain event). 6N ∅ H)�{ m2)
e5��6km�HJ�
b|j ∅ 
H0&.p (impossible event).

2. 
6sP�IR�5�.p A !J�8x�e.p B !J�
:j.p A )��.p B, C.p B )�.p A, Y
 A ⊂ B, �j
.p!)� (contain) �&�� A ⊂ B 
e B ⊂ A, :j.p A�.p B #a (equivalent), Y
 A = B.�.p A �.p B d��u~J�
:j
.p!� (union), Y
 A∪B.� n ~.p A1, A2, · · ·, An md��u~J�
:j
 n ~.p!�
Y

A1 ∪ A2 ∪ · · · ∪ An C n⋃

i=1

Ai.|m
0|1�0^�l~.p!� A1 ∪A2 ∪ · · · ∪An ∪ · · · C ∞⋃
i=1

Ai, >,�l~.pmd��u~J���.p AJ�F.p B HJ�
:j
.p A�.p B !`
Y
 A−B.�.p A � B |"J�
:j.p A �.p B !H (intersection), Y

A∩B C AB. � n ~.p A1, A2, · · ·, An |"J�
:j
 n ~.p!H
Y
 A1 ∩ A2 ∩ · · · ∩ An C n⋂

i=1

Ai.|m
0|1�0^�l~.p!H A1 ∩A2 ∩ · · · ∩An ∩ · · · C ∞⋂
i=1

Ai, >,�l~.p|"J���.p A � B H&|"J�
:j.p A �.p B 
-u.p (mutually

exclusive event) CH/�.p (incompatiable event), Y
 AB = ∅.5u�6km
E2.pXd0YY-u!�� A
^G.p
j�.p AHJ��!.p
.p A!BQ.p (opposite

event) C+.p (complementary event), Y
 A. .p�BTQ.p��(�



1.1 ^G.p�rq 3&�
A ∪ A = Ω, AA = ∅.�1�0W�BQ.pu10-u.p
�-u.pHu10BQ.p�

3. 
6sPR���
(1) x:p

A ∪ B = B ∪ A, AB = BA. (1.1)

(2) �!p
(A ∪ B) ∪ C = A ∪ (B ∪ C), (A ∩ B) ∩ C = A ∩ (B ∩ C). (1.2)

(3) ℄<p
(A ∪ B)C = (AC) ∪ (BC), A ∪ (BC) = (A ∪ B)(A ∪ C). (1.3)

(4) � · ��p
A1 ∪ A2 = A1 ∩ A2, A1 ∩ A2 = A1 ∪ A2. (1.4)B� n ~C0^�l~.p�

n⋃

k=1

Ak =
n⋂

k=1

Ak,
n⋂

k=1

Ak =
n⋃

k=1

Ak,
∞⋃

k=1

Ak =
∞⋂

k=1

Ak,
∞⋂

k=1

Ak =
∞⋃

k=1

Ak. (1.5)

(5) iK~�
A − B = AB C A − B = A ∩ B. (1.6)

1.1.2 ��
1. ��R��,_o5rqvmCWm26d Ω !{ �N)0|,�.p
b1�!.pXd
~�u1!�G���



4 'uC rq}X!E2W%_o 1.1 ?o7VY E 3\V
O� Ω, F R Ω 3[<
�3<a
B`
(1) Ω ∈ F ;

(2) 0 A ∈ F , " A ∈ F ;	Lf�nbY�
(3) 0 Ai ∈ F , i = 1, 2, · · ·, " ∞⋃

i=1

Ai ∈ F . 	L�/d�nbY�"� F � Ω 3
w σ- %a	QU��
 F G3<���QU�\V
O Ω �
σ %a3Q
� (Ω,F) ���x
O�_o 1.2 o7VY E 3\V
O� Ω, (Ω,F)R�x
O
L�JwQU A ∈ F ,?n
wIa P (A) �7Lu
0�a P (·) B`�U�

(1) LJwQU A, ~~ 0 ≤ P (A) ≤ 1;

(2) P (Ω) = 1;

(3) 0QU A1, A2, · · · **��
?L� i, j = 1, 2, · · ·, i 6= j, AiAj = ∅ ~~
P (A1 ∪ A2 ∪ · · ·) = P (A1) + P (A2) + · · · ,"� P (A) �QU A 3n: (probability), � (Ω,F , P ) �n:
O�

2. ��RR!R! 1: P (∅) = 0, PH0&.p!rq

��KjN�DHlQ
P P (A) = 0 6⇒ A = ∅.R! 2: �.p A1, A2, · · · , An YY-u
:�
P (A1 ∪ A2 ∪ · · · ∪ An) = P (A1) + P (A2) + · · · + P (An), (1.7)P-u.p�!rq#�d��
rq!��R! 3: B{u.p A, )� P (A) = 1 − P (A).R! 4: BY~.p A � B, � A ⊂ B, :�

P (B − A) = P (B) − P (A), P (B) ≥ P (A). (1.8)R! 5: (_K�+) B{�Y~.p A � B, �
P (A ∪ B) = P (A) + P (B) − P (AB). (1.9)



1.1 ^G.p�rq 5Kj 5 0|��
�
P (A1 ∪ A2 ∪ A3) = P (A1) + P (A2) + P (A3) − P (A1A2) − P (A1A3)

−P (A2A3) + P (A1A2A3), (1.10)

P (A1 ∪ A2 ∪ · · · ∪ An) = S1 − S2 + S3 − S4 + · · · + (−1)n−1Sn, (1.11)Tm S1 =
n∑

i=1

P (Ai), S2 =
∑

1≤i<j≤n

P (AiAj), S3 =
∑

1≤i<j<k≤n

P (AiAjAk), · · ·,

Sn = P (A1A2 · · ·An).

1.1.3 �\�O�^G.p E !m26dm`��-~m2)
P Ω = {ω1, ω2, · · · , ωn}, Tm n 
m2)�G��~m2) ωi(i = 1, 2, · · · , n) z,0#0&!
Ce��6k�e��u~m2)J�
:jLJ,9
�*rH (classical probability

model). �.p A )� m ~m2)
:.p A !rq1�

P (A) =

m

n
=
.p A )�!E2.pGE2.p�G . (1.12)� 1.1 ?~ k wk�3	�`^��
Jw�C
j�\3n: 1/l >/ l wu[ (l ≥ k) 3J
wG
�Jwu[�+^'mMw�
V`a�,)*QU

A � B 3n:�
A: ;?3 k wu[Gx~
w��
B: �� k wu[
	Gx~
w��[����~m0|y� l ~|�m!{u~
Ce�u~|�m0y�{�D~m
b| k ~my� l ~|�m!℄Ij?/��	 l ~|�mXr k ~!0qk4^
�m26d�� lk p#0&!E2���.p A b�E2��G
0 k ~m5^1! k ~|�m!u4^G
P k!,b|

P (A) =
k!

lk
.
\\z.p B b�!E2.pG
0�2℄YJ
J��
 k ~|�0|0{�Xr!
�0*	 l ~|�m{�Xz k ~D
XK�� Ck

l p�B�



6 'uC rq}X!E2W%�pX1! k ~|�
vÆD��u~m!�L
:� k! ~E2��
� B �� Ck
l k! ~E2���b|

P (B) = Ck
l

k!

lk
=

l!

(l − k)!lk
.rqv!N&Æ�u~L
|�!�q — ���q�n k ~|!|Z��Yz��/|!rq���L k ~|Z,�P 1.1 m! k ~m
F�u, 365 t,�|�
P

l = 365,:ÆD! P (B)�0bpn!rq�P�
k = 40"
P (B) = 0.109. CK:&4M
40 ~|Zmd�Y~z|ut���!rq0�P (B) = 1−0.109 =

0.891, Trq�!z)�℄�
1.1.4 ?&�O�^G6k!m26d0�u0<Z!p�
Ce{�u)y5<Z (d<��H�rH) /|!�p�$0#0&!
:.p A !rq1�


P (A) =
SA

S
=
�l.p A !�p�!<Zm26d!<Z . (1.13)Lprq�Hj
R rH (geometric probability model).� 1.2 (Buffon(O_) ~N�q). ?�R:!~5z� a 3
��E/��
H�� l(l < a) 3-om)/�R:
�-��E/0\3n:�[� � x >,N!mE��ÆuvIJ.!%K
 θ >,N��Z.d!xz (� 1.1(a)), : (θ, x) �u'1Nby!�f�N!b�0&!�f


Ω =
{

(θ, x) : 0 ≤ θ ≤ π, 0 ≤ x ≤ a

2

}
.d0� θ − x I�Æ!u~�ID>, (� 1.1(b)). N�IJ./x!v℄8pvp0 x ≤ l

2
sin θ, P� 1.1(b) m��K℄
d!�H


SA =

∫ π

0

l

2
sin θdθ = l.��
���I�Æ^�}u�NL�
 Ω $!{u)
#0&
eYN�{uIJ./x!.p
 A, :

P (A) =
SA

S
=

2l

πa
. (1.14)



1.1 ^G.p�rq 7

6

?
6

?

?

6
x

a

a
-

6

x = l
2
sin θ

π0

a
2

θ

x

θ

(a) (b)� 1.1: Buffon ~N!R rq�+ (1.14) 0|O�~N6kX\ π \��^G~N n �
Tm k �N./x
� n v℄�"
0�Eq k
n
�
rq p !
X\
	Fn� π !
X\

π̂ =

2ln

ak
. (1.15)�#�+ (1.15), N&Æ=�u�ZK�\^G~N6k
C�� π !
X\�

1.1.5 �P��e�^G.pXd!�&"
5{W��.pJ�!vp(-ofu�.pJ�!rq�p��<3O� <3
0!℄qp!�� A � B 0Y~.p
e P (B) > 0, j
P (A|B) =

P (AB)

P (B)
(1.16)
5.p B J�!vp(
.p A J�!vprq (conditional probability).P�
�Nrm� N ~!z� M ~1z
Tm;	�K!K n z
1K

m z�� Ω >,pNr
 A >,Tmur1K!N!
 B >,Tmur	�K!N!���	 Ω m^�xruz
:L~z℄?01K�	�K�|"Z
1K�0	�K!rq℄?

P (A) =

M

M + N
, P (B) =

m + n

M + N
, P (AB) =

m

M + N
.��-1`	1Km^Gxruz (P.p A {J�), ��L~1z
	�K! (vp) rq

P (B|A) =
m

M
=

P (AB)

P (A)
.



8 'uC rq}X!E2W%vprqq0rq
d~�rq�L31�m!�v
P
(1) B�~.p A, )� 0 ≤ P (A|B) ≤ 1;

(2) P (Ω|B) = 1;

(3) �.p A1, A2, · · ·, YY-u
PB� i, j = 1, 2, · · ·, i 6= j, AiAj = ∅ �
P ((A1 ∪ A2 ∪ · · ·)|B) = P (A1|B) + P (A2|B) + · · · ,CeB�5℄��z!rqKj��+
q81��vprq�P�
B{�!.p A1, A2, �

P ((A1 ∪ A2)|B) = P (A1|B) + P (A2|B) − P (A1A2|B).

1.1.6 ��R�o�o�P���o� Bayes �o�vprq�+
�
P (AB) = P (A|B)P (B) = P (B|A)P (A). (1.17)j+ (1.17) 
rq!nK�+ (multiplication formula).nK�+!���B�{ SRG n ≥ 2, � P (A1A2 · · ·An−1) > 0 "
�

P (A1A2 · · ·An−1An) = P (A1)P (A2|A1)P (A3|A1A2) · · ·P (An|A1A2 · · ·An−1).

(1.18)_o 1.3 ,
QU
 B1, B2, · · · B`
(1) B1, B2, · · ·**��
? Bi

⋂
Bj = ∅, i 6= j, i, j = 1, 2, · · ·, � P (Bi) > 0,

i = 1, 2, · · ·.
(2) B1 ∪ B2 ∪ · · · = Ω,"�QU
 B1, B2, · · · R\V
O Ω 3
w"`�� B1, B2, · · · 0m26d Ω !u~2℄
 A 
{u.p
:

P (A) =

∞∑

i=1

P (Bi)P (A|Bi). (1.19)j+ (1.19) 
urq�+ (formula of total probability).



1.1 ^G.p�rq 9� B1, B2, · · · 0m26d Ω !u~2℄
:B{u.p A (P (A) > 0), �
P (Bi|A) =

P (BiA)

P (A)
=

P (Bi)P (A|Bi)
∞∑

j=1

P (Bj)P (A|Bj)
, i = 1, 2, · · · , (1.20)j+ (1.20)
 Bayes (.tN) �+ (Bayes formula),j+m! P (Bi)(i = 1, 2, · · ·)
*krq
j P (Bi|A) (i = 1, 2, · · ·) 
'krq�5$[m

rBm26d Ω !�-2℄ B1, B2, · · · , Bn	P� B � B ��lm26d Ω !u~2℄�� Bi 
15
�e6k�� A J�!�"��
F P (Bi) >,�p�"��J�!0&K�=
�j
*krq� P (Bi|A) :N
�6ka�\�� A X'
3B�p�"��rq!D|%
�j
'krq�� 1.3 K?zR�Jt+GS.KqA�z C `OUPY+~qA,
QU
z A `OUPY+�ZFUu,
QU�? P (A|C) = 0.95, P (A|C) = 0.90.0[&#G P (C) = 0.0004, -~
&	ZFUu
��&"�qA)+3n:

P (C|A).[�� Bayes �+
�
P (C|A) =

P (C)P (A|C)

P (C)P (A|C) + P (C)P (A|C)

=
0.0004 × 0.95

0.0004 × 0.95 + 0.9996 × 0.10
= 0.0038.

1.1.7 b�sP��Y.p A, B !H.pJ�!rq#�LY~.p!rq!nH
P
P (AB) = P (A)P (B),:j.p A �.p B 0/-9Q! (mutually independent).R!��.p A �.p B /-9Q
: A � B, A � B, A � B q/-9Q�"��� A1, A2, · · · , An 
 n~.p
n ≥ 2. ��B�Tm!{� k (k ≥ 2)~.p Ai1 , Ai2, · · · , Aik , 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n, #+

P (Ai1Ai2 · · ·Aik) = P (Ai1)P (Ai2) · · ·P (Aik)



10 'uC rq}X!E2W%)lQ
:j n ~.p A1, A2, · · · , An /-9Q�D~/-9Q.p��(Kj�
(1) �.p A1, A2, · · · , An /-9Q
: A1, A2, · · · , An m{� k (k ≥ 2) ~.p Ai1 , Ai2 , · · · , Aik , 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n, q/-9Q�
(2) �.p A1, A2, · · · , An /-9Q
:.p B1, B2, · · · , Bn q/-9Q�Tm Bi C
 Ai C
 Ai, i = 1, 2, · · · , n.���� A1, A2, · · · , An /-9Q:� A1, A2, · · · , An YY/-9Q
N�D� A1, A2, · · · , An YY/-9Q:Hu1� A1, A2, · · · , An /-9Q�.$Æ


n ~.p/-9Q
:p� C2
n + C3

n + · · ·+ Cn
n = 2n − n − 1 ~#+lQ
FYY9Q`P� C2

n = n(n−1)
2

~#+lQ�� 1.4 ?~ 4 &�}
	G 3 &:`aE~℄\ A � B, B � C, A � C, 8 4&R
G��Go7��
&
tz A, (B � C) `aEQU “�/3�}:~℄\ A, (B � C)”, "+$~
P (A) = P (B) = P (C) =

1

2
,

P (AB) = P (AC) = P (BC) =
1

4
,

P (ABC) = 0 6= P (A)P (B)P (C).r�
 A, B, C 3wQUG'm*w0�E"
),3wQUdk0�E"�
1.1.8 n & Bernoulli w`==��B���u~^G6k`�Yp0&!�� A � A, Ce

P (A) = p, P (A) = 1 − p = q,Tm 0 < p < 1,:j�6k
 Bernoulli (D0O)6k (Bernoulli trial). Bernoulli6k9Qqk
J n �
j
 n q Bernoulli 6k�P�
	u=aFmfk�F
5Tm
J�V=xm n �
x��Fj

“l�”, x�SFj
 “  ”, L�0 n q Bernoulli 6k��

Ak = {n q Bernoulli 6km A z, k �},



1.2 ^G<ZOT℄I 11:
P (Ak) = Ck

npk(1 − p)n−k, k = 0, 1, 2, · · · , n. (1.21)L�0|�!I5℄I

Y� B(n, k).

1.2 Æ7+�>>x2
1.2.1 
6*
R_o_o 1.4 ? E Ro7VY
 Ω R\V
O
,
L�J
w ω ∈ Ω, C~
w"?3Ia X(ω) �7Lu
0L�'mIa x ∈ R, ~ {ω : X(ω) < x} ∈ F ,"� Ω :3(:I�a X(ω) �
wo7℄+ (random variable).	1�0W^G<Z01�5m26d Ω Æ
r\5$G�Æ!�G���d!
<Z0^G6k!��
F^G6k��!z,$�^GK
��
^G<Z!r\q$�u1!^GK�L0^G<Z�P{�G!H|X��
1.2.2 
6*
Rw1���Du~^G<Z
H�pM�d&	r��\
Fe8p�EdrL�\!rq���
��^G<Z!℄I�G!r-�_o 1.5 ? X R
wo7℄+
L'm3Ia x, 4

F (x) = P{X ≤ x}, x ∈ (−∞, +∞), (1.22)"� F (x) �o7℄+ X 3`l�a (distribution function), _��n:�8�a (probability cumulative function).	Z�Æ,
℄I�G F (x)0u~1�5 (−∞, +∞)Æ!$\�G
F (x)5) x �r\
^G<Z X y5pd (−∞, x] Æ!rq�℄I�G$�|(Kj
(1) 0 ≤ F (x) ≤ 1;

(2) F (x) 0�-Hi�G
P� x1 < x2 "
 F (x1) ≤ F (x2);

(3) F (−∞) = lim
x→−∞

F (x) = 0, F (+∞) = lim
x→+∞

F (x) = 1;

(4) F (x) 0�TV!�G
P lim
x→x+

0

F (x) = F (x0), ∀ x0 ∈ R )lQ�



12 'uC rq}X!E2W%
(5) P{a < X ≤ b} = F (b) − F (a);

(6) P{X > a} = 1 − P{X ≤ a} = 1 − F (a).5LvÆ{�T����u~�G~�ÆD!℄RvKj
:du10�~^G<Z!℄I�G�
1.2.3 ~^O
6*


1. ~^O
6*
_o 1.6 ,
o7℄+ X 3 n�
�:=~~.Mw4�/��Mw
"�
X ��4Co7℄+�_o 1.7 L��4Co7℄+ X �
�:� xk 3n:��

P{X = xk} = pk, k = 1, 2, · · · , (1.23)"�N (1.23) ��4Co7℄+ X 3`l9�K�H^G<Z!℄Ip$ pk �|(Kj�
(1) pk ≥ 0, k = 1, 2, · · ·;
(2)

∞∑
k=1

pk = 1.0�> 1.1 D>,T℄Ip� - 1.1: w1�
X x1 x2 · · · xk · · ·
pk p1 p2 · · · pk · · ·K�H^G<Z!℄I�G


F (x) = P{X ≤ x} =
∑

xk≤x

P{X = xk} =
∑

xk≤x

pk. (1.24)

2. =OR~^Ow1
(1) Y)℄I (0−1 ℄I)�^G<Z X !℄Ip
�

P{X = k} = pk(1 − p)1−k, k = 0, 1, (0 < p < 1), (1.25)



1.2 ^G<ZOT℄I 13:j X f	QG
 p !Y)℄I
Y� X ∼ B(1, p). T℄I�G

F (x) =






0, x < 0,

1 − p, 0 ≤ x < 1,

1, x ≥ 1.

(1.26)

(2) Bernoulli 6k
I5℄I�^G<Z X !℄Ip

P{X = k} = Ck

npk(1 − p)n−k, k = 0, 1, · · · , n, (1.27):j X f	QG
 n, p !I5℄I (binomial distribution), Y
 X ∼ B(n, p),Tm Ck
npk(1 − p)n−k 0 n q Bernoulli 6km.p A Y�J� k �!rq�T℄I�G


F (x) =

⌊x⌋∑

k=0

Ck
npk(1 − p)n−k, (1.28)Tm ⌊x⌋ >,(rR
PHf� x !��RG
(|�

(3) Poisson ℄I�^G<Z X !℄Ip

P{X = k} =

λke−λ

k!
, k = 0, 1, 2, · · · , (1.29):j X f	QG
 λ ! Poisson (EU) ℄I (Poisson distribution), Y� X ∼

P (λ) C X ∼ π(λ), Tm λ > 0 

G�T℄I�G

F (x) =

⌊x⌋∑

k=0

λk e−λ

k!
. (1.30)_� 1.1 (Poisson 1L)� Bernoulli VYG
j pn %`QU A �VYG�-3n:
s�VY_a n ~�
,
 npn → λ, ", n → ∞ F
~

lim
n→∞

Ck
npk

n(1 − pn)n−k =
λke−λ

k!
. (1.31), n �"� pn �9F
Q3`l�jz Poisson `l�ii%�
?

Ck
npk

n(1 − pn)n−k ≈ λke−λ

k!
, (1.32)	G λ = npn.
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1.2.4 �VO
6*


1. �VO
6*
_o 1.8 L�o7℄+ X, ,
��
w?n� (−∞, +∞):3Zj�a f(x),K2L�'mIa x 
_~
F (x) = P{X ≤ x} =

∫ x

−∞
f(t) dt, −∞ < x < +∞, (1.33)"� X �&NCo7℄+
 f(x) � X 3n:NG�a (probability density

function), Q�n:NG�rqÆ<�G��(Kj�
(1)
∫ +∞
−∞ f(x)dx = 1;

(2) B�{�!$G a, b(a < b), 8� P{a < X ≤ b} =
∫ b

a
f(x)dx;

(3) � f(x) 5) x �TV
: f(x) = F ′(x);

(4) B{�$G a, �� P{X = a} = 0.

2. =OR�VOw1
(1) ).℄I�^G<Z X !rqÆ<�G


f(x) =

{ 1

b − a
, a ≤ x ≤ b,

0, Td,
(1.34):j X f	pd [a, b] Æ!).℄I (uniform distribution), Y
 X ∼ U [a, b].T℄I�G


F (x) =






0, x < a,
x − a

b − a
, a ≤ x < b,

1, x ≥ b.

(1.35)

(2) ^G℄I�^G<Z X !rqÆ<�G

f(x) =

{
λ e−λx, x ≥ 0,

0, x < 0,
(1.36)



1.2 ^G<ZOT℄I 15Tm λ > 0 

G
:j X f	QG
 λ !^G℄I (exponential distribution).T℄I�G

F (x) =

{
1 − e−λx, x ≥ 0,

0, x < 0.
(1.37)

(3) Sh℄I�^G<Z X !rqÆ<�G

f(x) =

1√
2πσ

exp

{
−(x − µ)2

2σ2

}
, −∞ < x < +∞, (1.38)Tm µ, σ(σ > 0) 0Y~
G
:j X f	QG
 µ, σ !Sh℄I (normal

distribution), qj
 Gauss ℄I
Y� X ∼ N(µ, σ2).� 1.2 �?!0QG
 µ = 0, σ = 1, µ = 0, σ = 0.5 � µ = 2, σ = 0.5 !Sh℄I!rqÆ<�G��

−3 −2 −1 0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

f

µ = 0, σ = 1

µ = 0, σ = 0.5
µ = 2, σ = 0.5

� 1.2: Sh℄I!rqÆ<�G��q< µ \
`>q<Sh℄I�I!�f
FH>q<d!I����q< σ \
:>q<Sh℄I!I��P�
5� 1.2 m
0|,�
q< µ\
$[Æ5q<Sh℄I!mE�f
µ \<=
�I8�x4
µ \<�
�I8�x4�Fq< σ, :q<�I!I�
 σ !\*=
T�I*6�F σ*�
:�I*Ij����u�GZQ	�S`!���Sh^G<Z!GZQ	�S`'
��~L�Lu)�



16 'uC rq}X!E2W%� µ = 0, σ = 1 "
 X ∼ N(0, 1), :j X f	=�Sh℄I�TrqÆ<�G

φ(x) =

1√
2π

exp

{
−x2

2

}
, −∞ < x < +∞. (1.39)T℄I�G


Φ(x) =
1√
2π

∫ x

−∞
e−

t2

2 dt, (1.40)e Φ(−x) = 1 − Φ(x).� 1.3 �z=�Sh℄I!rqÆ<q.
 |OB
pdÆH℄ (/
!

−4 −3 −2 −1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

x

f

68.3%

95.4%

99.7%

� 1.3: =�Sh℄I�B
pdÆH℄ (�H) !�℄4�H) !�℄4�� 1.3 >�
� X ∼ N(0, 1) "
 P{−1 ≤ X ≤ 1} = 0.683,

P{−2 ≤ X ≤ 2} = 0.954, P{−3 ≤ X ≤ 3} = 0.997, L�GZ^=5$[m0
�!

pHY�L~r-0|���u"Sh℄I
q�0M
	 µ− 3σ � µ + 3σ !pdÆrqÆ<q.X(!�HA��H! 99.7%, L�0|�! 3σ ":�� X ∼ N(µ, σ2), :
F (x) =

∫ x

−∞

1√
2πσ

e−
(t−µ)2

2σ2 dt = Φ

(
x − µ

σ

)
, −∞ < x < +∞. (1.41)� 1.4 �z\Sh℄I!rqÆ<�G�℄I�GXd!�&
 Tmq.
r
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−4 −3 −2 −1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

x

f

x

f(x)F(x)

� 1.4: rqÆ<�G�℄I�GXd!�&qÆ<�G f(x), F��K℄:0℄I�G F (x). ���~��
P{x1 < X ≤ x2} = F (x2) − F (x1) = Φ

(
x2 − µ

σ

)
− Φ

(
x1 − µ

σ

)
. (1.42)

(� 1.4 m!rqÆ<�G0=�Sh℄I!rqÆ<�G).�^G<Z X ∼ N(0, 1), B{�! 0 < α < 1, j~�vp
P{X > Zα} =

∫ +∞

Zα

φ(x) dx = α (1.43)!) Zα 
=�Sh℄I!Æ α ℄�)�� 1.5 �z\=�Sh℄I!Æ α ℄�) Zα !R ��
 Tm��K℄�H!\
 α.

3. 
6*
R��Rw1�^G<Z X $�rqÆ<�G fX(x), −∞ < x < +∞, �� g(x) ��0�e g′(x) H<�
: Y = g(X) 0TVH^G<Z
TrqÆ<�G
�
fY (y) =

{
fX (h(y)) |h′(y)|, α < y < β,

0, Td,Tm α = min{g(−∞), g(∞)}, β = max{g(−∞), g(∞)}, x = h(y) 
 y = g(x) !N�G�
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−4 −3 −2 −1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

x

f

Zα

α� 1.5: =�Sh℄I!Æ α ℄�)� g(x) 0W�-�G
�^G<Z X !℄I�G
 FX(x), rqÆ<

fX(x), Y = g(X) !℄I�G
 FY (y), rqÆ<
 fY (y), :

FY (y) =

∫

g(x)≤y

dFX(x).��3
uJnz fY (y), H�Pp$r�q$r℄��
1.2.5 
6A


1. 
6A
R_o_o 1.9 ,
 X � Y R?n��
n:
O (Ω,F , P ) :3*wo7℄+
�
(X, Y ) �Q�o75+ (random vector), d� X � Y RQ�o75+ (X, Y )3*w`+�IÆ^G8Z (X, Y ) 01�5m26d ΩÆ
r\� R2 Æ!�G�JS
01� n Æ^G8Z�_o 1.10 ? Ω �\V
O
 X1 = X1(ω), X2 = X2(ω), · · ·, Xn = Xn(ω) R Ω:3 n wo7℄+
"|sL��3 n �5+ (X1, X2, · · · , Xn) �� n �o75+ (n−dimensional random vector), � Xi � X 38 i w`+ (component).

2. 
6A
R�'w1��



1.2 o7℄+=	`l 19_o 1.11 ? (X, Y ) R?n� (Ω,F , P ) :3o75+
L'm3 (x, y) ∈ R2,Q
�a
F (x, y) = P{ω : X(ω) ≤ x, y(ω) ≤ y}, (1.44)�� (X, Y ) 3%�`l�a (joint distribution function), 	G {X ≤ x, Y ≤ y}`OQU {X ≤ x} �QU {Y ≤ y} 38QU�? X1, X2, · · · , Xn R
w n �o75+
L'm3 (x1, x2, · · · , xn) ∈ Rn, n
�a

F (x1, x2, · · · , xn) = P{ω : X1(ω) ≤ x1, X2(ω) ≤ x2, · · · , Xn(ω) ≤ xn, }, (1.45)�� (X1, X2, · · · , Xn) 3%�`l�a�
3. w1��RR!
(1) B�{�Æ1! y, � x2 > x1 "
F (x2, y) ≥ F (x1, y). B�{�Æ1!

x, � y2 > y1 "
 F (x, y2) ≥ F (x, y1), P F (x, y) B�~
<Z0�-Hi!�
(2) 0 ≤ F (x, y) ≤ 1, eB�{�Æ1! y, F (−∞, y) = 0. B�{�Æ1!

x, F (x,−∞) = 0, F (−∞,−∞) = 0, F (+∞, +∞) = 1.

(3) F (x, y) = F (x + 0, y), F (x, y) = F (x, y + 0), P F (x, y) �� x �TV
q�� y �TV�
(4) B�{� (x1, y1), (x2, y2), x1 < x2, y1 < y2, (DH#+

F (x2, y2) − F (x2, y1) − F (x1, y2) + F (x1, y1) ≥ 0lQ��|ÆKj0�|(�v�^G) (X, Y ) y5�I� {x1 < x ≤ x2, y1 < y ≤ y2} $!rq

P{x1 < X ≤ x2, y1 < Y ≤ y2} = F (x2, y2) − F (x2, y1) − F (x1, y2) + F (x1, y1).

(1.46)

4. ~^Om'
6A
_o 1.12 ,
Q�o75+ (X, Y ) 3Jw`+CR�4Co7℄+
"�
(X, Y ) RQ��4Co75+�



20 'uC rq}X!E2W%_o 1.13 ?Q��4Co75+ (X, Y )q~3�
�:� (xi, yj), i = 1, 2, · · ·,
j = 1, 2, · · · 3n:��

P{X = xi, Y = yj} = pij , i, j = 1, 2, · · · , (1.47)"�N (1.47) ��4Co75+ (X, Y ) 3`l9 (%�`l9).+x
 pij (i, j = 1, 2, · · ·) ~�|(Y~vp�
(1) pij ≥ 0, i, j = 1, 2, · · ·;
(2)
∑
i

∑
j

pij = 1.K�H^G8Z (X, Y ) !℄I�G
�
F (x, y) =

∑

xi≤x,yj≤y

pij , ∀x, y ∈ R.

5. �VOm'
6A
_o 1.14 ,
L�Q�o75+ (X, Y ) 3`l�a F (x, y), ��Zj3�a
f(x, y), KL�'m3 x, y, ~

F (x, y) =

∫ y

−∞

∫ x

−∞
f(u, v) du dv, (1.48)"� (X, Y ) R&NC3Q�o75+
�a f(x, y) ��Q�o75+ (X, Y )3n:NG�a�rqÆ<�G��(Kj�

(1) f(x, y) ≥ 0, ∀ x, y ∈ R;

(2)

∫ +∞

−∞

∫ +∞

−∞
f(x, y) dx dy = F (+∞, +∞) = 1;

(3) 5 f(x, y) !TV)��
∂2F (x, y)

∂x∂y
= f(x, y);

(4) ^G) (X, Y ) y5I�p� G $!rq

P{(X, Y ) ∈ G} =

∫

G

∫
f(x, y) dx dy.
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6. '�w1
X, Y !9&℄I (marginal distribution) �G℄?0

FX(x) = P{X ≤ x} = P{X ≤ x, Y < +∞} = F (x, +∞), (1.49)

FY (y) = P{Y ≤ y} = P{X < +∞, Y ≤ y} = F (+∞, y). (1.50)� (X, Y ) 
K�H^G8Z
 X � Y !9&℄IpO9&℄I�G℄?

P{X = xi} =

∞∑

j=1

pij = pi., i = 1, 2, · · · , (1.51)

P{Y = yj} =

∞∑

i=1

pij = p.j, j = 1, 2, · · · , (1.52)

FX(x) = F (x, +∞) =
∑

xi≤x

∞∑

j=1

pij, (1.53)

FY (y) = F (+∞, y) =

∞∑

i=1

∑

yj≤y

pij . (1.54)� (X, Y ) 
TVH^G8Z
 X � Y !9&rqÆ<℄?
�
fX(x) =

∫ +∞

−∞
f(x, y)dy, (1.55)

fY (y) =

∫ +∞

−∞
f(x, y)dx, (1.56)T9&℄I�G℄?


FX(x) = P{X ≤ x} =

∫ x

−∞

[ ∫ +∞

−∞
f(x, y)dy

]
dx =

∫ x

−∞
fX(x)dx, (1.57)

Fy(y) = P{Y ≤ y} =

∫ y

−∞

[ ∫ +∞

−∞
f(x, y)dx

]
dy =

∫ y

−∞
fY (y)dy. (1.58)

7. =Om'
6A
Rw1
(1) IÆ).℄I
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% n:
C36V6J� (X, Y ) $��(rqÆ<�G
f(x, y) =

{ 1

A
, (x, y) ∈ D,

0, Td.
(1.59)Tm A 
I�p� D !�H\
:j�IÆTVH^G8Z (X, Y ) 5p� D$f	IÆ).℄I�

(2) IÆSh℄I N(µ1, µ2, σ
2
1 , σ

2
2, ρ)�� (X, Y ) $��(rqÆ<�G

f(x, y) =
1

2πσ1σ2

√
1 − ρ2

· exp

{
− 1

2(1 − ρ2)

[
(x − µ1)

2

σ2
1

− 2ρ
(x − µ1)(y − µ2)

σ1σ2

+
(y − µ2)

2

σ2
2

]}
,

−∞ < x < +∞,−∞ < y < +∞. (1.60)Tm µ1, µ2, σ1 > 0, σ2 > 0, |ρ| < 1 
$G
:j�IÆTVH^G8Z (X, Y )f	QG
 µ1, µ2, σ1, σ2, ρ !IÆSh℄I
Y� (X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ),|"j (X, Y ) 
IÆSh^G8Z�� 1.6 ?z\ ρ rH|\!j?
 5�m µ1 = 0, µ2 = 0, σ1 = 1, σ2 = 2.� ρ = 0 "
^G<Z X �^G<Z Y 09Q!
� ρ 6= 0 "
^G<Z X �^G<Z Y /� (H9Q), Ce� |ρ| *�Æ 1 "
/�o<*Æd�

1.3 Æ7+�S�8��
1.3.1 �W<%_o 1.15 ?�4Co7℄+ X 3`l9� P{X = xi} = pi, i = 1, 2, · · ·, 0�a ∑

i

|xi|pi W'
"��a ∑
i

xipi 3��o7℄+ X 3aQ�� (mathematical

expectation), E� E(X), ?
E(X) =

∑

i

xipi. (1.61)?&NCo7℄+ X 3n:NG�a� f(x), 08` ∫ +∞
−∞ |x|f(x)dx W'
"�8` ∫ +∞

−∞ xf(x)dx 3:�o7℄+ X 3aQ��
E� E(X), ?
E(X) =

∫ +∞

−∞
xf(x)dx. (1.62)
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E(X) ���~: (mean).GZQ	�>\^G<Zr\!I)\
0u~qp!GÆnQ�GZQ	$��(Kj�

(1) � c 0
G
: E(c) = c;

(2) E(aX + bY ) = aE(X) + bE(Y ), Tm a, b 
{�
G�
(3) � X, Y /-9Q
: E(XY ) = E(X)E(Y ).	GZQ	!�� (I)\), "�~L�ÆD 3 vKj!����� X1, X2, · · · , Xn 0 n ~^G<Z
Nk0�Kj (2), ��

E

(
n∑

i=1

aiXi

)

=

n∑

i=1

aiE(Xi), (1.63)Tm ai(i = 1, 2, · · · , n) 0
G�
1.3.2 r;_o 1.16 ? X �o7℄+
,
 E {[X − E(X)]2} ��
"� E{[X−E(X)]2}� X 3V| (variance), E� Var(X), ?

Var(X) = E
{
[X − E(X)]2

}
, (1.64)d�√

Var(X)� X 3_W| (standard deviation)4~V| (root mean square).S`0�D�D^G<Zr\/B�)\!K�o<!u~Z
q0W
qp!GÆnQ�S`��(Kj�
(1) � c 0
G
: Var(c) = 0;

(2) Var(aX + b) = a2Var(X), Tm a, b 
{�
G�
(3) �� X, Y /-9Q
: Var(X + Y ) = Var(X) + Var(Y ).	S`!�� (K�o<), "�~L�L 3 vKj!���0|T��

Var(X) = E(X2) − [E(X)]2. (1.65)+ (1.65) 0�
S`!X\�+�
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1.3.3 ?%=u
6*
w1R<%{r;
(1) � X f	QG
 p !Y)℄I B(1, p), Tm 0 < p < 1, :

E(X) = p, Var(X) = p(1 − p). (1.66)

(2) � X f	QG
 n, p !I5℄I B(n, p), 0 < p < 1, :
E(X) = np, Var(X) = np(1 − p). (1.67)

(3) � X f	QG
 λ ! Poisson ℄I P (λ), :
E(X) = λ, Var(X) = λ. (1.68)

(4) � X f	QG
 a, b !).℄I U [a, b], :
E(X) =

a + b

2
, Var(X) =

(b − a)2

12
. (1.69)

(5) � X f	QG
 λ !^G℄I
:
E(X) =

1

λ
, Var(X) =

1

λ2
. (1.70)

(6) � X f	QG
 µ, σ !Sh℄I N(µ, σ2), :
E(X) = µ, Var(X) = σ2. (1.71)�+ (1.71), |OQ	�S`!��
0|
uJ'}��L�� 1.2 !���

1.3.4 Gr;{;�5�
1. Gr;� X, Y 
Y~^G<Z
j E{[X −E(X)][Y −E(Y )]} 
 X � Y !AS` (covariance), Y
 Cov(X, Y ), P

Cov(X, Y ) = E{[X − E(X)][Y − E(Y )]}. (1.72)AS`�(���!/�&G80�D^G<Z X �^G<Z Y Xd!.KS&o<!GÆZ�



26 'uC rq}X!E2W%AS`$��(E2Kj�
(1) Cov(X, Y ) = Cov(Y, X);

(2) Cov(aX + b, cY + d) = acCov(X, Y ), Tm a, b, c, d 
{�
G�
(3) Cov(X1 + X2, Y ) = Cov(X1, Y ) + Cov(X2, Y );

(4) Cov(X, Y ) = E(XY )−E(X)E(Y ), n?&
� X � Y /-9Q"
�
Cov(X, Y ) = 0;

(5) |Cov(X, Y )| ≤
√

Var(X)
√

Var(Y );

(6) Cov(X, X) = Var(X).�� X1, X2, · · · , Xn 0 n ~^G<Z
O�ÆDKj��
Var

(
n∑

i=1

aiXi

)
=

n∑

i=1

n∑

j=1

aiajCov(Xi, Xj), (1.73)Tm ai(i = 1, 2, · · · , n) 0
G��� Xi(i = 1, 2, · · · , n) 0 n ~/-9Q!^G<Z
:+ (1.73) 0qC

Var

(
n∑

i=1

aiXi

)

=

n∑

i=1

a2
i Var(Xi). (1.74)

2. ;�5�� Var(X) > 0, Var(Y ) > 0 "
j
ρ(X, Y ) =

Cov(X, Y )√
Var(X)Var(Y )

(1.75)
 X � Y !/�&G (coefficient of correlation), d0�Zw!Z�TE2Kj
�
(1) |ρ(X, Y )| ≤ 1; |ρ(X, Y )| = 1 !vpvp
 X � Y Xd�.K�&
P�5
G a, b (a 6= 0) (�

P{Y = aX + b} = 1.$r& a > 0 "
B
 ρ(X, Y ) = 1; a < 0 "
B
 ρ(X, Y ) = −1.

(2) � X � Y /-9Qe Var(X), Var(Y ) �5
: ρ(X, Y ) = 0; n?&�
X � Y )
Sh℄I"
 X � Y /-9Q!vpvp
 ρ(X, Y ) = 0.



1.3 ^G<Z!GÆnQ 27B�IÆSh^G<Z X, Y , TÆ<�G (1.60) m! µ1 >, X !)\

µ2 >, Y !)\
 σ2

1 >, X !S`
 σ2
2 >, Y !S`
 ρ >, X � Y !/�&G�L�0
#�5� 1.6 m
� |ρ| *�Æ� 1 "
T�I*��

1.3.5 
{Gr;
Æ
1. 
�^G<Z X �℄I�G F (x), B{��1!SRG k, � E(|X|k) �5
:j

αk = E(Xk) =

∫ ∞

−∞
xkdF (x) (1.76)
 X ! k �")� (moment about origin). B� k > 1, � E(|X|k) �5
:j

µk = E
(
[X − E(X)]k

)
=

∫ ∞

−∞
(x − E(X))kdF (x) (1.77)
 X ! k �mE� (moment about centre).�0�R
�!uJGÆnQ
)\�S`℄?�0u�")��I�mE���℄I�G F (x) �mE� µ2 = E(X −E(X))2, µ3 = E(X −E(X))3, :j

Cs = µ3/µ
3
2
2 (1.78)
B<&G (coefficient of skewness).B<&G0u~�Zw!Z
d22℄I�G!BjK�� Cs > 0"
F (x)b>,!rq℄IB8)\!�V
NX:B8�V��℄I�G F (x) �mE� µ2 = E(X −E(X))2, µ4 = E(X −E(X))4, :j

Ck = µ4/µ
2
2 − 3 (1.79)
`<&G (kurtosis).`<&G0u~�Zw!Z
d22H|JH!℄I!Nm�℄�o<��^G<Z X �)\ µ �S` σ2, :j

X∗ = (X − µ)/σ (1.80)
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=�3^G<Z�
2. Gr;
Æ� X = (X1, X2, · · · , Xn), Y = (Y1, Y2, · · · , Ym) 
Y~^G<Z
:j

Cov(X, Y ) = (σij)n×m
 X � Y !AS`P (covariance matrix), Tm σij = Cov(Xi, Yj), i = 1, 2, · · ·,
n, j = 1, 2, · · ·, m.AS`P$��(Kj�

(1) Cov(X, Y ) = Cov(Y, X)T .

(2) Cov(AX + b, Y ) = ACov(X, Y ), Tm A 0�P
 b 08Z�
(3) Cov(X + Y, Z) = Cov(X, Z) + Cov(Y, Z).� X = (X1, X2, · · · , Xn) 
^G<Z
:j

Var(X) = Cov(X, X) = (σij)n×n
 X !S`P (variance matrix), qj
S` – AS`�P (variance-covariance

matrix), Tm σij = Cov(Xi, Xj), i, j = 1, 2, · · · , n.S`�P$��(Kj�
(1) Var(X) %S1
P ∀ a ∈ Rn, �

aT Var(X)a ≥ 0.

(2) ∀ a ∈ Rn, �
Var(aT X) = aT Var(X)a.

(3) ∀ A ∈ Rk×n, �
Var(AX) = AVar(X)AT .

(4) Var(X) = 0 !v℄8pvp0� ∃ a ∈ Rn, c ∈ R1, (�
aT X = c.



1.4 K-1L 29�\AS`�P!r-
 n ÆSh^G8Z!rqÆ<�G!>,�<��~\� n ÆSh^G8Z X = (X1, X2, · · · , Xn) !rqÆ<�G

f(x) =

1

(2π)
n
2 |Σ| 12

exp

{
−1

2
(x − µ)T Σ−1(x − µ)

}
, (1.81)Tm x = (x1, x2, · · · , xn)T , µ = (µ1, µ2, · · · , µn)T = (E(X1), E(X2), · · · , E(Xn))

T ,

Σ = Var(X) 
 n × n �AS`�PeS1�IÆSh^G<Z!Æ<�G (1.60) 0|,l n ÆSh^G8ZrqÆ<�G (1.81) !nP
TmAS`�P Σ 

Σ =

[
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

]
.B� n ÆSh^G8Z (X1, X2, · · · , Xn), ��(!Kj�

(1) X1, X2, · · · , Xn /-9Q� X1, X2, · · · , Xn YY-H/�#a�
(2) � Y1, Y2, · · · , Ym )0 X1, X2, · · · , Xn !.K�G
: (Y1, Y2, · · · , Ym)f	 m ÆSh℄I
pKjj
Sh℄I!.K<:H<K�
3. ;�
Æ� X = (X1, X2, · · · , Xn) 
^G<Z
:j

Cor(X) = (ρij)n×n
 X !/��P (correlation matrix), Tm ρij = Cor(Xi, Xj), i, j = 1, 2, · · · , n./��P$��(Kj�
(1) Cor(X) 
Bz.!X)
 1 !%S1Bj�P�
(2) � Σ = (σij)n×n 
S`�P
 D = diag

(
σ

1
2
11, σ

1
2
22, · · · , σ

1
2
nn

)
, :

Cor(X) = D−1ΣD−1.

1.4 ;9`�K-1L0rqv!E21LXu
5rqv�GL}X!Lve��$[
�m8$�qp!���5K-1Lm
�qp!0��G1p�mEK-1L�
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1.4.1 L�_��G1p07�^G<Z!\CI)\0b8
G7U!1p
0rqv�GL}XZ!E21pXu�_o 1.17 ? X1, X2, · · · , Xk, · · · Ro7℄+M/� E(Xk) �� (k = 1, 2, · · ·),4 Yn = 1

n

n∑
k=1

Xk, 0L�'my?3 ε > 0, ~
lim

n→∞
P{|Yn − E(Yn)| ≥ ε} = 0,4

lim
n→∞

P{|Yn − E(Yn)| < ε} = 1,"�o7℄+M/ {Xk} f�"a?9����G1p��
1. Bernoulli L�_�� nA 0 n �9Qqk6km.p A J�!�G
 p 0.p A 5��6kmJ�!rq
:B�{�!SG ε > 0, �

lim
n→∞

P
{∣∣∣

nA

n
− p
∣∣∣ < ε

}
= 1.

Bernoulli �G1p~,\ “Eq�1�rq” MK!$j�
2. Chebyshev(G%Y|) L�_��^G<Z X1, X2, · · ·, Xk, · · · /-9Q
e$�/|!Q	�S`�

E(Xk) = µ, Var(Xk) = σ2 (k = 1, 2, · · ·), :B�{�!SG ε > 0, �
lim

n→∞
P{|Yn − µ| < ε} = 1.

3. Khintchin(JH) L�_��^G<Z X1, X2, · · ·, Xk, · · · /-9Q
f	/|!℄I
eTQ	
E(Xk) = µ (k = 1, 2, · · ·), :B�{�!SG ε > 0, �

lim
n→∞

P{|Yn − µ| < ε} = 1.



1.4 K-1L 31�B^G<ZU^ X1, X2, · · ·, Xk, · · ·, �5
G a, (�B�{�!SG
ε > 0, �

lim
n→∞

P{|Xn − a| < ε} = 1,C
lim

n→∞
P{|Xn − a| ≥ ε} = 0)lQ
:j Xn vrq7U� a, Y� Xn

P−→ a. �Æ�! Chebyshev �G1p� Khintchin �G1p�
Yn =

1

n

n∑

i=1

Xi
P−→ µ.B��G1p
��(1L�_� 1.2 ?o7℄+ X y~�� E(X) = µ, V| Var(X) = σ2, "L�'m

ε > 0, ~
P {|X − µ| ≥ ε} ≤ σ2

ε2
. (1.82)j1L 1.2 m!H#+ (1.82) 
 Chebyshev H#+�d0u~qp!Lv�$

�"��P�
5���G1p!T�m
��d�

1.4.2 #L:8_�mEK-1L07�^G<ZU^K℄�!℄I0brÆ�Sh℄I!uJ1L�5
x�O�a�/Z$km
u�,9<�SD/-9Q!^G�X!�3
���~�X!�38"=
���!�30|,�0f	Sh℄I�mEK-1LS0	GZÆvT\Lu,9�_o 1.18 TR�
?�U)
K?o7℄+M/ X1, X2, · · · , Xk, · · · 3n`�
Yn =

n∑
k=1

Xk 3;.`l�2v`l3?�
~��G�;.?���Y~�|�!mEK-1L�
1. b��w1R#L:8_��^G<Z X1, X2, · · · , Xk, · · · /-9Q
f	|u℄I
Ce$�Q	�S`� E(Xk) = µ, V ar(Xk) = σ2 > 0, k = 1, 2, · · ·, :^G<Z

Yn =

n∑
k=1

Xk − nµ

√
nσ



32 'uC rq}X!E2W%!℄I�G Fn(x) 7U�=�Sh℄I�G
PB�{�$G x, �
lim

n→∞
Fn(x) = lim

n→∞
P{Yn ≤ x} = Φ(x),Tm

Φ(x) =
1√
2π

∫ x

−∞
e−

t2

2 dt.	mEK-1L0W
� n �	�"
 Yn ÆSf	=�Sh℄I N(0, 1),L5GL}Xm�W
qp!
��
2. De Moivre – Laplace (?&z – z;z�) #L:8_��^G<Z X1, X2, · · · , Xk, · · · /-9Q
Cef	QG
 p !Y)℄I
:B�{�$G x, �

lim
n→∞

P






n∑
i=1

Xi − np

√
np(1 − p)

≤ x





= Φ(x).

n∑
i=1

Xi f	I5℄I B(n, p). 	 De Moivre – Laplace mEK-1L0W
� n �	�"
 B(n, p) ÆS�Sh℄I�d09Q|℄I!mEK-1L!n=j?�
1.5 ���CS5$�/℄R�g���\rqv!E2$��5rqvm
u"05^G<Z℄I{W!j?(
	qlv^G<Z!Kj��0B�~$r!^G<ZDM
� 7�df	�p℄I���{Wdf	�pJH!℄I�p� w1d!�~QG�B�L��qrqv8���O�
L�80GL}Xbpe�!$�
CeL��q!e�8Z�Cd�sQ56k!E}Æ
GL}XZ0O�rqv!LvBbpe�!^G,9
JD�!�_C6k
e�� !L&B�G#
� BbB�!G#
JRL�℄�
� Bb�E!�q�z
XC7�!u
Z/
T$�W
_n�(��zGL}X!E2r-���GL}X!�pSK�/
! R �p$,t5'V!�Cm�|lv�
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1.5.1 9��Æ��MN
6
#5GL}Xm
je�B9!ur
�r (population), {
�u~^G<Z>,�r��l�r!�~E2�!}~r (individuals).	�r X m^GxruK℄~r X1, X2, · · ·, Xn, j X1, X2, · · ·, Xn 
r
 X !�Z
 n !m2 (sample).P�

\e��e�a!u=!pjZ!�5
�1(�;�$� 1 [="!
�F
:p=!p!ur�
�r
�~!p�0~r�$[Æ
GL}XZm!�r0^��r/S&!�~ (C�R~) GZ^= X r\!ur�4�
p=!p!(�;� X !r\ur�0e�B9!�r�+x X 0^G<Z
L"
�j X 
�r�
\7�p=!p!�Fq
��w!&K0rzuK!p
B�!p!;�6k�xF
;�6k$�M5K
P(��6k0WM5K!
6kqpH/\zR��R�"d
��`&	�rmxruK℄
4�M n~~r
J6k�6k��0��G\N! {x1, x2, · · · , xn}, Tm�~ xi 0' i �xm�_!�����p�#L��_��DB�r
J��
b|B��xm�Pp�u1!pn
pn��xr8R0^G!�9Q!
LmN&|�&NÆ�rj?�b�^G!0^�~~r1x�!G>0)#!
Lmx�!~rN$��>K�� X1, X2, · · · , Xn /-9Q
e�~ Xi � X |℄I
:j X1, X2, · · · , Xn 
g�^Gm2 (simple random sample), gjm2�{
� n j
m2�Z (sample

size).\���!0
m2$�YqK
P�5u�$r&xm'd0u�w1!G\��5u"TDmm2q0u�^G<Z
�
xm0^G!�	'
�
X1, X2, · · · , Xn >,^Gm2
d�r�!\Y
 x1, x2, · · · , xn, j
m2�Y\ (sample value).m2�
^G<Z
�u1!rq℄I
L~rq℄Ij
m2℄I�+x
m2℄Ir'��r!Kj�m2!Kj��r X $�℄I�G F (x), : (X1, X2, · · · , Xn) !S!rq℄I�G


F (X1, X2, · · · , Xn) =

n∏

i=1

F (xi).



34 'uC rq}X!E2W%� X $�rqÆ<�G f(x), : (X1, X2, · · · , Xn) !S!rqÆ<

f(X1, X2, · · · , Xn) =

n∏

i=1

f(xi).� 1.5 ^�C
��3J+ a, z��Y��Jhx+ n �


E� X1, X2,

· · ·, Xn, �\V (X1, X2, · · · , Xn) 3`l�[�̀ 1��YZ0/-9Q
P X1, X2, · · · , Xn 
ug�^Gm2�3`1YZ!^G�`f	Sh℄I
tI��&}�`
��^G�`!)\
 0,�0�r!rq℄I0`1
 N(a, σ2), Tm a 
�rXqZ
 σ2 NÆtI!�<�� (X1, X2, · · · , Xn) !rqÆ<

f(x1, x2, · · · , xn; a, σ2) =

n∏

i=1

1√
2πσ

exp

{
− 1

2σ2
(xi − a)2

}

= (
√

2πσ)−n exp

{

− 1

2σ2

n∑

i=1

(xi − a)2

}� 1.6 ?[;[
U3XW X �;a`l
f(x, λ) =





λ e−λx, x ≥ 0,

0, x < 0,g�
y}�GE"7�� n UhEXWVY
x2XWax� X1, X2, · · · , Xn,�\V (X1, X2, · · · , Xn) 3n:`l�[�vq��
 X1, X2, · · · , Xn 09Q|℄I!
e Xi ∼ f(x, λ), �bnrqÆ<

f(x1, x2, · · · , xn; λ) =

n∏

i=1

f(xi, λ)

=






λn exp

{
−λ

n∑
i=1

xi

}
, x1, x2, · · · , xn ≥ 0,

0, Td,

1.5.2 4�oI{w1:5P 1.5 m�r℄I
 N(a, σ2), Tm a � σ2 0w1℄I!
G�P 1.6 m�r℄I
^G℄I f(x, λ), λ q0w1℄I!
G�5GL}Xm
jz,5
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G
QG (parameter), ��
 a, σ2 � λ 80QG�L�QG0���r!qp!GZ^=
xF
L�QG��0�W!
j
�WQG�5P 1.5 m
 a 0�WQG
F σ2 0b
�WQGp,z�BtI�<!\�o<��BtI�<�	\�0|�z σ2 !\
: σ2 �0{WQG��BtI!�<H	\�
�K�z σ2 !\
�d�xm!�!�0p
X��L~�<
��
 σ2 �0�WQG
L"
j (a, σ2) 
QG8Z�QGb�0&!r\�l!N!j
QG6d��P 1.5 m (a, σ2) 80QG
:QG6d

Θ = {(a, σ2) : a > 0, σ2 > 0}. P 1.6 !QG6d
 Θ = {λ : λ > 0}.�m2℄I���WQG"
H|!QG\B
�H|!℄I���
0&!m2H_u~
F0u�
:j
m2℄I��|m
�5�WQG"
�r℄Iq0u�
�l�r℄I��P 1.5 m
� a � σ2 80�WQG
:�r℄I�
 {N(a, σ2) : a > 0, σ2 > 0}, m2℄I�
 {f(x1, x2, · · · , xn; a, σ2) : a >

0, σ2 > 0}. 5P 1.6 m
� λ 0�W!
:�r℄I�
 {f(x, λ) : λ > 0}, m2℄I�
 {f(x1, x2, · · · , xn, λ) : λ > 0}.

1.5.3 �B
$B
w1GL}X!{�0ON��L��^G�3!G#
CKM7Nm2CBX
J_�
|�Bbe�!�q�zu1!�v
Lu�oj

}X���5}X��m
Bm2
J_�RL
$[Æ�0�#m2X\zu�Z
(�L�Z&	tbe��q!F"NmVD�Lp�#m2X\z!Z�0(�tp1�!}XZ
��
}XZ0m2!�p�G�_o 1.19 ? X1, X2, · · · , Xn R_� X 3
wQ(o7\V
 T (X1, X2, · · ·,
Xn) �
w n 
&N�a
� T Gk�'���_�3�6sa
"� T (X1,

X2, · · ·, Xn) �
w
C+ (statistic). �
C+3`l��\`l (sampling

distribution).

1. =uR�B

(1) m2)\� X1, X2, · · · , Xn 0�r X !u~g�^Gm2
j

X =
1

n

n∑

i=1

Xi (1.83)
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m2)\ (sample mean). {
�m2)\D
X�r℄I!)\�B���r℄I)\!`��fk�
(2) m2S`� X1, X2, · · · , Xn 0�r X !u~g�^Gm2
 X 
m2)\
j

S 2 =
1

n − 1

n∑

i=1

(
Xi − X

)2
(1.84)
m2S` (sample variance). {
�m2S`D
X�r℄I!S`�B���r℄I)\CS`!`��fk�

(3) k �m2")�� X1, X2, · · · , Xn 0�r X !u~g�^Gm2
j
Ak =

1

n

n∑

i=1

Xk
i (1.85)m2! k �")�
{
�m2! k �")�D
X�r℄I! k �")��

(4) k �m2mE�� X1, X2, · · · , Xn 0�r X !u~g�^Gm2
 X 
m2)\
j
Mk =

1

n

n∑

i=1

(
Xi − X

)k
(1.86)m2! k �mE�
{
�m2! k �mE�D
X�r℄I! k �mE��

(5) LU}XZ� X1, X2, · · ·, Xn 0x
�r X !m2
 x1, x2, · · ·, xn 
m2�Y\
t x1, x2, · · ·, xn �H	=��!LU4^

x(1) ≤ x(2) ≤ · · · ≤ x(n),�m2 X1, X2, · · ·, Xn r\
 x1, x2, · · ·, xn "
1� X(k) r\
 x(k) (k =

1, 2, · · · , n), j X(1), X(2), · · ·, X(n) 
 X1, X2, · · ·, Xn !LU}XZ (order

statistic) �+x
X(1) = min
1≤i≤n

{Xi} 0m2�Ymr\�=!u~
j
�=LU}XZ (smallest order statistic). X(n) = max
1≤i≤n

{Xi} 0m2�Ymr\��!u~
j
��LU}XZ (largest order statistic). j X(r) 
' r ~LU}XZ�



1.5 GL}X!E2r- 37

(6) �k℄I�G� X1, X2, · · ·, Xn 0x
�r X !m2
 X ∼ F (x), :j
Fn(x) =

1

n
K(x), −∞ < x < ∞ (1.87)
�k℄I�G (expirical distribution), Tm K(x) >, X1, X2, · · ·, Xn mH�� x !~G��k℄I�Gq0|>,l

Fn(x) =






0, x < X(1),

k
n
, X(k) ≤ x < X(k+1),

1, x ≥ X(n)

(1.88)

Fn(x)0u~w+�G
Tw+)0m2�Y\�5�~w+)�w+<)
 1/n.� 1.7 b,!0 n = 10, x
�r N(0, 1) !�k℄I�G� N(0, 1) !�r℄I�G��

−3 −2 −1 0 1 2 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

y

y = F
n
(x)

y = F(x)

� 1.7: �k℄I��r℄IB��k℄I�G�|(��	 Glivenko (|M�/) 1933 ,T��
P

{
lim

n→∞
sup

−∞<x<∞
|Fn(x) − F (x)| = 0

}
= 1. (1.89)



38 'uC rq}X!E2W%L~��>�B{�!$G x � n v℄�"
�k℄I�G��r℄I�G!`�"=
�� n v℄�"$[Æ0� Fn(x) ÆS�s F (x).

2. =uRw1$w*�
(1) χ2 ℄I� X1, X2, · · ·, Xn 0D
�r N(0, 1) !u~g�m2
:j}XZ

Y = X2
1 + X2

2 + · · · + X2
n (1.90)
f	
�<
 n ! χ2 ℄I (chi-square distribution), Y
 Y ∼ χ2(n). � 1.8

0 2 4 6 8 10 12 14 16 18
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

x

f

n=1

n=4

n=10

� 1.8: χ2 ℄IÆ<�Gq.�z\ n = 1 � n = 4 � n = 10 ! χ2 ℄IÆ<�Gq.�	� 1.8 0|,z
 χ2 ℄IÆ<�Gq.!`\B�
TB<&G Cs 
S�� n *="
Æ<q.*6

T`<&G Ck �*��� n *�"
q.*Ij
T`<&G Ck �*=��B��1! α, 0 < α < 1, �5 χ2
α(n) (

P{χ2 > χ2
α(n)} = α,:j) χ2

α(n) 
 χ2 ℄I!Æ α ℄�)� � 1.9 b,!0 n = 5, α = 0.1 ! χ2℄I!Æ α ℄�) χ2
α(n).
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0 5 10 15
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

x

f

χ2
α(n) α

α=0.1
n=5

� 1.9: χ2 ℄I!Æ α ℄�)
χ2 ℄I$��(Kj�
(i) 0_K�� Y1 ∼ χ2(m), Y2 ∼ χ2(n), eYK/-9Q
: Y1 + Y2 ∼

χ2(m + n).

(ii) Q	\�S`�� Y ∼ χ2(n), : E(Y ) = n, Var(Y ) = 2n.

(2) t ℄I� X ∼ N(0, 1), Y ∼ χ2(n), e X, Y /-9Q
:j^G<Z
T =

X√
Y/n

(1.91)
f	
�<
 n ! t ℄I (t-distribution), Y
 T ∼ t(n).� 1.10 �z\ n = 1 � n = 2 � n = 5 � n = ∞ ! t ℄IÆ<�Gq.�	� 1.10 0|,z
 t ℄I0Bj℄I
TB<&G Cs 
 0. n *=
T`<&G Ck *�
 n *�
T`<&G Ck *=��B��1! α, 0 < α < 1, j~�
P{T > tα(n)} = α,!) tα(n) 
 t ℄I!Æ α ℄�)� � 1.11 b,!0 n = 5, α = 0.1 ! t ℄I!Æ α ℄�) tα(n).
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� 1.10: t ℄IÆ<�Gq.
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f

tα(n)
α

α=0.1
n=5

� 1.11: t ℄I!Æ α ℄�)�� t ℄I!rqÆ<�G f(t) 03�G
P f(t) = f(−t), �� t = 0 Bj
��Bud n, � E(T ) = 0. Ce
∫ ∞

−tn(α)

f(t)dt = 1 − α,b| t1−α(n) = −tα(n).
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(3) F ℄I� X ∼ χ2(n), Y ∼ χ2(m), e X � Y /-9Q
:j^G<Z
F =

X/n

Y/m
(1.92)
f	
�<
 (n, m) ! F ℄I (F-distribution), j n 
'u
�<
m 
'I
�<
Y
 F ∼ F (n, m).� 1.12 b,!0 n = 5, m = 20, n = 7, m = 20, n = 20, m = 20, n = 20,

m = 2 � n = 20, m = 7 ! F ℄IÆ<�Gq.�

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

f

n=3, m=20 n=7, m=20 n=20, m=20

n=20, m=7

n=20, m=2

� 1.12: F ℄IÆ<�Gq.�B��1! α, 0 < α < 1, j~�
P{F > Fα(n, m)} = α,!) Fα(n, m) 
 F ℄I!Æ α ℄�)�� 1.13 b,!0 n = 5, m = 8, α = 0.1F ℄I!Æ α ℄�) Fα(n, m).

F ℄I$��(Kj�
(i) X ∼ F (n, m), : 1/X ∼ F (m, n);

(ii) F1−α(n, m) = 1
Fα(m,n)

.

(iii) � X ∼ t(n), : X2 ∼ F (1, n).
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0 0.5 1 1.5 2 2.5 3 3.5 4
0
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0.4
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0.6
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f

Fα(n,m)

α

α=0.1
n=5
m=8

� 1.13: F ℄I!Æ α ℄�)
1.5.4 ��9�
#h�{
#r;Rw1� X1, X2, · · · , Xn 0D
�Sh�r N(µ, σ2) !m2
 X, S2 ℄?
m2)\�m2S`
:�

X − µ

σ/
√

n
∼ N (0, 1) , (1.93)

(n − 1)S2

σ2
∼ χ2(n − 1), (1.94)

X − µ

S/
√

n
∼ t(n − 1), (1.95)e X � S2 /-9Q�� X1, X2, · · ·, Xn1 � Y1, Y2, · · ·, Yn2 ℄?0D
�Sh�r N(µ1, σ

2
1),

N(µ2, σ
2
2) !m2
eLYm2/-9Q
:�

X − Y ∼ N

(
µ1 − µ2,

σ2
1

n1

+
σ2

2

n2

)
, (1.96)C (

X − Y
)
− (µ1 − µ2)√

σ2
1

n1
+

σ2
2

n2

∼ N(0, 1). (1.97)



%~
 43� σ2
1 = σ2

2 = σ2, e σ2 �W
:
(X − Y ) − (µ1 − µ2)

Sw

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2), (1.98)Tm
S2

w =
(n1 − 1)S2

1 + (n2 − 1)S2
2

n1 + n2 − 2
, (1.99)

X, Y ℄?0Ym2!)\
 S2
1 , S2

2 ℄?0Ym2!S`�4�i
1.1 ?~ m w&
Jw&Cj0�3n: 1

N
U`- N wU (N ≥ m) G'm
wUG�Q
�JUG&ak.
d�L~
U
��

(1) [;?3 m wUGJUx`- 1 &3n:�
(2) Æ~ m wU
	GJUx`- 1 &3n:�
(3) 0 N = 10, m = 6, �Æ~*&`-�
U (?Æ~
U
	GÆ`--*w&) 3n:�

1.2 J�i*<L5
wk
�F�h*<3?

sL�
Nbb/ 3F
R5�
3�?J<3�hFOR 1 9F
i<3�hFOR 2 9F
�Q<CkK5'?

�3n:�
1.3 
y}��~ 20 U
	G~ 5 U��
	��2��-e�hEkY,��3�
��

(1) 83�p�/��3n:�
(2) �8
�8Q��/2�3�U)
83��/��3n:�
(3) 83��/��3n:�

1.4 ~x\�V�
r
2��<��
��\7�3n:`a� 0.3, 0.2, 0.1,

0.4. ,
r
2��<��
��\7�3$
�/3n:`a� 1/4, 1/3, 1/12,N
\7"k.�/�-x��/-
�rR
2��3n:RM<�
1.5 ?J&R�G�~qW
D3n:� 0.004, o70� 100 &3R����R�G�~qW
D3n:�
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% n:
C36V6J
1.6 J�i�b3Kt=rX�E"75�
L\7=5
?J�i�br=G\73n:`a� 0.7, 0.8, 0.9.

(1) �\7U=G3n:�
(2) �?0=~
Kr=G\7V-3n:� 0.7, 0~*Kr=G\7V-3n:� 0.9, 03KrC=G
\7ZV-
�\7V-3n:�

1.7 
wF[RMp� 2 M3�p
?5GF:'
���p:3:3n:�l�p3R8�2W
d?=5C
GF
j X `O*X:���3z�
V�o7℄+ X 3`l�a�
1.8 [(�(� 2500 &
D�V�:�t`/6`e�8z
�~ 10000 &RV
K?RV+3�: X ∼ N(µ, σ2), h6 90 `j:~ 359 &
 60 `j)~

1151 &
�U8z+Gd6`�M<�
1.9 -~ 90 u��C3?T
xu?T3{fR0�E"3
RB�'3n:R 0.01, �
u?T3�'
|
&��
wT�I{&3VS~*I

IR

3 &`���
J&j 30 u
3
IR| 3 &���� 90 u
VW_*IVS�?TRB�'Fk
=F�I3n:3"9�
1.10 ?Q�o75+ (X, Y ) 3`l�a��

F (x, y) =





1 − 2−x − 2−y + 2−x−y, x ≥ 0, y ≥ 0,

0, 	s,� P{1 < X ≤ 2, 3 < Y ≤ 5}.

1.11 
w&GT~ 5 =�
	G 4 =��
 1 =G��J��Go77��
=
��kY,
&N��*�
4
X =





1, 08
��/��

0, 08
��/G�
 , Y =





1, 08Q��/��

0, 08Q��/G�
V��

(1) (X, Y ) 3%�`l9�
(2)P{X ≥ Y }.
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1.12 ?Q�o7℄+ (X, Y ) 3%�n:NG�a��
f(x, y) =





Ae−(2x+y), x > 0, y > 0,

0, 	s.��
(1) �a A;

(2) P{−1 < X < 1,−1 < Y < 1};
(3) P{X + Y ≤ 1};
(4) (X, Y ) 3%�`l�a F (x, y).

1.13 \7~k�
��~ 20 �
�
��7~��~ 10 w�$�j)�
0[w�$�&)�l�$"k���?
��Jw�$)�3�
F05�rL3E�0�E"
j X `O��3�a
� E(X).

1.14 [Q,}gB?v�VE�,
�
gb
w��3�QQU A RB
l}gtv�l�� a 

0h6
gbQU A RB3n:� p, �K}gWo3��:5� a 3 5%, l}gul^���\^M<
3Q,_�
1.15 ?�_� N(µ, σ2) G��
++� n 3\V
,� µ, σ2 ~��6�,

n = 16 F
� P {S2/σ2 ≤ 2.04}.

1.16 ? X1, X2, · · · , Xn � Y1, Y2, · · · , Yn R`a�\�2v_� X ∼ N(µ1, σ
2)� Y ∼ N(µ2, σ

2), �0�E"
"j)
C+f�GG`l�
(1)

(n − 1)(S2
1 + S2

2)

σ2
; (2)

n
[
(X − Y ) − (µ1 − µ2)

]2

S2
1 + S2

2

.
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'}*��&'U�{� R �p!SD$`}X�G
�.0|"�~Z$�E� R �p!�K
q0|:g
S!�GDB�,�! R �f
�l*!/e���
2.1.1 R XPR6�{�.

R �p0u�\!
5�B�
http://cran.r-project.org/bin/windows/base/0(2� R �p! Windows $
�℄!$20 R-2.3.1 $ (2006 , 6 , 1 �JI), �)0 27 I
)D R-2.3.1-win32 (2
CKX9%K*�Æ!�7

(mirror near you) (2���
5 R-2.2.0 $2|℄0)D rwXXXX.exe (2
Tm XXXX 0$!U�
�2?(�!$20 R-2.1.1, :)D rw2011.exe (2�
R �p0|5 Windows 95, 98, ME, NT4, 2000, XP � 2003 Æ0J
��X9 Windows 98 |Æ!S�&}�
R�p��W
�~
0J*vN(2!oU
� R-2.3.1-win32.exe (R for

Windows Setup),�HWindows!p,��P0��*+*��'
X9��p,!�f (m�C	�), �<��A�
X9���m (v�\ C:\Program Files

\R\R-2.3.1), CX9���p�5���pm
��t PDF Reference Manual5qXÆ
Lm5 R �p!'}�pm�|
1'! PDF |+!�pM����
5 R-2.2.0|℄!$2
5���pm
u1pX92b�f$ (Version

for East Asian languages), b:5m� Windows S�&}(! R �8>z,s|��H Windows !�pp,S�
*�&C2
 R �p���l�\����l'
oU>�s RoU�C5��Æ�s R{oU!<�S+ (q0|5���omX9Hp�s). {�<�S+0J R,;0-z R!{�8
�� 2.1 b,�
R �p!��� Windows !T
:o�p/JS
0�u�P��<��/�l�<��/(�!�8;0�g>��8
dq0K℄0\��!>z�8
��0\�� (��I) :>5Ds!�8m>z�{�8ÆS!u��Æ (��0m�S�&}
:+,m�) 0v0J R "z,!u�M��^���Æ(! > e�;0 R !�gp,e (�I�=), 5T'0>z�g� R u"O�x-+��S+
5�gp,e'>��g
=g
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� 2.1: R �p{�8';>>zX\����xq0tb�!�gsQlu~�p
0JL~�p!uKCK℄D[J/
!�g
	F��/
!���LpX\S+�_g;
$rX\�o
t5'�
Jlv�
2.1.2 Ck R��~g�!P�
|%u( R �p�� 2.1 [Q:��PFx2 12 VlGQB�J X1(�	) �H� X2(�M) Y.,` 2.1 qO�VCn�J�H�3~:�_W|�[�Z�5{�8>��g


> # >�rqG#
> X1 <- c(35, 40, 40, 42, 37, 45, 43, 37, 44, 42, 41, 39)

> mean(X1) # X\rq!)\
[1] 40.41667

> sd(X1) # X\rq!=�`
[1] 3.028901
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QB[� �J X1 H� X2 QB[� �J X1 H� X2

1 35 60 7 43 78

2 40 74 8 37 66

3 40 64 9 44 70

4 42 71 10 42 65

5 37 72 11 41 73

6 45 68 12 39 75

> # >�L�G#
> X2 <- c(60, 74, 64, 71, 72, 68, 78, 66, 70, 65, 73, 75)

> mean(X2) # X\L�!)\
[1] 69.66667

> sd(X2) # X\L�!=�`
[1] 5.210712	ÆDX\�oD,
 R �pX\L�}XZW
g����Dz&�u(�2�
“#” �0M��&Æe
 # '�!�&0M��&
�^Z$0�M��&
DM�oUp�!��
<_oU!0;K�
<- >,j\
 c( ) >,G�
 X1<-c( ) P>,tu�G#j�<Z X1.

mean( ) 0n)\�G
 mean(X1) >,X\G� X1 !)\�
[1] 40.41667 0X\��
LM! [1] >,' 1 J
 40.41667 0X\z!)\
PL 12 �1�!I)rq0 40.42 [1�
sd( ) 0n=�`�G
 sd(X1) >,X\G� X1 !=�`�ÆD�om! > �
)0X\Gp,e��*�z R &}"
X\G>℄�*0b*���6dÆ9
*0X9*� (0 (Y)) CH*� (b (N)).



2.1 R .UQf 51��2tÆD�g*�5�pm
#	|'-�
0|*tb�!�gV5u~�pm��A=)D “�p” �8(! “sQD!oUy2”, :K�>�zu~ R :L (R Editor) �8
5�8m>�/
!�gP0�x't�p*�VD
��p�� exam0201.R.� 2.2 /�! 2.1 G 12 VQB�J�H�34:Æ��J39VÆ�[�5{�8(>�
> X1<-c(35, 40, 40, 42, 37, 45, 43, 37, 44, 42, 41, 39)

> X2 <- c(60, 74, 64, 71, 72, 68, 78, 66, 70, 65, 73, 75)

> plot(X1, X2): R �p>�+u~D!�8
D�8?zrq�L�!�)�
 �� 2.2 b

36 38 40 42 44

60
65

70
75

X1

X
2

� 2.2: 12 �Z�rq�L�!�)�,�3m�
> hist(X1):K�>�zfu~D�8
D�8?�rq!ZS�
�� 2.3 b,�� 2.3 ?~�V�U exam0203.txt, 	b+�uN,)�

Name Sex Age Height Weight

Alice F 13 56.5 84.0
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� 2.3: 12 �Z�rq!ZS�
Becka F 13 65.3 98.0

Gail F 14 64.3 90.0

Karen F 12 56.3 77.0

Kathy F 12 59.8 84.5

Mary F 15 66.5 112.0

Sandy F 11 51.3 50.5

Sharon F 15 62.5 112.5

Tammy F 14 62.8 102.5

Alfred M 14 69.0 112.5

Duke M 14 63.5 102.5

Guido M 15 67.0 133.0

James M 12 57.3 83.0

Jeffrey M 13 62.5 84.0

John M 12 59.0 99.5

Philip M 16 72.0 150.0

Robert M 12 64.8 128.0
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Thomas M 11 57.5 85.0

William M 15 66.5 112.0	G8
E0,�`

ReU℄+^F3
?eUx/3b+
,8
/RGV
8Q/RFa
83/Rg2
8h/RAt (�M), 8�/R�J (N). �8QE?d�
ER℄+3b+�V�l�UGF�ax
dLAt��Jf,�`!�[�(1) sQ R �p (�p�� exam0203.R). )D “�p | sQD!oUy2”, R �8>�z R :LB4�8 (R Editor), 5�8m>�Pp:L!oU
(�g).

rt<-read.table("exam0203.txt", head=TRUE); rt

lm.sol<-lm(Weight~Height, data=rt)

summary(lm.sol)(��2u(�u~�g!����p!'uJ0;�p exam0203.txt, C|
�2�p exam0203.txtm!'uJ0�p!� (head=TRUE);b: (FALSE)�pm!'uJ�
G#�L�Ct;z!$�V5<Z rt m�'I~ rt 0+,<Z!$� (��uJ[JD~�g
P�℄� (;) }+).'IJ0BG# rt m!qZ (Weight) �x< (Height) �.K=�
TX\��Vf<Z lm.sol m�'�J0+,<Z lm.sol m!1'$�
dt�z\=�!�H�+�R`!�=��\#
�.K=�&G
|O
X�fk#���$r��t5'��1'���
(2) [J�p exam0203.R !$��[J�pm!$��RpS+
'up
5 R :L�8m�A=Xmp[J!oU (�g), x'3�D “[JJCX95”, �� 2.4 b,� 'IpSK0�D “:L | [Jud”. '�pSK0Orkg�?x!SKt�g?x�{�8
[J/
!�g�[J'��

> rt<-read.table("exam0203.txt", head=TRUE); rt

Name Sex Age Height Weight

1 Alice F 13 56.5 84.0

2 Becka F 13 65.3 98.0

3 Gail F 14 64.3 90.0
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� 2.4: [J R :L�8m!�g
4 Karen F 12 56.3 77.0

5 Kathy F 12 59.8 84.5

6 Mary F 15 66.5 112.0

7 Sandy F 11 51.3 50.5

8 Sharon F 15 62.5 112.5

9 Tammy F 14 62.8 102.5

10 Alfred M 14 69.0 112.5

11 Duke M 14 63.5 102.5

12 Guido M 15 67.0 133.0

13 James M 12 57.3 83.0

14 Jeffrey M 13 62.5 84.0

15 John M 12 59.0 99.5

16 Philip M 16 72.0 150.0

17 Robert M 12 64.8 128.0

18 Thomas M 11 57.5 85.0

19 William M 15 66.5 112.0

> lm.sol<-lm(Weight~Height, data=rt)

> summary(lm.sol)

Call:

lm(formula = Weight ~ Height, data = rt)



2.1 R �pg� 55

Residuals:

Min 1Q Median 3Q Max

-17.6807 -6.0642 0.5115 9.2846 18.3698

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -143.0269 32.2746 -4.432 0.000366 ***

Height 3.8990 0.5161 7.555 7.89e-07 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 11.23 on 17 degrees of freedom

Multiple R-Squared: 0.7705, Adjusted R-squared: 0.757

F-statistic: 57.08 on 1 and 17 DF, p-value: 7.887e-075[Jm
{�8>qk+,:L�8!�g
�{�8+,!'uJ�:L�8!'uJ�u/|�'IJ|(!$�0+,<Z rt, q�0�2�p
exam0203.txt m!$�����
+,$�4"$�<_\u^
P=�^�5 summary(lm.sol) '�+,!0.K=��H$rX\!���	Æ��~^�0|,z
O� R �pX\�p}XZ!℄S;
0|��
q0|	�pm;G##�E�L�E2W%
�0|� R �pD
��f��
	'(�S;
*���8m!P��<�S+!���
2.1.3 R *Gq#�{sYro{�8m!<�S+�� 2.5 b,
/���5{�8�gm�2�

1. +P{�8m! “�p” �8�� 2.6 b,�
(1) >� R �|���[Jp>�!oU��D “>� R �|���”, �+ “X9p>�!oU�p”�8
X9p>�!oU�p ('�
 .R), � MyFile.R. X9�p>�!�p
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� 2.5: {�8m!<�S+O��

� 2.6: {�8m!�pP�� “�+ (o)”. R �p>[Jp�p (MyFile.R), �5{�8CH+,b[J!$� (��?��g
:5fu�8+,zb?�I), F`5{�8+,
> source("MyFile.R")�x
5{�8[J source("MyFile.R") �g
$�|m!�&�
(2) sQD!oUy2sQu~DoUy2��D “sQD!oUy2”, �+u~D! R oU:L�8
>�*p:C! R oU�>��5'
X9*�
C�u~�p�
�

MyFile.R.

(3) �+oUy2����+{�!oUy2��D “�+oUy2���”, �+ “open script” �8
X9u~ R oU
� MyFile.R, K��z MyFile.R :L�8
0|O�L



2.1 R �pg� 57~�8B R oU (MyFile.R) 
J:L
C[JpoUm!K℄CuK�g�
(4) +,�p���+,{�!�p��D “+,�p���”, �+ “select files” �8
X9u~�p (*.R C *.q), � MyFile.R. K��z MyFile.R �8
0O�p�8[JpoU (MyFile.R) !K℄CuK�g
��K�p�8BpoU
J:L�
(5) 2���6d���-�{*�!��6dÆ7�p��D “2���6d���”, �+ “X9p2�!Æ7”�8
5�p��8>�p2�!�p�
� MyWorkSpace,�pJH0

*.RData. �-�l�'
*�5��6dÆ7 MyWorkSpace.RData m!uK�g�1-�$�m
Lm52�0\"
�H8qk��6d MyWorkSpace.RDatam{�!�g�[J�g
> load("MyWorkSpace.RData")$�|m!�&�
(6) *���6d���t�℄!��6dÆ7*�lu~�p��D “*���6d���”, �+ “*�Æ7�” �8
5�p��8>�bP!�p�
� MyWorkSpace, �pJH
 *.RData, � “*� (S)”,:�℄!��6dÆ7�*�� MyWorkSpace.RData�pm���**�!�p��{�!�p�q�
:X\G>p,*0bs:{��p
*0X9s: (0 (Y)), CHs: (b (N)).*���6dÆ7!�����0
5(�-�"
H8[J2�0\{[J!�g�[J�g
> save.image("MyWorkSpace.RData")$�|m!�&�
(7) 2�N&���-�N&Ym�p�$�m�-�'
{�8CH+,-�$�
`�5*�Æ(n�
C Ctrl+P � Ctrl+N, N5�gJ+,N&Ym�Lm�0|i�*!m6>��
(8) *�N&���



58 'IC R �p!(�t5{�8S��!uKYm*��u~�pm ('�
 .Rhistory), �
MyWork.Rhistory. p�p0��2�p
�{ :LW)&�+�

(9) q<�℄�m���q<*�℄!���m�5v��h(
 R !���m0
C:\Program Files\R\rw2011�� 2.7 b,�5�8>�bP!���m
� D:\XueYi\MyWorkSpace, q0�

Browse, X9bPp!���m
 � OK mw|�
� 2.7: q<�℄�m�8

(10) ��������p�
(11) *���p���t{�8!Ym*���2�pm (lastsave.txt).

(12) �z�z R &}����z℄��*���6dÆ7
:&}>p,**���6dÆ7
*0X9*� (0 (Y)), CH*� (b (N)).5{�8[J q() �g
$�|m!�&�
2. (<{�8m! “:L” �8�� 2.8 b,�
(1) kgt�℄Xm!�2kg�hx#m�
(2) ?xthx#m!$�?x��gJ�
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� 2.8: {�8m!:LP�
(3) kg�?xt�℄Xm!�2kg�hx#m
Cthx#m!$�?x��gJ�
(4) X9udX1{�8m!b��2$��
(5) i{7gfi{{�8m!b��2$��
(6) G#:LW���:L{�!G#<Z
CtDG#��p<Z�P�
5P 2.3 m
t;z!G#V5<Z rt m
,Ppq4 rt m!G#
�D “G#:LW”, �z

“Question” �8
>�<Z rt, �� 2.9 b,� � OK, �zG#:L�8
�
� 2.9: Question �8� 2.10 b,�*X9PpMq!G#
JMq
Mq'�7p�8
�"<Z

rt m!G#{<lDG#�5{�8[J fix(rt) �g
0|
�|m!�!�
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� 2.10: G#:LW�8
(7) GUI X5���q< R !�I�.����D “GUI X5���”, �z Rgui <f:LW� *0�#Pp�q<f:LWm!$��s�yZK*H���q<f
(�v�\�
3. =�{�8m! “T
” �8�� 2.11 b,�

� 2.11: {�8m!T
P�
(1) m��℄!X\�D “m��℄!X\” 0y_�℄S5[J!oU�
(2) 9w>z�D “9w>z” >5 “9w>z” ℄z,Cr; √

, P[JCr;9w>z�
(3) ^z�=B9



2.1 R �pg� 61�D “^z�=B9”, ^zuK<Z��5{�8[J ls() �g
0|
�|m!�!�
(4) �{b��=B9�D “�{b��=B9”, tuK<Z	$�mi{�5{�8[J

rm(list=ls(all=TRUE))�g
0|
�|m!�!�
(5) ^z^Gl��D “^z^Gl�”, ^z^G�p (C�G) !l�CoU)
|(E2!l��oU)�
[1] ".GlobalEnv" "package:methods" "package:stats"

[4] "package:graphics" "package:grDevices" "package:utils"

[7] "package:datasets" "Autoloads" "package:base"5{�8[J search() �g
0|
�|m!�!�
4. AU"{�8m! “oU)” �8�� 2.12 b,�

� 2.12: {�8m! “oU)” P�
(1) 2�oU)���
R �p{ÆDE2oU)�
8�SDoU)
`05(�℄Pp-���Pp; SPSS �p!G#�p
Pp��G read.spss, �5(�℄Pp-�

foreign oU)��D “2�oU)���”, �zX9oU�8
�� 2.13 b,�X9 foreign,�w1�Lm�0|(� read.spss �G�
(2) X9 CRAN �7���
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� 2.13: X9oU)�8�D “X9 CRAN�7”, �z CRAN �7�8
X9u~�7)
� “w1”,S��^1!�7)�
(3) X9�V����X9oU):��+:�8
X9u~:
� “w1”. X\Gt
4S��bX!:�
(4) ��oU)�����D!oU)��D “��oU)”, �z CRAN �7�8
X9!1!�7)
� “w1”. �"
X\Gt
4S��^1!�7)
(2oU)
C
4���
(5) �DoU)����D{�!oU)��D “�DoU)”, �z CRAN �7�8
X9!1!�7)
� “w1”. �"
X\Gt
4S��^1!�7)
(2oU)
C
4�D�
(6) �2G! zip �pD��oU)����+ “Select files”, X9Pp��! zip �p�
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5. Gq{�8m! “�8” �8�� 2.14 b,�
� 2.14: {�8m! “�8” P�

(1) Z/tb��8Z/�
(2) INtb��8IN�
(3) �4�/
6.  ,{�8m! “'}” �8�� 2.15 b,�

� 2.15: {�8m! “'}” P�
(1) 7gfM�7g�g��D “7gf”, �zM�7g�g�8
�� 2.16 b,�5�8mM�uK!7g�g�
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� 2.16: 7g�g�8
(2) �� R ! FAQ

R 
l�Æ� FAQ 0 frequently asked questions !gC��D “�� R !
FAQ”, �z R FAQ �r+�8
�2 R !E2�q
 R !��� R E2W%� R �f� S �f
|O R oU#�

(3) �� Windows Æ R ! FAQ�� R �p!
uJ!
l�Æ��D “�� R ! FAQ”, �z R for Win-

dows FAQ �r+�8
T$������.�oU)�Windows !n)���6d�7gf�Ær#�p�8!�q�_���
(4) 9X (PDF �p)�z R �p!(�9X��� R �
��� R Q-9X��� R G#��

/ �z��� R �f!1����C R B�oU��� R ����L��b�



2.1 R �pg� 659X)0 PDF |+!�p 1. L�9X
Z$ R �pp�\�O!'}�|Æ�v�2'}�p0zJ��!
�d�0|'}(�K<YE� R�p!(��
(5) R �G (�2�p)...'}�g�/�� help("Fun_Name"). �D “R �G (�2�p)...”, z,'}B4�8
5�8m>�Pp'}!�G�
� lm(.K�H) �G
� OK,:K�Æ>z,D!B4>
�2 lm !���(�SK��'}Hl�"
X\G>s�*(� help.search("read.spss")(^G'}).

(6) Html '}�rI+!'}�8��D “Html '}”, �z�rI+!�8P�
(�K0|X9Pp'}!$�
ID
�+Pp!$��
(7) ^G'}���^G'}�/�� help.search("Fun_Name"). �D “^G'}���”, z,^G'}B4�8
5�8m>�Pp'}!�G�
� lm(.K�H) �G
� OK m
:K�Æ>z,D!B4>
Æ�^z� lm (.K�H) ��!uK�G� ()A��.K�H�G�).

(8) search.r-project.org5�BÆ^G��D “search.r-project.org”, K�z, “Va�p^>�����” B4>
>�^G$�
:X\Gt
4S��B ( http://search.r-

project.org), ^G*Pp!$��
(9) �����^z/�!�G�<Z�/�� apropos("Fun_Name"). �D “�����”,z,��B4�8
5�8m>�Pp^G!�G�C<Z�
� lm, � OK, :K�Æ>z,D!B4>
Æ�^z��Æe� lm !uK�G��<Z����� “R �G (�2�p)...” � “�����” 05�℄{�!oU)m^G
F “^G'}���” 05R~oU)m^G�P�
 “'}” � “��” B4>m>� “read.spss” (; SPSS G#�p�G), :{�8z, “character(0)”,

1Oo4) W[Fl�� PDF -:�o Adobe Acrobat Reader M%-:'�8WÆ



66 'IC R �p!(�P�K^��FO� “^G'}” B4>
:K�Æ>z,D!�8
zZ*
read.spss B� foreign oU)�

(10) R {rS�� R {r
P http://www.r-project.org/.

(11) CRAN {rS�� CRAN {r
P http://cran.r-project.org/.

(12) ���� R !$2F"�
2.2 �8�8~|B�2��� R �p�g�!0\
GÆ�8Z!0\�

2.2.1 A

1. A
R��
R �pm�g�!0\8Zj\����\sQu~�
 x !8Z
/
!℄Z0 10.4, 5.6, 3.1, 6.4 � 21.7, � R �g0

> x <- c(10.4, 5.6, 3.1, 6.4, 21.7)Tm x 0<Z�
 <- 
j\e
 c( ) 
8ZsQ�G�ÆD�g�0t�G
c( ) mG#j�<Z x.fu~j\�G0 assign( ), T�gI+


> assign("x", c(10.4, 5.6, 3.1, 6.4, 21.7))'�pj\I+

> c(10.4, 5.6, 3.1, 6.4, 21.7) -> x
uJ�
> y <- c(x, 0, x)1�<Z y � 11 ~℄Z
TmY90<Z x 
md0
�

2. A
R��



2.2 GÆ�Æe�8Z 67B�8Z0|�_ (+) �i (−) �n (∗) �{ (/) �nS (∧) 0\
T��0B8Z!�u~!X
J0\
Tm_�i�Gn0\���{
!8Z0\E2/|
�
> x <- c(-1, 0, 2); y <- c(3, 8, 2)

> v <- 2*x + y + 1; v

[1] 2 9 7'uJ
>�8Z x � y. 'IJ
t8Z!X\��j�<Z v, Tm 2*x+y 0�{
!8Z0\
 +1 >,8Z!�~℄Z)_ 1. ℄�'! v 0
+,X\$�
�
 R �p�lX\'
Jj\
CH+,/
!X\$��B�8Z!nK�{K�nS0\
T��0�B
8Z!�~℄Z�nK�{K�nS0\
�
> x * y

[1] -3 0 4

> x / y

[1] -0.3333333 0.0000000 1.0000000

> x^2

[1] 1 0 4

> y^x

[1] 0.3333333 1.0000000 4.0000000�����j\0\
b|
 R 50\'>Z�+,X\���f�
 % / % >,RG{K (P� 5 % / % 3 
 1), % % >,n�G (P�
5 % % 3 
 2).80|��G0\
�E2y#�G
� log, exp, cos, tan, sqrt #��
<Z
8Z"
�G!O=\q08Z
P�~℄Zr/
!�G\��

> exp(x)

[1] 0.3678794 1.0000000 7.3890561

> sqrt(y)

[1] 1.732051 2.828427 1.414214� sqrt(-2) >�z NAN �/
!�zF"
�
mGH&+S����Pp�kG0\
:>�I+
q
 sqrt(-2+0i).

3. {A
��y�R��
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(1) n8Z!�=\���\�P�!�G�
min(x) � max(x) � range(x) ℄?>,n8Z x !�=℄Z���℄Z�8Z x !P�
P [min(x), max(x)]. �

> x <- c(10, 6, 4, 7, 8)

> min(x)

[1] 4

> max(x)

[1] 10

> range(x)

[1] 4 10� min()(max()) ��!�G0 which.min()(which.max()), >,5'R~℄Zn��= (��) \
�
> which.min(x)

[1] 3

> which.max(x)

[1] 1

(2) n��G�nnH�G�
sum(x) >,n8Z x ℄ZX�
P n∑

i=1

xi. prod(x) >,n8Z x ℄ZSnH
P n∏
i=1

xi. 8� length(x) >,n8Z x ℄Z!~G
P n.

(3) m�G�)\�S`�=�`�LU}XZ�
median(x) >,n8Z x !m�G� mean(x) >,n8Z x !)\
P

sum(x)/length(x). var(x) >,n8Z x !S`
P
var(x) = sum

(
(x − mean(x))2

)
/(length(x) − 1).

sd(x) >,n8Z x !=�`
P sd(x) =
√
var(x).

sort(x) >,n�8Z x�=/|
�(<LU4^!8Z
PLU}XZ�/
!(=� order(x) C sort.list(x) ^z�P�
� x<-c(10, 6, 4, 7, 8)"
 sum(x) �prod(x) � length(x) �median(x) �mean(x) �var(x) � sort(x)!X\��℄?0 35 � 13440 � 5 � 7 � 7 � 5 � 4 6 7 8 10.��)\�S`#}XZ!Kj��G!(�SK
5'�C8>���
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2.2.2 <ey��RUÆ
1. T;�Æ
a:b >,	 a +*
z5_ 1(Ci 1), Z� b 
_�� x <- 1:30 >,8Z x = (1, 2, · · · , 30), x <- 30:1 >,8Z x = (30, 29, · · · , 1). � a 
$G
 b
RG"
8Z a:b 0$G
Td}` 1. F� a 
RG
 b 
$G"
 a:b >,Td}` 1 !RG8Z��

> 2.312:6

[1] 2.312 3.312 4.312 5.312

> 4:7.6

[1] 4 5 6 7��� x <- 2*1:15 CH0>, 2 � 15, F0>,8Z x = (2, 4, · · · , 30),P x <- 2 * (1:15), q�0#`0\��nK0\�|L
 1:n-1 CH0>,
1 � n-1, F0>,8Z 1:n is 1. �Pp>, 1 � n-1, :PpB n-1 _A��4|(�Yp>,!`?�

> n<-5

> 1:n-1

[1] 0 1 2 3 4

> 1:(n-1)

[1] 1 2 3 4���Lu)B�yZKW
�~�V�<�
2. TI
��
seq() �G0�u"!�G
da�#%d}!G^
TE2I+


seq(from=value1, to= value2, by=value3)P	 value1 +*
� value2 �E
md!d}
 value3. �
> seq(-5, 5, by=.2) -> s1>,8Z s1 = (−5.0,−4.8,−4.6, · · · , 4.6, 4.8, 5.0). 	ÆD1�D,
seq(2,10)#a� 2:10, 5H�n?��!j?(
Td}
 1.B� seq �G8�fup(�S+


seq(length=value2, from=value1, by=value3)



70 8Q% R .U3KzP	 value1 +*
d}
 value3, T8Z!d<
 value2. �
> s2 <- seq(length=51, from=-5, by=.2)a�! s2 �8Z s1 /|�

3. &���
rep() 0qk�G
d0|t�u8Zqk�t�3V�D!<Zm
�

> s <- rep(x, times=3)Pt<Z x qk 3 /
V5<Z s m��
> x <- c(1, 4, 6.25); x

[1] 1.00 4.00 6.25

> s <- rep(x, times=3); s

[1] 1.00 4.00 6.25 1.00 4.00 6.25 1.00 4.00 6.25

2.2.3 �<A
�Td�fum
 R �p/S(�xLS���xL0\
M"
O=\
 TRUE, �xL0\
`"
O=\
 FALSE. P�
> x <- 1:7

> l <- x > 3T��

> l

[1] FALSE FALSE FALSE TRUE TRUE TRUE TRUExL0\e� <, <=, >, >=, == (>,#�) � !=(>,H#�). �� c1� c2 0Y~xL>
+
: c1 & c2 >, c1��� c2, c1 | c2 >, c1�C�
c2, !c1 >,�W c1 ��xL<Zq0|j\
�

> z <- c(TRUE, FALSE, F, T)Tm T 0 TRUE !gC
 F 0 FALSE gC�7�u~xL8Z0b8
M\!�G0 all, �
> all(c(1, 2, 3, 4, 5, 6, 7) > 3)

[1] FALSE



2.2 GÆ�Æe�8Z 717�0bTm�M\!�G0 any, �
> any(c(1, 2, 3, 4, 5, 6, 7) > 3)

[1] TURE

2.2.4 Qg�e� NA >,��!G#v�Cv ��
> z <- c(1:3, NA); z

[1] 1 2 3 NA�G is.na() 0fYv G#!�G
��O=\
M (TRUE), :M��G#0v G#���O=\
` (FALSE), :�G#H0v G#��
> ind <- is.na(z); ind

[1] FALSE FALSE FALSE TRUE��Pptv G#q
 0, :��(�g
> z[is.na(z)] <- 0; z

[1] 1 2 3 0JS!�G8� is.nan()(fYG#0bHw1
TRUE 
Hw1
FALSE
w1),

is.finite()(fYG#0b�-
TRUE 
�-
FALSE 
�l), is.infinite()

(fYG#0b
�l
 TRUE 
�l
 FALSE 
�-). P�

> x<-c(0/1, 0/0, 1/0, NA); x

[1] 0 NaN Inf NA

> is.nan(x)

[1] FALSE TRUE FALSE FALSE

> is.finite(x)

[1] TRUE FALSE FALSE FALSE

> is.infinite(x)

[1] FALSE FALSE TRUE FALSE

> is.na(x)

[1] FALSE TRUE FALSE TRUE5 x !R~℄Zm
 0/1 
 0, `�5 is.finite !fY(0M
T�)
`�
0/0 
Hw1
�B�G is.nan � is.na !fY()
M
L0�
Hw1G#q|
0v G#� 1/0 
�l
��`5 is.infinite fY(
M� NA
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v G#
`�5 is.na fY(
M
�
v G#CH0Hw1G#
b|5 is.nan fY(~
`���BHw1G#�v G#j\
0|O�Bv G#j\!SK
d�j\�
2.2.5 7}OA
8Z!X0|rÆe�\�P�


> y <-c ("er", "sdf", "eir", "jk", "dim")C
> c("er", "sdf", "eir", "jk", "dim") -> y:��
> y

[1] "er" "sdf" "eir" "jk" "dim"0� paste �G�D�d!
<ZTlu~Æe�
md�6|℄+
P�

> paste("My","Job")

[1] "My Job"T�!
<Z0|08Z
L"�B
!XT�VD
d<H/|"|>!8Z1qk(��
<Z0|0G\8Z
T�"
4�:l1�!Æe�>,
P�

> labs<-paste("X", 1:6, sep = ""); labs

[1] "X1" "X2" "X3" "X4" "X5" "X6"℄}�!Æe0|� sep QG^1
P�(Pa��t~�p��
> paste("result.", 1:4, sep="")

[1] "result.1" "result.2" "result.3" "result.4"�� paste �G
8�|(Rp�K�
> paste(1:10) # same as as.character(1:10)

[1] "1" "2" "3" "4" "5" "6" "7" "8" "9" "10"

> paste("Today is", date())

[1] "Today is Tue Sep 13 16:16:29 2005"

> paste(c(’a’, ’b’), collapse=’.’)

[1] "a.b"
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2.2.6 ��A

R UrkG0\�kG
Z`p�{
!|+
� 3.5+2.1i. complex �+!8Z
kG!X!8Z
0|� complex() �G�lkG8Z��

> x <- seq(-pi, pi, by=pi/10)

> y <- sin(x)

> z <- complex(re=x, im=y)

> plot(z)

> lines(z)Tm'uJ0�z8Z x !\
'IJ0X\8Z y !\
 '�J0�7kG

−3 −2 −1 0 1 2 3

−1
.0

−0
.5

0.
0

0.
5

1.
0

Re(z)

Im
(z

)

� 2.17: kG z = x + i sin(x) !�)��J.�8Z
Tm x 
$K
 y 
QK�'RJ0?zkG8Z z !�)�
'�J0�$.T�L��)�� 2.17 �z\/
!�I�B�kG0\
 Re() 0X\kG!$K
 Im() 0X\X\kG!QK

Mod() 0X\kG!�
 Arg() 0X\kG!dz�
2.2.7 A
6,��

R �pp�\!℄eA!U�8Z!X�8Z�N!�&��u~!X`p� x[i] !|+U�
Tm x 0u~8Z�
Cu~r8Z\!>
+
�
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> x <- c(1,4,7)

> x[2]

[1] 4

> (c(1, 3, 5) + 5)[2]

[1] 80|�9q<u~!X!\
�
> x[2] <- 125

> x

[1] 1 125 7

> x[c(1,3)] <- c(144, 169)

> x

[1] 144 125 169

1. �<A

v 
� x #d!xL8Z
 x[v] >,rzb� v 
M\!!X
�

> x <- c(1,4,7)

> x < 5

[1] TRUE TRUE FALSE

> x[x<5]

[1] 1 40|t8Zmv G#j
 0, �
> z <- c(-1, 1:3, NA)

> z[is.na(z)] <- 0

> z

[1] -1 1 2 3 0q0|t8ZmWv G#j�fu~8Z
�
> z <- c(-1, 1:3, NA)

> y <- z[!is.na(z)]

> y

[1] -1 1 2 3C�/
!0\
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> (z+1)[(!is.na(z)) & z>0] -> x

> x

[1] 2 3 4q<K℄!X\!TC�xL\(=SK�!0|1�8Z!℄?�G
P�
p1�
y =

{
1 − x, x < 0

1 + x, x ≥ 0
,0|�

> y <- numeric(length(x))

> y[x<0] <- 1 - x[x<0]

> y[x>=0] <- 1 + x[x>=0]D>,
Tm numeric �G0a�G\H8Z�
2. 6,R�����
v 
u~8Z
(=r\5 1 � length(v) Xd
r\/Sqk
P�


> v <- 10:20

> v[c(1,3,5,9)]

[1] 10 12 14 18

> v[1:5]

[1] 10 11 12 13 14

> v[c(1,2,3,2,1)]

[1] 10 11 12 11 10

> c("a","b","c")[rep(c(2,1,3), times=3)]

[1] "b" "a" "c" "b" "a" "c" "b" "a" "c"

3. 6,R�����
v 
u~8Z
(=r\5 −lenght(x) � −1 Xd
�

> v[-(1:5)]

[1] 15 16 17 18 19 20>,9{/
!!X�
4. O7}O�R6,A




76 8Q% R .U3Kz51�8Z"0|�!X_Æ�Æ
�
> ages <- c(Li=33, Zhang=29, Liu=18)

> ages

Li Zhang Liu

33 29 18Lm1�!8Z0|�{
!&KU�
f�80|�!X�ÆDU�!XC!X�N
P��
> ages["Zhang"]

Zhang

298Z!X�0|'_
�
> fruit <- c(5, 10, 1, 20)

> names(fruit) <- c("orange", "banana", "apple", "peach")

> fruit

orange banana apple peach

5 10 1 20

2.3 iD%�S%p||S
R 0upE�B9!�f� R !B9)�\�t~!X�
TG#
f�80|�u�n=G#j
BK (attribute), C�1\u�n1S� (����?�). 4�
u~8Z0u~B9
u~�Iq0u~B9� R B9℄
��

(atomic) B9�k! (recursive) B9Yp
��B9!b�!X80|upE2JH (�G\�Æe�), !XH30B9�k!B9!!X0|0H|JH!B9
�u~!X0u~B9�
2.3.1 �y{R� mode $ length

R B98�Y~E2!BK� mode(JH) BK� length(d<) BK�4�8Z!JH
 logical(xLH) � numeric(G\H) � complex(kGH) �
character(ÆeH), 4�

> mode(c(1,3,5)>5)
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[1] "logical"

R B9�upn?! null(6\H) H
`�u~n=! NULL \
LpJH
>,��\ (H|� NA, NA 0upn=\
F NULL �2��B9\).p7��B90b�JH
�SD~JS� is.numeric() !�G0|�l� is.numeric(x) �DfkB9 x 0b
G\H
dO=u~xLH���
is.character() 0|fkB90b
ÆeH
##��

> z <- 0:9

> is.numeric(z)

[1] TRUE

> is.character(z)

[1] FALSEd<BK>, R B9!X!~G
4�
> length(2:4)

[1] 3

> length(z)

[1] 9��8Z/Sd<
 0,�G\H8Zd<

>,
 numeric()C numeric(0),ÆeH8Zd<

>,
 character() C character(0).

R 0|ag
JJH�:
P�
> digits <- as.character(z); digits

[1] "0" "1" "2" "3" "4" "5" "6" "7" "8" "9"

> d <- as.numeric(digits); d

[1] 0 1 2 3 4 5 6 7 8 9'u~j\�G\H! z �:
ÆeH! digits. 'I~j\� digits ��:
\G\H! d, L" d � z 0um!\� R 8�SDLm!| as. +�!JH�:�G�
2.3.2 T�hCR>eB90|r 0 d<CSRG
d<� R /SBfzB9d<!(=j\
L"B9d<
4�d|)A�(=
�j\!!Xrv \ (NA), P�
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> x <- numeric()

> x[3] <- 17

> x

[1] NA NA 17p<_B9!d<`P�j\0\�0|\
�
> x <- 1:3

> x <- 1:4

[1] 1 2 3 4p`>B9!d<�;�&#�`p�dju~d<>!�N�0|\��
> x <- x[1:2]

> x

[1] 1 2

> alpha <- 1:10

> alpha <- alpha[2 * 1:5]

> alpha

[1] 2 4 6 8 10C�B9!d<j\
�
> length(alpha) <- 3

> alpha

[1] 2 4 6

2.3.3 attributes() $ attr() ��
attributes(object) O=B9 object !�n=BK�l!^>
H)AÆ�BK mode � length. P�


> x <- c(apple=2.5,orange=2.1); x

apple orange

2.5 2.1

> attributes(x)

$names

[1] "apple" "orange"



2.4 �� 790|� attr(object, name) !I+�rB9 object !�
 name !BK�P�

> attr(x,"names")

[1] "apple" "orange"q0|� attr() �GC�j\!�9|q<BK\C1�D!BK
P�

> attr(x,"names") <- c("apple","grapes"); x

apple grapes

2.5 2.1

> attr(x,"type") <- "fruit"; x

apple grapes

2.5 2.1

attr(,"type")

[1] "fruit"

> attributes(x)

$names

[1] "apple" "grapes"

$type

[1] "fruit"

2.3.4 hCR class {R5 Rm0|�n=! classBKDUr�8B9!:oa|
B9! classBK�Dp℄B9!J
0|Cz{��G�#B9J!H|
JH|!S�
4�
 print() �GB�8Z��P!+,SK�H|
 plot() �GBH|J!
<Z�H|!�I�
\6"s,u~�J!B9! class BK
0|(� unclass(object)�G�
2.4 q4}Xm!<Z�RpqpJ?�pd<Z���<Z��U<Z�pd<ZrTV!G\
0|
Jn��I)\#0\���<Z��U<ZrK�\




80 'IC R �p!(�0|�G\�>
q0|0ÆeH\
T$rG\��_in{!��
H&�DX\
F`&�D℄JCXG���<Z�K?��^�Ys
�U<Z�!Q����
2.4.1 factor() ���
K�<Z��pH|>,SK
5 R �pm

\}uVl
(���
(factor) D>,LpJH!<Z�P�
W� 5 �Z�!K?
���<Z>,

> sex <- c("M","F","M","M", "F")

> sexf <- factor(sex); sexf

[1] M F M M F

Levels: F M�G factor() �D�u~8Z:|l
u~���Tu"I+
�
factor(x, levels = sort(unique(x), na.last = TRUE),

labels, exclude = NA, ordered = FALSE)Tm x 08Z
 levels 0KI
0|
J^1�K�r\
H^1"� x !H|\Dn�� labels 0|�D^1�KI!=\
H^1"��K�r\!B
Æe�� exclude QG�D^1p�:
v \ (NA) !!X\N!���^1\ levels, :��!' i ~!X�d#�KIm' j ~"!X\r "j", ��d!\��z,5 levels m
:B
��!X\r NA. ordered r\
M
(TRUE) "
>,��KI0��U! (�:|�U); b: (v�\) 0��U!�0|� is.factor() fkB90b��
� as.factor() �u~8Z�:lu~�����G levels() 0|����!KI
�

> sex.level <- levels(sexf); sex.level

[1] "F" "M"B���8Z
0��G table() D}X�JG#!EG�P�

> sex.tab <- table(sexf); sex.tab

sexf

F M

2 3



2.4 �� 81>,!K 3 z
1K 2 z� table() !��0u~�!X�!8Z
!X�
��KI
!X\
pKI!z,EG��� table !(�SK
5'�8>u��
2.4.2 tapply() ����{\W� 5 �Z�!K?
8W� 5 �Z�!�x
℄�n�x!I)\�

> height <- c(174, 165, 180, 171, 160)

> tapply(height, sex, mean)

F M

162.5 175.0�G tapply() !u"(�|+
�
tapply(X, INDEX, FUN = NULL, ..., simplify = TRUE)Tm X 0uB9
{
0u8Z
 INDEX 0� X �|md<!��
 FUN 0PpX\!�G
 simplify 0xL<Z
r
 TRUE(v�) � FALSE.

2.4.3 gl() ��
gl() �G0|S;&a���
Tu"�K0
gl(n, k, length = n*k, labels = 1:n, ordered = FALSE)Tm n 
KIG
 k 
qk!�G
 length 
��!d<
 labels 0u~ nÆ8Z
>,��KI
 ordered 0xL<Z
>,0b
�U��
v�\


FALSE. �
> gl(3,5)

[1] 1 1 1 1 1 2 2 2 2 2 3 3 3 3 3

Levels: 1 2 3

> gl(3,1,15)

[1] 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

Levels: 1 2 3
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2.5 k(�<%d�

2.5.1 e?�;3
ÆG� (array) 0|,l0�D~(=!JH/|!!X!N!

�!0G\H!G���P
q0|�TdJH (�ÆeH�xLH�kGH). R 0|"�~&�l��LG�
n?0�P (IÆG�).G��u~nQBK}�ÆG8Z (dim BK), ÆG8Z0u~!XrSRG\!8Z
Td<0G�!ÆG
4�ÆG8Z�Y~!X"G�
IÆG�
(�P). ÆG8Z!�u~!X^1\p(=!Æ�
(=!(��
 1.

1. RA
_o?�;8Z`�1�\ÆG8Z (dim BK) 'N&1,�0G��4��
> z<-1:12

> dim(z)<-c(3,4)

> z

[,1] [,2] [,3] [,4]

[1,] 1 4 7 10

[2,] 2 5 8 11

[3,] 3 6 9 12����P!!X0�^�V!�q0|�8Z1�
uÆG�
P��
> dim(z)<-12

> z

[1] 1 2 3 4 5 6 7 8 9 10 11 12

2. u array() ����j'�;
R �p0|� array() �GZ��7G�
T�7I+


array(data = NA, dim = length(data), dimnames = NULL)Tm data 0u~8ZG#
 dim 0G��Æ!d<
v�"
"8Z!d<�
dimnames 0G�Æ!�Æ
v�"
6��

> X <- array(1:20,dim=c(4,5))a�u~ 4 × 5 !IÆG� (�P), P
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> X

[,1] [,2] [,3] [,4] [,5]

[1,] 1 5 9 13 17

[2,] 2 6 10 14 18

[3,] 3 7 11 15 19

[4,] 4 8 12 16 20fupS+

> Z <- array(0,dim=c(3, 4, 2))d1�\u~ 3× 4× 2 !�ÆG�
T!X)
 0. LpSK
�DBG��y*3�

3. u matrix() ����
Æ�G matrix() 0�7�P (IÆG�) !�G
T�7I+

matrix(data=NA, nrow=1, ncol=1, byrow=FALSE, dimnames=NULL)Tm data 0u~8ZG#
 nrow 0�P!JG
 ncol 0�P!^G��

byrow=TRUE "
�l�P!G#�JVf
v�"/�� byrow=FALSE, G#�^Vf� dimnames 0G�Æ!�Æ
v�"
6���7u~ 3 × 5 �!�P
> A<-matrix(1:15, nrow=3,ncol=5,byrow=TRUE)

> A

[,1] [,2] [,3] [,4] [,5]

[1,] 1 2 3 4 5

[2,] 6 7 8 9 10

[3,] 11 12 13 14 15��
(�Yp|+�℄�!|+0#a!�
> A<-matrix(1:15, nrow=3,byrow=TRUE)

> A<-matrix(1:15, ncol=5,byrow=TRUE)��t�&m! byrow=TRUE s,
:G#�^Vf�
2.5.2 �;6,G��8Zum
0|BG�m!��!X
JU�
C
J0\�



84 'IC R �p!(�
1. �;6,pU�G�!�~!X
̀ pCzG���SA�$!�7�℄+!(=P0
� a[2, 1, 2]. �

> a <- 1:24

> dim(a) <- c(2,3,4)

> a[2, 1, 2]

[1] 8�
uJ80|5�u~(=�fCu~(=8Z
>,LuÆrzb�^1(=!!X
� a[1, 2:3, 2:3] rzb�'u(=
 1, 'I(=
 2 C 3,'�(=
 2 C 3 !!X��
> a[1, 2:3, 2:3]

[,1] [,2]

[1,] 9 15

[2,] 11 17��
�
'uÆ`�u~(=
b|�3\
��!0u~ÆG8Z
 2 × 2!G��f�
��tC�uÆ!(=
:>,pÆuX�P�

> a[1, , ]

[,1] [,2] [,3] [,4]

[1,] 1 7 13 19

[2,] 3 9 15 21

[3,] 5 11 17 23rzb�'u(=
 1 !!X
��u~I�
 3 × 4 !G��
> a[ , 2, ]

[,1] [,2] [,3] [,4]

[1,] 3 9 15 21

[2,] 4 10 16 22rzb�'I(=
 2 !!X��u~ 2 × 4 !G��
> a[1,1, ]

[1] 1 7 13 19
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 4 !8Z
H30G�� a[ , , ] C a[] 8>,R~G��4�
> a []<-00|5Hq<G�ÆG!vp(�!X8jl 0.8�upn=(=&K0B�G�`�u~(=8Z (08Z
H0G�),4�
> a[3:10]

[1] 3 4 5 6 7 8 9 10L"*tG�!ÆGF"�>
+,�0BG�!G#8Zr�N�
2. 0��R�;6,5 R �fm
�d0|�G�m!{��f!!X�
G�U�
TSK0�u~IÆG��
G�!(=
IÆG�!�uJ0u~!X!(=
^G
G�!ÆG�P�
p�Æ�!I�
 2×3×4!G� a!' [1,1,1], [2,2,3],

[1,3,4], [2,1,4] ��R~!X�
u~RrU�
*1�u~)�L�(=�
J!IÆG��
> b <- matrix(c(1,1,1,2,2,3,1,3,4,2,1,4), ncol=3, byrow=T)

> b

[,1] [,2] [,3]

[1,] 1 1 1

[2,] 2 2 3

[3,] 1 3 4

[4,] 2 1 4

> a[b]

[1] 1 16 23 20��rz!0u~8Z���80|BLR~!Xj\
��
> a[b] <- c(101,102,103,104)C
> a[b] <- 0



86 8Q% R .U3Kz
2.5.3 �;R����0|BG�Xd
JR:0\ (+ �− � ∗ � /), L"
J!0G�B
!X!R:0\
Q_0\!G�u"
p0/|I�! (dim BK�u/|). P�


> A <- matrix(1:6, nrow=2, byrow=T); A

[,1] [,2] [,3]

[1,] 1 2 3

[2,] 4 5 6

> B <- matrix(1:6, nrow=2); B

[,1] [,2] [,3]

[1,] 1 3 5

[2,] 2 4 6

> C <- matrix(c(1,2,2,3,3,4), nrow=2); C

[,1] [,2] [,3]

[1,] 1 2 3

[2,] 2 3 4

> D <- 2*C+A/B; D

[,1] [,2] [,3]

[1,] 3 4.666667 6.6

[2,] 6 7.250000 9.0	L~P�0|,�
G�!_�iK0\�Gn0\~�"�P0\!Kj
�G�!n�{K0\$[Æ0G�mB
�f!!X�0\�I�Hue!8Z (CG�) q0|
JR:0\
u"!�:0t8Z (CG�) m!G#�B
8Z (CG�) m!G#
J0\
�>8Z (CG�) !G#\7(�
	F0|�d8Z (CG�) G#
J�<
C�0&*h�|!G�BK�P�

> x1 <- c(100,200)

> x2 <- 1:6

> x1+x2

[1] 101 202 103 204 105 206

> x3 <- matrix(1:6, nrow=3)
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> x1+x3

[,1] [,2]

[1,] 101 204

[2,] 202 105

[3,] 103 2060|,�
�8Z�G��|0\"
8Z�^�<��Y~G�H�<"
 R>pz�z��
> x2 <- 1:5

> x1+x2

[1] 101 202 103 204 105�zF"�d!�=B9d<H0>!�=B9d<!R/G in: x1 + x2

2.5.4 
ÆR��LMg�&�� R �pm�P!E20\�
1. -���B��P A, �G t(A) >,�P A !�f
P AT . �

> A<-matrix(1:6,nrow=2); A

[,1] [,2] [,3]

[1,] 1 3 5

[2,] 2 4 6

> t(A)

[,1] [,2]

[1,] 1 2

[2,] 3 4

[3,] 5 6

2. KrÆRQÆo�G det() 0nSPJ^+!\��
> det(matrix(1:4, ncol=2))

[1] -2



88 'IC R �p!(�
3. A
R)8B� n Æ8Z x, 0|,l n × 1 ��PC 1× n ��P�� x � y 0/|ÆG!8Z
: x %*% y>,x�y�$H. P�,

> x <- 1:5; y <- 2*1:5

> x %*% y

[,1]

[1,] 110�G crossprod() 0$H0\�G (>,x\nH), crossprod(x,y) X\8Z x � y !$H
P ’t(x) %*% y’. crossprod(x)>,x�x!$H, P ‖x‖2
2.JS&
 tcrossprod(x,y) >, ’x %*% t(y)’, Px�y!�H, qj
\H� tcrossprod(x) >, x � x ��H�

4. A
R#8 (88)� x, y 0 n Æ8Z
: x %o% y>,x�y��H. P�,

> x <- 1:5; y <- 2*1:5

> x %o% y

[,1] [,2] [,3] [,4] [,5]

[1,] 2 4 6 8 10

[2,] 4 8 12 16 20

[3,] 6 12 18 24 30

[4,] 8 16 24 32 40

[5,] 10 20 30 40 50�G outer() 0�H0\�G
 outer(x,y) X\8Z x � y !�H
d#a� x %o% y.�G outer() !u"-�|+

outer(X, Y, fun = "*", ...)Tm X, Y �P (C8Z), fun 0��H0\�G
v�\
nK0\��G

outer() 5?g�Æq�"W
��
d0�lu~ X � Y !�|���d5?g�Æq�!�Kt5'�C 3.3.1 �mu��
5. 
ÆR�o



2.5 DÆG���P 89���P A � B $�/|!ÆG
: A * B >,�PmB
!!X!nH
 A % * % B >,{
��(!Y~�P!nH (�xpn�P A !^G#��P B !JG). �
> A <- array(1:9,dim=(c(3,3)))

> B <- array(9:1,dim=(c(3,3)))

> C <- A * B; C

[,1] [,2] [,3]

[1,] 9 24 21

[2,] 16 25 16

[3,] 21 24 9

> D <- A %*% B; D

[,1] [,2] [,3]

[1,] 90 54 18

[2,] 114 69 24

[3,] 138 84 30�nK!0\�:0|,z
 x % * % A % * % x>,!0I�H.�G crossprod(A,B) >,!0 t(A) % * % B, �G tcrossprod(A,B) >,!0 A % * % t(B).

6. e?hUÆ$
ÆOhU���G diag() vE�d!<Z
� v 0u~8Z"
 diag(v) >,| v !!X
Bz.!X!BzP�� M 0u~�P"
: diag(M) >,!0r M Bz.Æ!!X!8Z��
> v<-c(1,4,5)

> diag(v)

[,1] [,2] [,3]

[1,] 1 0 0

[2,] 0 4 0

[3,] 0 0 5

> M<-array(1:9,dim=c(3,3))

> diag(M)

[1] 1 5 9



90 8Q% R .U3Kz
7. [:RrA;$K
ÆR,
Æ�n�.KSo� Ax = b, T�gI+
 solve(A,b), n�P A !+
T�gI+
 solve(A). ��P

A =





1 2 3

4 5 6

7 8 10




, b =





1

1

1



:�So� Ax = b !� x �n�P A !+�P B !�g�(
> A <- t(array(c(1:8, 10),dim=c(3,3)))

> b <- c(1,1,1)

> x <- solve(A,b); x

[1] -1.000000e+00 1.000000e+00 -4.728549e-16

> B <- solve(A); B

[,1] [,2] [,3]

[1,] -0.6666667 -1.333333 1

[2,] -0.6666667 3.666667 -2

[3,] 1.0000000 -2.000000 1

8. K
ÆR���{��A
�G eigen(Sm) 0nBj�P Sm !nQ\�nQ8Z
T�gI+

> ev <- eigen(Sm): ev �V	Bj�P Sm nQ\�nQ8Z
0�^>I+�z!	��^>!r-l 2.6 ��
Tm ev$values 0 Sm !nQ\�l!8Z
 ev$vectors 0

Sm !nQ8Z�l!�P��
> Sm<-crossprod(A,A)

> ev<-eigen(Sm); ev

$values

[1] 303.19533618 0.76590739 0.03875643

$vectors

[,1] [,2] [,3]

[1,] -0.4646675 0.833286355 0.2995295
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[2,] -0.5537546 -0.009499485 -0.8326258

[3,] -0.6909703 -0.552759994 0.4658502

9. 
ÆR?p�w[�G svd(A) 0B�P A �U�\℄�
P A = UDV T , Tm U , V 0SxP
 D 
BzP
q�0�P A !U�\� svd(A) !O=\q0^>

svd(A)$d >,�P A !U�\
P�P D !Bz.Æ!!X� svd(A)$u B
!0SxP U , svd(A)$v B
!0SxP V . P�


> svdA<-svd(A); svdA

$d

[1] 17.4125052 0.8751614 0.1968665

$u

[,1] [,2] [,3]

[1,] -0.2093373 0.96438514 0.1616762

[2,] -0.5038485 0.03532145 -0.8630696

[3,] -0.8380421 -0.26213299 0.4785099

$v

[,1] [,2] [,3]

[1,] -0.4646675 -0.833286355 0.2995295

[2,] -0.5537546 0.009499485 -0.8326258

[3,] -0.6909703 0.552759994 0.4658502

> attach(svdA)

> u %*% diag(d) %*% t(v)

[,1] [,2] [,3]

[1,] 1 2 3

[2,] 4 5 6

[3,] 7 8 105Æ�!�&m
 attach(svdA) 0M�(�!<Z u, v, d 0oB� svdA!
�� attach() �G!(�SKt5 2.6.2 ��1'���
10. K
ÆRQÆoR��G det(A) 0n�P A !J^+\��
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> det(A)

[1] -3

11. =E+'{ QR w[�G lsfit() !O=\0�=In(!!��
�g
> lsfit.sol <- lsfit(X, y)�z�=In(!��
Tm y 0�Y8Z
 X 0�X�P�P�

x 0.0 0.2 0.4 0.6 0.8

y 0.9 1.9 2.8 3.3 4.2�.K�=In(!
T�g�(�
> x<-c(0.0, 0.2, 0.4, 0.6, 0.8)

> y<-c(0.9, 1.9, 2.8, 3.3, 4.2)

> lsfit.sol <- lsfit(x, y)��!X\��0^>I+ (��^>!r-t5 2.6 �lv)

> lsfit.sol

$coefficients

Intercept X

1.02 4.00

$residuals

[1] -0.12 0.08 0.18 -0.12 -0.02

$intercept

[1] TRUE

$qr

$qt

[1] -5.85849810 2.52982213 0.23749843 -0.02946714 0.10356728

$qr

Intercept X

[1,] -2.2360680 -0.8944272

[2,] 0.4472136 0.6324555

[3,] 0.4472136 -0.1954395
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[4,] 0.4472136 -0.5116673

[5,] 0.4472136 -0.8278950

$qraux

[1] 1.447214 1.120788

$rank

[1] 2

$pivot

[1] 1 2

$tol

[1] 1e-07

attr(,"class")

[1] "qr"Tm $coefficients 0(!&G
$residuals 0(!R`
T
QG��*H��2
�^0,5.'}�� lsfit() �G�Æd�&!�G0 ls.diag(), d�z(!!
uJ!}XF"�fu~�=In(u�Æd�&!�G0 QR ℄��G qr(), �d!|J�G
��(�G qr(), qr.coef(), qr.fitted() � qr.resid(). 
\
uJL�L��g
8,Æ�!P�
> X<-matrix(c(rep(1,5), x), ncol=2)

> Xplus <- qr(X); Xplus

$qr

[,1] [,2]

[1,] -2.2360680 -0.8944272

[2,] 0.4472136 0.6324555

[3,] 0.4472136 -0.1954395

[4,] 0.4472136 -0.5116673

[5,] 0.4472136 -0.8278950

$rank

[1] 2

$qraux
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[1] 1.447214 1.120788

$pivot

[1] 1 2

attr(,"class")

[1] "qr"

QR ℄��G qr() >�!�X�PPp_| 1 
!X!^
TO=\0^>
Tm $qr �P!Æ�zP0 QR ℄�m��! R �P
(�zP0 QR ℄���!SxP Q !K℄F"
 $qraux 0 Q !o_F"���
LY~QG!����G lsfit() ��!��0/|!�0� QR ℄���!��X\�=In!&G
> b <- qr.coef(Xplus, y); b

[1] 1.02 4.00��!&G��G lsfit() q0/|!
�
#��LpSKX\#�L0�
� QR ℄�5X\�=In(!"
TX\�`4u"SKp=�JS&
0|{� QR ℄����=In!(!\�R`\�
> fit <- qr.fitted(Xplus, y); fit

[1] 1.02 1.82 2.62 3.42 4.22

> res <- qr.resid(Xplus, y); res

[1] -0.12 0.08 0.18 -0.12 -0.02

2.5.5 {
Æ (�;) ��y�R��
1. O
ÆR'��G dim(A) ���P A !ÆG
�G nrow(A) ���P A !JG
�G

ncol(A) ���P A !^G��
> A<-matrix(1:6,nrow=2); A

[,1] [,2] [,3]

[1,] 1 3 5

[2,] 2 4 6

> dim(A)

[1] 2 3
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> nrow(A)

[1] 2

> ncol(A)

[1] 3

2. 
ÆR'/�G cbind() �T
<Z#8Dlu~��P
 rbind() �T
<Z�8Dlu~��P� cbind() !
<Z0�PC,�^8Z!8Z"

<Z!x<
p/#� rbind() !
<Z0�PC,�J8Z!8Z"

<Z!=<
p/#���Q�!C!
<Z4T<Z>
:\7G�'!C��
> x1 <- rbind(c(1,2), c(3,4)); x1

[,1] [,2]

[1,] 1 2

[2,] 3 4

> x2 <- 10+x1

> x3 <- cbind(x1, x2); x3

[,1] [,2] [,3] [,4]

[1,] 1 2 11 12

[2,] 3 4 13 14

> x4 <- rbind(x1, x2); x4

[,1] [,2]

[1,] 1 2

[2,] 3 4

[3,] 11 12

[4,] 13 14

> cbind(1, x1)

[,1] [,2] [,3]

[1,] 1 1 2

[2,] 1 3 4

3. 
ÆRz�� A 0u~�P
:�G as.vector(A) �0|t�P�3
8Z��
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> A<-matrix(1:6,nrow=2); A

[,1] [,2] [,3]

[1,] 1 3 5

[2,] 2 4 6

> as.vector(A)

[1] 1 2 3 4 5 6

4. �;R'"7G�0|�u~BK dimnames*��Æ!�~(=!�Æ
v�"
 NULL.�
> X <- matrix(1:6, ncol=2,

dimnames=list(c("one","two","three"), c("First","Second")),

byrow=T); X

First Second

one 1 2

two 3 4

three 5 6q0|*1��P X x'3
 dimnames(X) j\�P�

> X<-matrix(1:6, ncol=2, byrow=T)

> dimnames(X) <- list(

c("one", "two", "three"), c("First", "Second"))B��P
80|(�BK rownames � colnames DU�J��^��P�

> X<-matrix(1:6, ncol=2, byrow=T)

> colnames(X) <- c("First", "Second")

> rownames(X) <- c("one", "two", "three")

5. �;R�o-�0|� aperm(A, perm) �G�G� A !�Æ� perm m^1!D�UqD4^�P�

> A<-array(1:24, dim = c(2,3,4))

> B<-aperm(A, c(2,3,1))



2.6 /`�ax� 97�� B � A !' 2 Æx�\' 1 Æ
 A !' 3 Æx�\' 2 Æ
 A !' 1 Æx�\'�Æ�L"� B[i,j,k]=A[j,k,i].B��P A, aperm(A, c(2,1)) Y�0�P�f
P t(A).

6. apply ��B�8Z
0|� sum � mean #�GBT
JX\�B�G�	�P�
��2BTuÆ	C�tÆ�
J�pX\
0� apply �G
Tu"I+

apply(A, MARGIN, FUN, ...)Tm A 
u~G�
 MARGIN 0Æ1��ÆH<
 FUN 0�DX\!�G��
> A<-matrix(1:6,nrow=2); A

[,1] [,2] [,3]

[1,] 1 3 5

[2,] 2 4 6

> apply(A,1,sum)

[1] 9 12

> apply(A,2,mean)

[1] 1.5 3.5 5.5

2.6 �.|�fu
2.6.1 Æ- (list)

1. Æ-R��^>0upn?!B9N!
d!!Xq�U� ((=) p℄
�0�!X!JH0|0{�B9
H|!XH80|uJH�!X2�/S0Tdk1G#JH
4�
^>!u~!Xq/S0^>�(�0� �7^>!P��
> Lst <- list(name="Fred", wife="Mary", no.children=3,

child.ages=c(4,7,9))

> Lst

$name

[1] "Fred"
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$wife

[1] "Mary"

$no.children

[1] 3

$child.ages

[1] 4 7 9^>!X�0|� “^>� [[ (= ]]” !|+���P�

> Lst[[2]]

[1] "Mary"

> Lst[[4]][2]

[1] 7�0
^>H|�8Z
����`&��u~!X
� Lst[[1:2]] !�K0H/S!���� “^>� [ (= ]” C “^>� [ (=P� ]” !�Kq0!K!
�T����YqA�!YK�uH|
YqY�rz^>!u~!X
���p!XJH/|
��(�uqA�
:��0^>!u~�^> (��JH~
^>).51�^>"��^1\!X!�Æ (� Lstm! name, wife, no.children,

child.ages), :��^>!X80|�d!�Æ�
(=
|+
 “^>� [["!X� "]]”, �
> Lst[["name"]]

[1] "Fred"

> Lst[["child.age"]]

[1] 4 7 9fup|+0 “^>� $ !X�”, �
> Lst$name

[1] "Fred"

> Lst$wife

[1] "Mary"

> Lst$child.ages

[1] 4 7 9



2.6 ^>�G#> 99�7^>!u"|+

Lst <- list(name_1=object_1, ..., name_m=object_m)Tm name 0^>!X!�j
 object 0^>!X!B9�

2. Æ-RT�^>!!X0|Mq
`p�!X��j\P0
�t Fred ql John.

> Lst$name <- "John"��Pp<_u5^z7�

R!7�℄?0 1980 � 1600, :>�
> Lst$income <- c(1980, 1600)��p�{^>!�u5
:tp5j6\ (NULL).R~^>0|�T��G c() T�VD
��~
u~^>
T!X
�
<Z!^>!X��
>list.ABC <- c(list.A, list.B, list.C)

3. q0�&Æ-R��5 Rm
�SD�G!O=\0^>
�nnQ\nQ8Z!�G eigen(),U�\℄��G svd() ��=In�GG lsfit() #
LMH3uulv
5��"3lv/��G!���
2.6.2 �et (data.frame)G#>0 R !upG#���d{
0�PI+!G#
��P�^0|0H|JH!�G#>�^0u~<Z
�J0u~�Y��0
G#>��u"!1��d0upn=!^>B9
�u~\
 “data

.frame” ! class BK
�^>l#8R08Z (G\H�ÆeH�xLH) ����G\H��^>
CTdG#>�8Z���l#
G#>p�u~<Z
��8ZWG\H>1ag�:
��
F�P�^>�G#>Lm!l#
DG#>p�\�T^G�l#G�<ZG/|~G!<Z��
G#><Z!8Z���C�P8R$�/|!d< (JG).����
u"800|�G#>,�0up��\!�P
d0|��PI++,
0|�B�P!(=��SKD��T!XC�N�
1. �etRe?



100 8Q% R .U3KzG#>0|� data.frame() �G�l
T�K� list() �G/|
�
<Z<lG#>!l℄

<Z0|��
l
<Z��P�
> df<-data.frame(

Name=c("Alice", "Becka", "James", "Jeffrey", "John"),

Sex=c("F", "F", "M", "M", "M"),

Age=c(13, 13, 12, 13, 12),

Height=c(56.5, 65.3, 57.3, 62.5, 59.0),

Weight=c(84.0, 98.0, 83.0, 84.0, 99.5)

); df

Name Sex Age Height Weight

1 Alice F 13 56.5 84.0

2 Becka F 13 65.3 98.0

3 James M 12 57.3 83.0

4 Jeffrey M 13 62.5 84.0

5 John M 12 59.0 99.5��u~^>!�~l℄~�G#>l℄!pn
d0|� as.data.frame()�Gag�:
G#>�4�

> Lst<-list(

Name=c("Alice", "Becka", "James", "Jeffrey", "John"),

Sex=c("F", "F", "M", "M", "M"),

Age=c(13, 13, 12, 13, 12),

Height=c(56.5, 65.3, 57.3, 62.5, 59.0),

Weight=c(84.0, 98.0, 83.0, 84.0, 99.5)

); Lst

$Name

[1] "Alice" "Becka" "James" "Jeffrey" "John"

$Sex

[1] "F" "F" "M" "M" "M"

$Age

[1] 13 13 12 13 12

$Height
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[1] 56.5 65.3 57.3 62.5 59.0

$Weight

[1] 84.0 98.0 83.0 84.0 99.5: as.data.frame(Lst) 0� df /|!G#>�u~�P0|� data.frame() �:
u~G#>
��d"D�^�:T^�1�
G#>!<Z��b:&}
4
�P!�^Vu~<Z���
> X <- array(1:6, c(2,3))

> data.frame(X)

X1 X2 X3

1 1 3 5

2 2 4 6

2. �etRsu��G#>!X!SK����P!X!SK/|
0|(�(=C(=8Z
q0|(��ÆC�Æ8Z��
> df[1:2, 3:5]

Age Height Weight

1 13 56.5 84

2 13 65.3 98G#>!�<Zq0|��^>�� (P�IA� [[ ]] C $ e���). �
> df[["Height"]]

[1] 56.5 65.3 57.3 62.5 59.0

> df$Weight

[1] 84.0 98.0 83.0 84.0 99.5G#>!<Z��BK names 1�
�BKu10W6!�G#>!�Jq0|1��Æ
0|� rownames BK1���
> names(df)

[1] "Name" "Sex" "Age" "Height" "Weight"

> rownames(df)<-c("one", "two", "three", "four", "five")

> df

Name Sex Age Height Weight
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one Alice F 13 56.5 84.0

two Becka F 13 65.3 98.0

three James M 12 57.3 83.0

four Jeffrey M 13 62.5 84.0

five John M 12 59.0 99.5

3. attach() ��G#>!{p��0*�}Xs�!G#� R !}Xs��&8Pp|G#>
>�G#���q0|�G#>�lup�PD�L�5(�G#>!<Z"0|� “G#>� $ <Z�” !YK��0
Lm(�|{M
 R p�\
attach() �G0|�G#>m!<Z “T�” �$�m
Lm;�G#>G#!-��P�


> attach(df)

> r <- Height/Weight; r

[1] 0.6726190 0.6663265 0.6903614 0.7440476 0.5929648'u�&t5�℄��6dsQu~D<Z r, dH>
4
�G#> df m
p�D<Zj\�G#>m
0|�
> df$r <- Height/WeightLm!|+�
\r;T�
`p-� detach()(�QGP0).��� R m�Æ6d!�L04|9n!�d50J"*ru~<ZVal�>
5;r�~<Z"�L~<ZVal�>m�℄8'^G
G��℄!u~�5j\"�05�f 1j\ ({Wn?^15Td�fj\). attach() !v��f05<ZVal�>!�f 2, detach() v�q0s,�f 2. b|


R :o!u~
l�q0�*��\u~
SC��j\!<Z"�0&Hz�
�
L~<Z{5Val�m�~�f�1�
LmHO�oU!-6
PphELm!�q�
attach() {\0|T�G#>
q0|T�^>�

2.6.3 Æ-{�etR(<��PpB^>CG#>m!G#
J:L
q0-��G edit() 
J:L�Mq
T�g|+
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> xnew <- edit(xold)Tm xold 0"^>CG#>�
 xnew 0Mq'!^>CG#>����"G# xold C��q4
q4!G#�V5 xnew m��G edit() q0|B8Z
G�C�PJH!G#
JMqC:L�
2.7 d�I�f,Q5
�}XZm
G#Zu"04|�!
<Zq"D����ÆDSKDsQG#N
0H0r!�ÆDSK1���ZG#��Z<Z!℄��B��ZG#�<Z
u"
5T
�pm>� (CG#D%0T
�p!>z��),3;� R m�L� R �p�Dp;G#�p!SK�f�
b�!X\��qH
`5K�Æ>z

�*�5�pm
|0(��LM��u� R �p;�CG#�p!SK�

2.7.1 
H+#+P;��2�p�Y~�G
u~0 read.table() �G
fu~0 scan()�G�
1. read.table( ) ��
read.table() �G0;>|I+!�p�� “�>” G#{�>�u~��2�p "houses.data" m
T|+�(�

Price Floor Area Rooms Age Cent.heat

01 52.00 111.0 830 5 6.2 no

02 54.75 128.0 710 5 7.5 no

03 57.50 101.0 1000 5 4.2 no

04 57.50 131.0 690 6 8.8 no

05 59.75 93.0 900 5 1.9 yesTm'uJ
<Z�
'u^
YmU��O� read.table() �G0;�G#
�
> rt <- read.table("houses.data")



104 8Q% R .U3Kz�"<Z rt 0u~G#>
TI+���2�p "houses.data" |+/|���Bd
JY6
��
> is.data.frame(rt)

[1] TRUE��G#�pm��'u^YmU�
�
Price Floor Area Rooms Age Cent.heat

52.00 111.0 830 5 6.2 no

54.75 128.0 710 5 7.5 no

57.50 101.0 1000 5 4.2 no

57.50 131.0 690 6 8.8 no

59.75 93.0 900 5 1.9 yes:/
!�gq

> rt <- read.table("houses.data", header=TRUE)5 rt >
4_ÆYmU��

read.table() !(�|+

read.table(file, header = FALSE, sep = "", quote = "\"’",

dec = ".", row.names, col.names, as.is = FALSE,

na.strings = "NA", colClasses = NA, nrows = -1,

skip = 0, check.names = TRUE,

fill = !blank.lines.skip, strip.white = FALSE,

blank.lines.skip = TRUE, comment.char = "#")Tm file 0;�G#!�p�� header=TRUE >,b;G#!'uJ
<Z��b: (v�\) 'uJ�
G#� sep 0G#℄}!Æe
{
�6|�
℄}e� skip >,;G#"w�!JG�T
QG!�Kkl'}�
2. scan( ) ��
scan() �G0|Z�;��2�pG#�P�
� 15 �Z�!rqG#{�>�u~��2�p "weight.data" m
T|+�(�

75.0 64.0 47.4 66.9 62.2 62.2 58.7 63.5

66.6 64.0 57.0 69.0 56.9 50.0 72.0:
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w <- scan("weight.data")t�pm! 15 ~G#;�
Cj�8Z w.`�G#m�H|!BK
�(�
172.4 75.0 169.3 54.8 169.3 64.0 171.4 64.8 166.5 47.4

171.4 62.2 168.2 66.9 165.1 52.0 168.8 62.2 167.8 65.0

165.8 62.2 167.8 65.0 164.4 58.7 169.9 57.5 164.9 63.5

... ... ... ... ... ... ... ... ... ...0 100 �Z�!�x�rq!G#
V5��2G#�p "h_w.data", Tm'
1 � 3 � 5 � 7 � 9 ^0�x (cm), ' 2 � 4 � 6 � 8 � 10 ^0rq (kg), :

> inp <- scan("h_w.data", list(height=0, weight=0))tG#;�
C|^>!S+j�<Z inp.

> is.list(inp)

[1] TRUE0|t� scan() ;�!G#�Vl�PI+���t “weight.data” m!rqG#V5u~ 3 J 5 ^!�Pm
FeG#�JVf�T�g|+

> X <- matrix(scan("weight.data", 0),

nrow=3, ncol=5, byrow=TRUE)

Read 15 items

> X

[,1] [,2] [,3] [,4] [,5]

[1,] 75.0 64.0 47.4 66.9 62.2

[2,] 62.2 58.7 63.5 66.6 64.0

[3,] 57.0 69.0 56.9 50.0 72.0�℄�u�!�G matrix() !�K
(�YpCK0#a!�
> X <- matrix(scan("input.dat", 0), ncol=5, byrow=TRUE)

> X <- matrix(scan("input.dat", 0), nrow=3, byrow=TRUE)q0|� scan() �GZ�	K�Æ>G#��
> x<-scan()

1: 1 3 5 7 9

6:
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Read 5 items

> x

[1] 1 3 5 7 9

scan() ;�p!u"|+

scan(file = "", what = double(0), nmax = -1,

n = -1, sep = "",

quote = if(identical(sep, "\n")) "" else "’\"",

dec = ".", skip = 0, nlines = 0, na.strings = "NA",

flush = FALSE, fill = FALSE, strip.white = FALSE,

quiet = FALSE, blank.lines.skip = TRUE,

multi.line = TRUE, comment.char = "",

allowEscapes = TRUE)Tm file 
�p�� what 
^1u~^>
:^>�5!JH
Pp;r!JH� skip 7g0|w��p!+*H;JG� sep 7g0|^1G#d!℄}e�TdQGl'}�p�
2.7.2 
=��oR�e+P

R �p{\0|;��2�p�
80|;T
}X�p|+!G#
�
Minitab � S-Plus � SAS � SPSS #�p;�T
|+G#:
8R*-�
"foreign" �;�dHB� R !$5�;
Pp5(�℄-��-�!SK"g;
`Pm��g�

> library(foreign)C� 2.1.3 ���!2�oU)-��
1. 
 SPSS � SAS � S-PLUS � Stata �e+P{WG#�> 2.2b,�℄?�l SPSSG#�p ("educ_scores.sav") �

SAS G#�p ("educ_scores .xpt") � S-Plus G#�p ("educ_scores") �
Stata G#�p ("educ_scores .dta").; SPSS �p!|+0�

> rs <- read.spss("educ_scores.sav")T<Z rs 0u~^>
���\IlG#>
:�g|+
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Sex of

Language Analogical Geometric student
Aptiude Reasoning Reasoning (Male = 1)

Student (x1) (x2) (x3) (x4)

A 2 3 15 1

B 6 8 9 1

C 5 2 7 0

D 9 4 3 1

E 11 10 2 0

F 12 15 1 0

G 1 4 12 1

H 7 3 4 0

> rs<-read.spss("educ_scores.sav", to.data.frame=TRUE); SAS �p!|+0�
> rx <- read.xport("educ_scores.xpt")T<Z rx 0u~G#>�; S-Plus �p!|+0�
> rs <- read.S("educ_scores")T<Z rs 0u~G#>�; Stata �p!|+0�
> rd <- read.dta("educ_scores.dta")T<Z rd 0u~G#>�

2. 
 Excel �e+PtÆDG#�
 Excel> ("educ_scores.xls"), � R�p�KZ�; Excel>
Ppt Excel >
��3lT
|+
x'N&1 R �p;z�'up�3|+0t Excel >�3l “�2�p (g>e℄})” �p
��
2.18 b,�
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� 2.18: t Excel >�
�2�p��G read.delim() ;p�2�p
P
> rd <- read.delim("educ_scores.txt")��!<Z rd 0u~G#>�'Ip�3|+0t Excel >�3l “CSV(7�℄})” �p
�� 2.19 b,���G read.csv() ;p�2�p
P
> rc <- read.csv("educ_scores.csv")��!<Z rc 0u~G#>�

2.7.3 �XEWR�er
R �pmp�\ 50 D~G#:�T
0O�!�p)
0|� data() �G-�L�G#:��p)��

> data()�g
̂ z5E2�p) (base) b�0O�!G#N����2�u~G#N
`P5A�m_�/
!�Æ��
> data(infert)
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� 2.19: t Excel >�
 CSV �p��Pp	T
!�p)V�G#
0|(�QG package, P�

> data(package="nls")

> data(Puromycin,package="nls")��u~�p){1 library o_5:m
:L~G#:t
4&1)�5Tm
�
> library(nls)

> data()

> data(Puromycin)5 data() m
{)�E2�p) (base) 8)� nls �p)�
2.7.4 H�e+P

1. write( ) ��
write() �GCG#�p!|+0

write(x, file = "data",

ncolumns = if(is.character(x)) 1 else 5,
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append = FALSE)Tm x 0G#
{
0�P
q0|08Z� file 0�p� (v�"�p�


"data"). append=TRUE "
5"�pÆu_G#�b: (FALSE, v�\) Cu~D�p�TdQGl'}�p�
2. write.table( ) ��$ write.csv( ) ��B�^>G#CG#>G#
0|� write.table() �GC write.csv()�GC��2|+!G#�p
C CSV |+! Excel G#�p
P�


> df <- data.frame(

Name=c("Alice", "Becka", "James", "Jeffrey", "John"),

Sex=c("F", "F", "M", "M", "M"),

Age=c(13, 13, 12, 13, 12),

Height=c(56.5, 65.3, 57.3, 62.5, 59.0),

Weight=c(84.0, 98.0, 83.0, 84.0, 99.5)

)

> write.table(df, file="foo.txt")

> write.csv(df, file="foo.csv")

write.table() �G� write.csv() �G!(�|+

write.table(x, file = "", append = FALSE, quote = TRUE,

sep = " ", eol = "\n", na = "NA", dec = ".",

row.names = TRUE, col.names = TRUE,

qmethod = c("escape", "double"))

write.csv(..., col.names = NA, sep = ",",

qmethod = "double")Tm x 0B9� file 0�p�� append=TRUE "
5"�pÆu_G#�b:
(FALSE, v�\) Cu~D�p� sep 0G#d}Æe�TdQGl'}�p�

2.8 p��
R 0u~>
+�f
T{ u~�&80|,l0u~>
+�>
+Xd|℄�℄}C�:J℄}�>
+0|VJ
`p℄uJH0�R>
+ (4
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C��<B!A�) :(uJ
ÆuJ!\V��t~>
+0|V5uV�lu~k!>
+
�
u~>
+(���!�/A� “ { }” >,�
R �fqp�\TdxQoU�f��!℄U�\7#oU7g���

2.8.1 w�}g℄U�&� if / else �&� switch �&�
1. if / else }g
if / else �&0℄U�&m{p!�&
 if / else �&!|+


if(cond) statement_1

if(cond) statement_1 else statement_2'u&!��0���vp cond lQ
:[J>
+ statement_1; b:w��'I&!��0���vp cond lQ
:[J>
+ statement_1; b:[J>
+ statement_2.P�

if( any(x <= 0) ) y <- log(1+x) else y <- log(x)�����g�(�!�g
y <- if( any(x <= 0) ) log(1+x) else log(x)#a�B� if / else �&
8�(�!�K
if ( cond_1 )

statement_1

else if ( cond_2 )

statement_2

else if ( cond_3 )

statement_3

else

statement_4

2. switch }g
switch �&0D℄U�&
T(�SK0�
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switch (statement, list)Tm statement 0>
+
 list 0^>
0|���1����>
+!O=\5 1 � length(list), :O=^>/
�f!\�b:O= “NULL” \�P�


> x <- 3

> switch(x, 2+2, mean(1:10), rnorm(4))

[1] 0.8927328 -0.7827752 1.0772888 1.0632371

> switch(2, 2+2, mean(1:10), rnorm(4))

[1] 5.5

> switch(6, 2+2, mean(1:10), rnorm(4))

NULL� list 0��1�"
 statement #�<Z�"
O=<Z�B
!\�b:O= “NULL” \�P�

> y <- "fruit"

> switch(y,fruit="banana",vegetable="broccoli",meat="beef")

[1] "banana"

2.8.2 #�}g{o}gm_�&0 break �&
 break �&!��0m_\7
(oUw�\7|��6�&0 next �&
 next �&0\V[J
FH[J�~$jK!$���� break �&� next �&!P�
t�!\7�&DM��
2.8.3 [.}g\7�&� for \7� while \7� repeat \7�&�

1. for [.}g
for \7!|+


> for (name in expr_1) expr_2Tm name 0\7<Z
 expr_1 0u~8Z>
+ ({
0~U^
� 1:20),

expr_2 {
0u�>
+���7u~ 4 �! Hilbert �P
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> n<-4; x<-array(0, dim=c(n,n))

> for (i in 1:n){

for (j in 1:n){

x[i,j]<-1/(i+j-1)

}

}

> x

[,1] [,2] [,3] [,4]

[1,] 1.0000000 0.5000000 0.3333333 0.2500000

[2,] 0.5000000 0.3333333 0.2500000 0.2000000

[3,] 0.3333333 0.2500000 0.2000000 0.1666667

[4,] 0.2500000 0.2000000 0.1666667 0.1428571

2. while [.}g
while \7�& while �&!|+


> while (condition) expr�vp condition lQ
:[J>
+ expr. P�
:Cu~X\ 1000 |$!
Fibonacci G�

> f<-1; f[2]<-1; i<-1

> while (f[i]+f[i+1]<1000) {

f[i+2]<-f[i]+f[i+1]

i<-i+1;

}

> f

[1] 1 1 2 3 5 8 13 21 34 55 89 144

[13] 233 377 610 987

3. repeat [.}g
repeat �&!|+


> repeat expr

repeat \7vE break �&wz\7�P�
� repeat \7:Cu~X\ 1000|$! Fibonacci G!oU�
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> f<-1; f[2]<-1; i<-1

> repeat {

f[i+2]<-f[i]+f[i+1]

i<-i+1

if (f[i]+f[i+1]>=1000) break

}Ctvp�&q
 if (f[i]+f[i+1]<1000) next else break, q�|m!X\���
2.9 )I6�S �

R �p/S�.
S�s�H!�=�G��SD R �G�~
n=!$KI+
C0|1
uJ!-��Lm5(�"0|(�f��R��S;
FeoUq�	��Z$C
S!oU0*Z$(� R �f!{pSKXu�.$Æ
 R &}p�!(�DG�G
� mean(), var(), postscript()#
0&}:Cz#C5 R �fm!�G
�*
SC!�G2jÆ��D�`?��G1�!|+�(

> name <- function(arg_1, arg_2, ...) expression

expression 0 R m!>
+ ({
0u�>
+), arg_1, arg_2, ... >,�G!QG�>
+m
V5oU�'!F"0�G!O=\
O=\0|08Z�G� (�P) �^>CG#>�-��G!|+
 name(expr_1, expr_2, ...), Ce5{ "-�80!K!�5-�
S:C!�G (oU) "
Ppt{C�!�G-�$�m
P(� 2.1.3 ���! “>� R �|���” �g
[J source() �G����G!-�
'�!�C8>����
2.9.1 MNR�3�T
oUum
 R 0|"�~&:C
SPp!�G�
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wzQ`S�Z/FV�z3�a
d�V�
x3 − x − 1 = 0��O [1, 2] b3z
nG^� ε = 10−6.[�ry*pd [a, b], � f(a) � f(b) ��
�I℄KX\�b:y_X\	>zX\  F"��I℄KX\�o�(�rm) x = a+b

2
, � f(a) � f(x) ��
:f b = x;b: a = x. �pdd<=�^1pn"
y_X\�:CI℄KoU
oU�� bisect.R.

fzero <- function(f, a, b, eps=1e-5){

if (f(a)*f(b)>0)

list(fail="finding root is fail!")

else{

repeat {

if (abs(b-a)<eps) break

x <- (a+b)/2

if (f(a)*f(x)<0) b<-x else a<-x

}

list(root=(a+b)/2, fun=f(x))

}

}5I℄Kn�!�G (oU) m
>�\ f 0n�!�G
 a, b 0I℄K!��=)� eps=1e-5 0�<pn
0��QG ('�t��). �G (oU) !O=\0^>
�y*pdH~�pn"
O=\
 “finding root is fail!”(n�  ); �~�o_vp"
O=\
So�!ÆS\�5ÆS)�!�G\�sQn�!W.K�G
f<-function(x) x^3-x-1nd5pd [1, 2] $!��
> fzero(f, 1, 2, 1e-6)

$root

[1] 1.324718
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$fun

[1] -1.857576e-06.$Æ
�^H�:Cn��G
 R �p{p�\nu!So�!�G
uniroot(), T(�|+


uniroot(f, interval,

lower = min(interval), upper = max(interval),

tol = .Machine$double.eps^0.25, maxiter = 1000, ...)P�
pnP 2.4 !�
`P>��g
> uniroot(f, c(1,2))�0��
$root

[1] 1.324718

$f.root

[1] -5.634261e-07

$iter

[1] 7

$estim.prec

[1] 6.103516e-05TX\�����:C!oU!X\��0/|!�(�:Cu~�}X��!�G — X\Ym2! T }XZ�� 2.5 h6*\V
A: 79.98 80.04 80.02 80.04 80.03 80.03 80.04 79.97

80.05 80.03 80.02 80.00 80.02

B: 80.02 79.94 79.98 79.97 79.97 80.03 79.95 79.97Cn*\V3 T 
C+�[��Ym2!S`/|
e�W
: T }XZ!X\�+

T =

(X − Y )

S
√

1
n1

+ 1
n2

, (2.1)Tm
S2 =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
, (2.2)
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X, Y ℄?0Y�G#!m2)\
 S2
1 , S2

2 ℄?0Y�G#!m2S`
 n1, n2℄?
Y�G#!~G��H+ (2.1) � (2.2) :C/
!oU	oU�� twosam.R �
twosam <- function(y1, y2) {

n1 <- length(y1); n2 <- length(y2)

yb1 <- mean(y1); yb2 <- mean(y2)

s1 <- var(y1); s2 <- var(y2)

s <- ((n1-1)*s1 + (n2-1)*s2)/(n1+n2-2)

(yb1 - yb2)/sqrt(s*(1/n1 + 1/n2))

}5�G (oU) m
>�\ y1, y2 0PpX\ T }XZ!Y�G#��G
(oU) !O=\0G\H<Z
�z/
! T }XZ�>�G# A, B, CX\ T }XZ�

> A <- c(79.98, 80.04, 80.02, 80.04, 80.03, 80.03,

80.04, 79.97, 80.05, 80.03, 80.02, 80.00, 80.02)

> B <- c(80.02, 79.94, 79.98, 79.97, 79.97, 80.03,

79.95, 79.97)

> twosam(A,B)

[1] 3.4722455'���8>u�
� T }XZD
XYm2)\0b/|�
2.9.2 _oKRm���

R �p0|1�!I!0\
TI+
 %anything%. � x, y 0Y~8Z
1� x � y !$H
〈x, y〉 = exp(−‖x − y‖2/2),T0\e�� %!% >,
:I!0\!1��(

"%!%" <- function(x, y) {exp(-0.5*(x-y) %*% (x-y))}

2.9.3 y"4�{fQ���LpI+� name=object ��z1-��Gm!QG
:L�QG0|�H{ LU�z��1��(�G
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> fun1 <- function(data, data.frame, graph, limit) {

[function body omitted]

}:(�!�p-�SK
> ans <- fun1(d, df, TRUE, 20)

> ans <- fun1(d, df, graph=TRUE, limit=20)

> ans <- fun1(data=d, limit=20, graph=TRUE, data.frame=df)80#a!���5P 2.4 m
T�<pnr 1e-5(10−5), :H8>��<pn
Z�>�pd=)P0�
> fzero(1,2)

$root

[1] 1.324718

$fun

[1] -1.405875e-05(�O���QG!SK:Cu~nW.KSo��! Newton K!oU�� 2.6 [>�Z/FV�
d3 Newton S3�M
dz��M�dZ/FV�

{

x2
1 + x2

2 − 5 = 0

(x1 + 1)x2 − (3x1 + 1) = 03d
��M: x(0) = (0, 1)T , nG^� ε = 10−5.[�n�W.KSo�
f(x) = 0, f : Rn → Rn ∈ C1! Newton K!.�|+


x(k+1) = x(k) − [J(x(k))]−1f(x(k)), k = 0, 1, · · · ,
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�G f(x) ! Jacobi �P
P
J(x) =





∂f1

∂x1

∂f1

∂x2
· · · ∂f1

∂xn

∂f2

∂x1

∂f2

∂x2
· · · ∂f2

∂xn

...
...

. . .
...

∂fn

∂x1

∂fn

∂x2
· · · ∂fn

∂xn




.

��
/
!oU	oU�� Newtons.R �

Newtons<-function (fun, x, ep=1e-5, it_max=100){

index<-0; k<-1

while (k<=it_max){

x1 <- x; obj <- fun(x);

x <- x - solve(obj$J, obj$f);

norm <- sqrt((x-x1) %*% (x-x1))

if (norm<ep){

index<-1; break

}

k<-k+1

}

obj <- fun(x);

list(root=x, it=k, index=index, FunVal= obj$f)

}5��G (oU) m
>�<Z�� fun 0�So�l!�G
$rI+5(���� x 0y*<Z
 ep 0�<pn
v�"
 10−5. it_max 0��.��G
v�"
 100.�G (oU) |^>!I+�
>z<Z
�� root 0So�!ÆS\�
it 0.��G� index 0^=
 index=1 >�X\l�� index=0 >�X\  � FunVal 0So5 root �!�G\�:CnSo!�G (oU�� funs.R)

funs<-function(x){

f<-c(x[1]^2+x[2]^2-5, (x[1]+1)*x[2]-(3*x[1]+1))
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J<-matrix(c(2*x[1], 2*x[2], x[2]-3, x[1]+1),

nrow=2, byrow=T)

list(f=f, J=J)

}�G (oU) !>�<Z0 x. 5�G (oU) m
f 0bnSo!�G
J 0/
! Jacobi �P��G!>z|^>I+�z
>z�G\�/
! Jacobi�P�(�n�pSo
> Newtons(funs, c(0,1))

$root

[1] 1 2

$it

[1] 6

$index

[1] 1

$FunVal

[1] 1.598721e-14 6.217249e-15PSo!� x∗ = (1, 2)T , ��.�\ 6 ��
2.9.4 Y���

R �G00|(�!
0|5�G
�$1��G2��(�!P�0�(��GX\G\H℄�� 2.7 z9��aCna:8` ∫ 5

1
dx
x
, nG^� ε = 10−6.[�O�
4X9Jd!k3oI�+
TSK0���tpdI#℄
5�pdÆO�oInH�+
��X\~��<pnC
���.��G
:y_X\�b:\VtpdB℄�:C/
!X\oU	oU�� area.R �

area <- function(f, a, b, eps = 1.0e-06, lim = 10) {

fun1 <- function(f, a, b, fa, fb, a0, eps, lim, fun) {

d <- (a + b)/2; h <- (b - a)/4; fd <- f(d)

a1 <- h * (fa + fd); a2 <- h * (fd + fb)

if(abs(a0 - a1 - a2) < eps || lim == 0)
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return(a1 + a2)

else {

return(fun(f, a, d, fa, fd, a1, eps, lim - 1, fun)

+ fun(f, d, b, fd, fb, a2, eps, lim - 1, fun))

}

}

fa <- f(a); fb <- f(b); a0 <- ((fa + fb) * (b - a))/2

fun1(f, a, b, fa, fb, a0, eps, lim, fun1)

}oU!>�<Z
 f 01H�G
 a,b 0H℄!=)
 eps 0H℄�<pn
v�\
 10−6. lim 0B℄pd!Æ-
v�\
 10, P1Hpd�D1#℄
 210 ~�pd�>z<Z
H℄\�
area �G/��{oU
:*�oI�+X\zH℄!ÆS\
x'-��G fun1.

fun1 �G/���oU
p�G0O�(�!1�S+:C!�G
T��0�tpdB℄
O�k3nH�+
�2�!X\\�Æu�!X\\/`=��<pn eps C lim = 0 "
:y_X\�b:℄?-�
��G�(�X\�℄�*1��G
> f <- function(x) 1/x3X\TH℄\
> quad<-area(f,1,5); quad

[1] 1.609452pH℄!�w\
 ln 5 = 1.609438. 4�n
2.1 W"
w R �U
��UG[-℄+ x = (1, 2, 3)T , y = (4, 5, 6)T , dfj)�n�

(1) Cn z = 2x + y + e, 	G e = (1, 1, 1)T ;

(2) Cn x � y 3b8�
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(3) Cn x � y 3�8�

2.2 Y 1, 2, · · · , 20 ��*w 4× 5 b3v/
	Gv/ A RD/[-
v/ BRDE[-
df,)�n�
(1) C = A + B;

(2) D = AB;

(3) E = (eij)n×n, 	G eij = aij · bij;

(4) F R| A 3� 3 E�� 3 /��3v/�
(5) G R|v/ B 3x/��3v/
)k� B 38 3 /�

2.3 ��
w5+ x, 5+R| 5 w 1, 3 w 2, 4 w 3 � 2 w 4 ��
Rmz/
rep() �a�
2.4 B�
w 5 b3 Hilbert v/


H = (hij)n×n, hij =
1

i + j − 1
, i, j = 1, 2, · · · , n.

(1) Cn Hilbert v/ H 3E/N

(2) � H 3fv/�
(3) � H 3|0:�|05+�

2.5 h6~ 5 VQB3ax
,` 2.3 qO�zax�3DNF-ax�- 2.3: We�eM� GV Fa g2 At (cm) �J (kg)

1 &3 l 14 156 42.0

2 �h ` 15 165 49.0

3 �� l 16 157 41.5

4 )6 ` 14 162 52.0

5 >
 l 15 159 45.5

2.6 Y! 2.5G3ax` 2.33ax>�
w��V�U
z�a read.table()Fl�U
$��z�a write.csv() >�
w
z Excel `
!�3�U
dz Excel `!��
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2.7 [>
w R �M (�a). [-
w1a n, ,
 n ≤ 0, "G<�n
d[�
{$� “^�[-
w21a”; d"
,
 n Rma
"Y n � 2, dgy n; d"
Y 3n + 1 gy n. kKS'
=/ n = 1, p�<Cn
d[�
{$� “�n�|”. ,w![R�-PYa=G3
wQ(3?��
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X℄� �f ~Sx3}X℄�℄
}X�D�}X��Y~K℄�}X�D0{�?g}X��:g}X>�X\}XZ#SKD>DG#!℄InQ�d0G#℄�!E2Jv
q0
J}X��!E}�2C��}X�D
q�0G#!�DK℄�
��}X��!$�
t5'��CnV����X\G�p�G#!�DK℄�
0|�_S;�Z�
�O�B}X�D!L��2C{���D}X!E2r-�
q)��� 0� R �pm!�GBG#
J�DK℄��
3.1  ~�C�{Wu�6k	C�Y�G#


x1, x2 · · · , xn.d�0|0	bpe�!B9!ur — �r X mrz!
L n ~�Y\��lu~m2�5��g�!$[�qm
L n ~�Y\�0bpe��q!ur�G#℄�!{��0pBLuK n ~G#
J℄�
prG#m)�!��F"�G#�
F"!2r
�xp℄�G#m)�!{pF"
Pp℄�G#!{pnQ�q�0M
pe�G#!GÆnQ�B�G#!GÆnQ
p℄�G#!Nm�f�℄�o<�G#℄I#�
3.1.1 *�Re
b��f!<Z�0���D�D1Z
℄!Nmo/!}XZ�
�!�)\�rG�m�G��℄�G#�

1. h�)\ (mean) 0G#!I)G
)\ (Y
 x) 1�

x =

1

n

n∑

i=1

xi, (3.1)

125



126 83% axS_F`!d�DG#r\!I)�f�5 R �pm
0� mean() �GX\m2!)\
T!(�SK0
mean(x, trim = 0, na.rm = FALSE)Tm x 0B9 (�8Z��P�G�CG#>), trim 0X\)\℄s,�)\`|�G#!4P
v�\
 0, P)AuKG#�� na.rm = TRUE "
/SG#m�v G#��G!O=\0B9!)\���d!(�
t�P�D�
uJ!���� 3.1 h6 15 �QB3�J ((���	)

75.0 64.0 47.4 66.9 62.2 62.2 58.7 63.5

66.6 64.0 57.0 69.0 56.9 50.0 72.0�QB�J3�~:�[�O� mean() �Gn��sQ R �p (�p�� exam0301.R)

w <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0)

w.mean <- mean(w); w.mean[J exam0301.R !!uKoU���Z�rq!)\
 62.36.��
� x 0�P (CG�) "
�G mean() !O=\
CH08Z
F0u~G
P�PmuKG#!I)\�P�

> x <- 1:12; dim(x)<-c(3,4)

> mean(x)

[1] 6.5� mean(1:12) !O=\/|
FLM x 0u~ 3 × 4 !�P���*Pp���P�JC�^!)\
Pp-� apply() �G (l'IC
2.5.5 �) X\��X\�P�J!)\


> apply(x,1,mean)

[1] 5.5 6.5 7.5X\�P�^!)\

> apply(x,2,mean)

[1] 2 5 8 11



3.1 S_
C+ 127�� x 0G#>
: mean() !O=\�08Z
�
> mean(as.data.frame(x))

V1 V2 V3 V4

2 5 8 110|,zd0�^nI)\!
Tm�g as.data.frame(x)(l'IC 2.6.2 �)0t�P x ag�3lG#>���
	'5�D!G#℄�"
D!G#!>���O�G#>!I+
Lm;�'�!G#�L�n��G sum() 0�n)\��!�G
T(�|+

sum(..., na.rm = FALSE)QG na.rm !���)\�G mean() m!QG��/|��� x 08Z
�G length(x) !O=\08Z x !d< (ÆG). ��
��+ (3.1), P 3.1 !)\0�(�!X\��
P
> mean <- sum(w)/length(w); mean

[1] 62.360|,z
YK!X\0/|!����5G#m
��G#0�
\
3��+ (3.1) �H!L\�q�0M
H&g�&� mean(w) X\m2)\�P�
��'u~Z�!rq�>�u~)
<
 750 [1
�"�H+ (3.1) X\z!\>z,H!L!,9
,u(X\��
> w[1] <- 750

> w.mean <- mean(w); w.mean

[1] 107.36Z�!I)rq
 107.36 [1
L+x0H!L!���O�(DSK
0|i���>��`BX\!�3�
> w.mean <- mean(w, trim=0.1); w.mean

[1] 62.53846Tm trim !r\5 0 d 0.5 Xd
>,5X\)\℄Pps,�
\!4P�O�L~QG0|�?!q��
\!BX\!�3�
na.rm 07gv G#!QG�P�
���� 16 �Z�
�' 16 �Z�!rqv 
���H{
!X\SK
t�H����



128 '�C G#�DK℄�
> w.na <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0, NA)

> w.mean <- mean(w.na); w.mean

[1] NAX�QG na.rm = TRUE 0|"�&�LL~�q
,u(X\���
> w.mean <- mean(w.na, na.rm = TRUE); w.mean

[1] 62.36B� sum() �G
�QG!��0/|!
P na.rm = TRUE >,0|n��v G#!���)\�G mean() /�!�G8� weighted.mean(), PX\G#!_tI)\
$r!(�|+

weighted.mean(x, w, na.rm = FALSE)Tm x 0G\8Z
 w 0G# x 0t
� x !ÆG/|�QG na.rm !���

mean() �G/|�p�G0|B�P�G�X\_tI)\
�BG#>H1� (B�G#>
 weighted.mean() �G!X\����P!X\��0/|!
F mean() �GYK!X\��0H|!).

2. �U�B
� n ~G# (�Y\) �	=��!LU4^

x(1) ≤ x(2) ≤ · · · ≤ x(n),j
LU}XZ (order statistic), +x
�=LU}XZ
 x(1), ��LU}XZ
 x(n).5 R �pm
 sort() ��YZ!LU}XZ��

> x <- c(75, 64, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5)

> sort(x)

[1] 47.4 58.7 62.2 62.2 63.5 64.0 66.9 75.0$[Æ
�G sort()H`0�z\m2!LU}XZ
8���R!�&
T(�|+

sort(x, partial = NULL, na.last = NA, decreasing = FALSE,

method = c("shell", "quick"), index.return = FALSE)



3.1 �D}XZ 129Tm x 0G\�CÆe�CxLH8Z� partial 0K℄4U!^=8Z�
na.last 07gv G#!QG
� na.last = NA(v�\) "
H�Lv G#�� na.last = TRUE"
v G#45�'�� na.last = FALSE"
v G#45�℄�� decreasing 0xL<Z
7gG#4^!LU
� decreasing

= FALSE (v�\),�z!O=\
0�=��4U!��� decreasing = TRUE,:�G!O=\���=4^� method 04U!SK
�� method = "shell"

(v�\),:X9 Shell4UK4U
T0\Z
 O(n4/3);�� method = "quick",:O�<Y4UK4U
B�G\H8Z
<Y4UK!0\Zu"p$� Shell4UK�index.return 0xL<Z
07g4U(=!O=\
� index.return

= TRUE " (v�\
 FALSE), �G!O=\0u^>
̂ >!'u~<Z $x 04U!LU
'I~<Z0 $ix 04ULU!(=B
!\�(��G\P�,u(�G sort() m�pQG!(�SK��PptG#���=4
:�QG decreasing = TRUE. �
> sort(x, decreasing = TRUE)

[1] 75.0 66.9 64.0 63.5 62.2 62.2 58.7 47.4�G#m�v G#"
CH#	�Lv G#
:H8-R{ QG��
> x.na <- c(75.0,64.0,47.4,NA,66.9,62.2,62.2,58.7,63.5)

> sort(x.na)

[1] 47.4 58.7 62.2 62.2 63.5 64.0 66.9 75.0��#	54U'!G#m*hv G#
Ctv G#45�'
:� na.last

= TRUE. ��tv G#45�℄
:� na.last = FALSE. �
> sort(x.na, na.last = TRUE)

[1] 47.4 58.7 62.2 62.2 63.5 64.0 66.9 75.0 NA

> sort(x.na, na.last = FALSE)

[1] NA 47.4 58.7 62.2 62.2 63.5 64.0 66.9 75.0� sort() �G/�!�G�� order() �z4U'!(=� rank() �zm2!i}XZ
�� rank() �G5'�C8>���
3. #*�



130 '�C G#�DK℄�m�G (median, Y
 me) 1�
G#4U��md�f!\
P
me =

{
x(n+1

2
), � n 
UG",

1

2

(
x(n

2
) + x(n

2
+1)

)
, � n 
3G".

(3.2)m�G�DG#mE�f!GÆnQ��rÆ4m�G�C=!G#~G
R~G#!u%�B�Bj℄I!G#
)\�m�G4|�Æ�B�Bh℄I!G#
)\�m�GH|�m�G!�u+|n)0H<�
\!�3
$��qK
��d0G#℄�m/�qp!}XZ�5 R �pm
�G median() ��YZ!m�G��
> x <- c(75, 64, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5)

> median(x)

[1] 62.85

median() �G!(�|+

median(x, na.rm = FALSE)Tm x 0G\H8Z
 na.rm 0xL<Z
� na.rm = TRUE "
�G0|�L��v G#!8Z�b: (na.rm = FALSE, v�\) H&�L��v G#!8Z��
> x.na <- c(75.0,64.0,47.4,NA,66.9,62.2,62.2,58.7,63.5)

> median(x.na)

[1] NA

> median(x.na, na.rm = TRUE)

[1] 62.85

4. �w*��℄�G (percentile) 0m�G!���tG#�	=��!4^'
B�
0 ≤ p < 1, d! p ℄�)1�


mp =

{
x([np]+1), � np H0RG",

1

2

(
x(np) + x(np+1)

)
, � np 0RG",

(3.3)Tm [np] >, np !RGK℄�
p ℄�G�j
' 100p �℄�G��rÆR~m2! 100p !�Y\Hf�

p ℄�G�� 0.5 ℄�G m0.5(' 50 �℄�G) �0m�G me. 5$[X\m
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0.75 ℄�G� 0.25 ℄�G (' 75 �℄�G�' 25 �℄�G) 4|qp
d�℄?j
Æ�(R℄�G
C℄?Y
 Q3 = m0.75, Q1 = m0.25.5 R �pm
 quantile() �GX\�YZ!�℄�G��
> w <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0)

> quantile(w)

0% 25% 50% 75% 100%

47.40 57.85 63.50 66.75 75.00

quantile() �G!u"(�|+

quantile(x, probs = seq(0, 1, 0.25), na.rm = FALSE,

names = TRUE, type = 7, ...)Tm x0�G\�l!8Z� probs 0�z/
!�℄�G
v�"0 0 � 1
4
�

1
2
� 3

4
� 1. na.rm 0xL<Z
� na.rm = TRUE "
0�Lv G#�T�l'}����\�z 0%, 20%, 40%, 60%, 80% � 100% !�℄�G
:X9

> quantile(w, probs = seq(0, 1, 0.2))

0% 20% 40% 60% 80% 100%

47.40 56.98 62.20 64.00 67.32 75.00

3.1.2 w^AeRe
>,G#℄�	C<��o<!nQZ�S`�=�`�K`�R℄�K`�<�&G�=��#�
1. r;�,0;{*p5�S` (variance) 0�DG#r\℄�K!u~<Z�m2S` (sample vari-

ance) 0m2/B�)\!B`IS�!I)
Y
 s2, P
s2 =

1

n − 1

n∑

i=1

(xi − x)2 . (3.4)Tm x 0m2!)\�



132 83% axS_F`!m2S`!+Sj
m2=�` (standard deviation), Y
 s, P
s =

√
s2 =

√√√√ 1

n − 1

n∑

i=1

(xi − x)2. (3.5)<�&G022G#/B℄�K!up<Z
Y
 CV,

CV = 100 × s

x
(%), (3.6)d0u~�Zw!Z
��℄G>,��℄�o<��!}XZ8�(^GÆnQ�m2>SIS�

CSS =

n∑

i=1

(xi − x)2 . (3.7)m2�>SIS�
USS =

n∑

i=1

x2
i . (3.8)5 R �pm
� x 0�m2�l!8Z
: var(x) X\m2S`
 sd(x)X\m2=�`
P sd(x) =

√
var(x). P�
B� 15 �Z�!rqG#
�

> var(w)

[1] 56.47257

> sd(w)

[1] 7.514823S`�G var() �=�`�G sd() !(�|+

var(x, y = NULL, na.rm = FALSE, use)

sd(x, na.rm = FALSE)Tm x 0G\8Z��PCG#>� na.rm 0xL<Z
� na.rm = TRUE "
0�Lv G#�T�l'}��S`�G var() /�!�G8�� cov()— nAS`�P� cor() — n/��P�LY~�Gt5'����B�<�&G�>SIS���>SIS�#^=
Pp:Cg�!oU�P�
B� 15 �Z�!rqG#
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> cv <- 100*sd(w)/mean(w); cv

[1] 12.05071

> css <- sum((w-mean(w))^2); css

[1] 790.616

> uss <- sum(w^2); uss

[1] 59122.16

2. :;{,01m2K` (Y
 R) !X\�+

R = x(n) − x(1) = max(x) − min(x), (3.9)Tm x 0�m2�l!8Z�m2K`0�Dm2℄�K!GÆnQ��G#*℄�
TK`*��m2Æ�(R℄�GX`j
R℄�`	C%K`�
Y
 R1, P

R1 = Q3 − Q1, (3.10)dq0<Zm2℄�K!qpGÆnQ
n?B�$��
\!G#
d�
℄�K$��qK
��d5�qKG#℄�m$�qp���m2=�� (Y
 sm) 1�

sm =

√√√√ 1

n(n − 1)

n∑

i=1

(xi − x)2 =
s√
n

. (3.11)B�m2K`�m2=��
0|g�:oSKX\�
3.1.3 w1P/Re
5'uC! 1.3.5 �����r!B< (skewness) &G�`< (kurtosis) &G
LM��m2!B<&G�`<&G�

1. 5e5�m2!B<&G (Y
 g1) !X\�+

g1 =

n

(n − 1)(n − 2)s3

n∑

i=1

(xi − x)3 =
n2µ3

(n − 1)(n − 2)s3
, (3.12)



134 83% axS_F`!Tm s 0=�`
 µ3 0m2 3 �mE�
P µ3 = 1
n

n∑
i=1

(xi − x)3.B<&G022G#!BjK^=���)\Bj!G#TB<&G
 0,�V�℄�!G#B<&G
S
�V�℄�!G#B<&G
m�
2. ye5�m2!`<&G (Y
 g2) !X\�+


g2 =
n(n + 1)

(n − 1)(n − 2)(n − 3)s4

n∑

i=1

(xi − x)4 − 3
(n − 1)2

(n − 2)(n − 3)

=
n2(n + 1)µ4

(n − 1)(n − 2)(n − 3)s4
− 3

(n − 1)2

(n − 2)(n − 3)
, (3.13)Tm s 0=�`
 µ4 0m2 4 �mE�
P µ4 = 1

n

n∑
i=1

(xi − x)4.�G#!�r℄I
Sh℄I"
`<&GÆS
 0; �℄I|Sh℄I!�K�℄�"
`<&G
S�b:
m��`<&G
S"
YVK=G#|D��`<&G
m"
YVK=G#|���':Cu~}X!�G (oU�� data_outline.R), X\m2!�p�DK}XZ�
data_outline <- function(x){

n <- length(x)

m <- mean(x)

v <- var(x)

s <- sd(x)

me <- median(x)

cv <- 100*s/m

css <- sum((x-m)^2)

uss <- sum(x^2)

R <- max(x)-min(x)

R1 <- quantile(x,3/4)-quantile(x,1/4)

sm <- s/sqrt(n)

g1 <- n/((n-1)*(n-2))*sum((x-m)^3)/s^3

g2 <- ((n*(n+1))/((n-1)*(n-2)*(n-3))*sum((x-m)^4)/s^4
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- (3*(n-1)^2)/((n-2)*(n-3)))

data.frame(N=n, Mean=m, Var=v, std_dev=s,

Median=me, std_mean=sm, CV=cv, CSS=css, USS=uss,

R=R, R1=R1, Skewness=g1, Kurtosis=g2, row.names=1)

}�G!>�<Z x 0G\H8Z
�m2�l��G!O=\0G#>
)�|(^=� N m2!~G� Mean m2)\� Var m2S`� std_dev m2=�`� Median m2m�G� std_mean m2!=��� CV m2!<�&G�
CSS m2>SIS�� USS m2�>SIS�� R m2K`� R1 m2%K`�
Skewness m2`<&G� Kurtosis m2B<&G�� 3.2 Cn! 3.1 G 15 �QB3�J3xI
C+�[�t:�!oU-�$�	l'ICm>� R �|�
>�G#CX\��/
!���

> source("data_outline.R")

> w <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0)

> data_outline(w)

N Mean Var std_dev Median std_mean CV

1 15 62.36 56.47257 7.514823 63.5 1.940319 12.05071

CSS USS R R1 Skewness Kurtosis

1 790.616 59122.16 27.6 8.9 -0.4299561 0.09653947

3.2 �fSx2G#!GÆnQ22\G#!{pnQ
FpBG#!�rj?�u�!�D
�pe�G#!℄I�BG#℄I!{p�DSK�ZS���t��G#!Lv℄IP�r℄I�G#℄�!u~qp�q0pe�G#0bD
Sh�r
L0℄I!ShKfk!�q�



136 83% axS_F`!
3.2.1 w1��5'uC�z\℄I�G F (x) !1� (1� 1.5) �℄Ip (1� 1.7), P

P{X = xk} = pk, k = 1, 2, · · · ,�rqÆ<�G f(x) !1� (1� 1.8), |OrqÆ<�G f(x) �℄I�G
F (x) !�&

F (x) = P{X ≤ x} =

∫ x

−∞
f(t)dt, −∞ < x < ∞.C�z\u�*H!℄I
�Sh℄I� Poisson ℄I#�5 R �pm
p�\X\L�*H℄I!℄I�G�℄IpCrqÆ<�G
|O℄I�G!N�G!�p�G�P�
-oSh℄I
� µ 0)\
 σ2 0S`
B�{�!<Z x, T℄I�G


F (x) =
1√
2πσ

∫ x

−∞
exp

{
−(t − µ)2

2σ2

}
dt = pnorm(x, mu, sigma),Tm�G pnorm 0 R �pmX\℄I�G (Sh℄I) !�G
 mu 0)\ µ,

sigma 0=�` σ. /
!rqÆ<�G

f(x) =

1√
2πσ

exp

{
−(x − µ)2

2σ2

}
= dnorm(x, mu, sigma),Tm�G dnorm 0 R �pmX\rqÆ<�G (Sh℄I) !�G�X\=�Sh℄I!Æ α/2 (α = 0.05) ℄�)
TX\�+


zα/2 = qnorm(1-0.025, 0,1) = 1.959964.Tm�G qnorm 0 R �pmX\(℄�)!�G�a� 100 ~=�Shh℄I!^GG
r <- rnorm(100, 0, 1)Tm�G rnorm 0 R �pm�l (Sh℄I) ^GG!�G
QG 0, 1 0|v����Sh℄I�G dnorm() � pnorm() � qnorm() � rnorm() !(�SK0
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dnorm(x, mean=0, sd=1, log = FALSE)

pnorm(q, mean=0, sd=1, lower.tail = TRUE, log.p = FALSE)

qnorm(p, mean=0, sd=1, lower.tail = TRUE, log.p = FALSE)

rnorm(n, mean=0, sd=1)Tm x,q 0�G\H<Z�l!8Z� p 0�rq�l!8Z� n 0a�^GG!~G� mean 0pX\!Sh℄I!)\
v�\
 0. sd 0pX\!Sh℄I!=�`
v�\
 1. �G dnorm() !O=\0Sh℄I!rqÆ<�G��G pnorm() !O=\0Sh℄I!℄I�G��G qnorm() !O=\0�1rq p '!(℄�)��G rnorm() !O=\0� n ~Sh℄I^GG�l!8Z�
log, log.p 0xL<Z
�d
M (TRUE) "
�G!O=\H30Sh℄I
F0BGSh℄I� lower.tail 0xL<Z
�d
M (TRUE, v�\) "
℄I�G!X\�+


F (x) = P{X ≤ x},� lower.tail = FALSE "
℄I�G!X\�+

F (x) = P{X > x}.3,u~K�^G<ZX\�G!P�
� Poisson ℄I� Poisson ℄I!(�|+


dpois(x, lambda, log = FALSE)

ppois(q, lambda, lower.tail = TRUE, log.p = FALSE)

qpois(p, lambda, lower.tail = TRUE, log.p = FALSE)

rpois(n, lambda)Tm lambda 0 Poisson ℄I!QG λ. T�QG!���Æ���!�G (Sh℄I) mQG!��/|���
�� Poisson ℄I0K�℄I
� x 0RG k "
T��

P{X = k} =

λe−λ

k!
= dpois(k, lambda),� x H0RG"
 dpois(x, lambda)=0. B��G ppois(), �v x 0b
RG
T��


F (x) =

⌊x⌋∑

k=0

λe−λ

k!
= ppois(x, lambda).



138 '�C G#�DK℄��1rq p, qpois(p, lambda) !O=\0 P{X = k} ≥ p !�=!RG k.T
!℄I�Gq�JS!���> 3.1 ^z\�p
�!℄I�G
rqÆ<�GC℄Ip
|O R m!�j�-��G��!QG�- 3.1: w1��3w1�℄I R m!�j o_QG
beta beta shape1, shape2, ncp

binomial binom size, prob

Cauchy cauchy location, scale

chi-squared chisq df, ncp

exponential exp rate

F f df1, df2, ncp

gamma gamma shape, scale

geometric geom prob

hypergeometric hyper m, n, k

log-normal lnorm meanlog, sdlog

logistic logis location, scale

negative binomial nbinom size, prob

normal norm mean, sd

Poisson pois lambda

Student’s t t df, ncp

uniform unif min, max

Weibull weibull shape, scale

Wilcoxon wilcox m, n5> 3.1 b^!℄Im
_ÆH|!℄�>,H|!��

• d — rqÆ<�G f(x), C℄Ip pk;

• p — ℄I�G F (x);

• q — ℄I�G!N�G F−1(p), P�1rq p '
nT(℄�)�
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• r — TM (a�/|℄I!^GG).

3.2.2 �r �``w1 { QQ  
1. �r B�G#℄I

�ZS� (histogram) 
J�D�tG#r\!P�℄l�tpd (u"0#d}!), 5#d}!j?(
�~pdd<j
�%�-_G#y��upd!EG�Eq
5�~pdÆ1u~�I
d!=<0�%
d!x<0|0EG�EqCEq / �%
5x<0Eq / �%!j?(
�u�I!�HY0G#y�pd!Eq
LpZS�0|
X�r!rqÆ<��%BZS�!Ih�"�!�3
�%g=
��!EG|�
��^GK!�3
aÆpdÆ!EG0&"���%g�
ZS�bNÆ!Ih�He��5 R �pm
��G hist() 1zm2!ZS�
T|+


hist(x)C
hist(x, breaks = "Sturges", freq = NULL, probability = !freq,

include.lowest = TRUE, right = TRUE,

density = NULL, angle = 45, col = NULL, border = NULL,

main = paste("Histogram of" , xname),

xlim = range(breaks), ylim = NULL,

xlab = xname, ylab,

axes = TRUE, plot = TRUE, labels = FALSE,

nclass = NULL, ...)Tm x 0�m2�l!8Z� breaks �1ZS�!�%
�|(RpI+�z�
• 8Z
�zZS�!V)�o)��%�
• G
1�ZS�!�%�
• Æe�
	lv��h��
• �G
X\�%!=<�

freq 0xL<Z�
• TRUE ?zEqZS��
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• counts ?zEqZS��
• FALSE ?zÆ<ZS�

probability 0xL<Z� freq /N
0� S-Plus /e�!QG

• TRUE ?zÆ<ZS��
• FALSE ?zEqZS�

col >,ZS�muv!g	� plot 0xL<Z�
• TRUE >,�zZS��
• FALSE >,^z?zZS�!�p��	CH?���TdQGl'}�p�

2. #�e�B���ZS�/<m!0�Æ<
X (kernal density estimate) �G density(),T�!0�{Wm2

XTÆ<�d!(�SK0�
density(x, bw = "nrd0", adjust = 1,

kernel = c("gaussian", "epanechnikov", "rectangular",

"triangular", "biweight", "cosine", "optcosine"),

window = kernel, width,

give.Rkern = FALSE,

n = 512, from, to, cut = 3, na.rm = FALSE)Tm x 0�m2�l!8Z� bw 0�=
0X9�� bw 
�t\"
 R �p>1z�0!q.�TdQGl'}�p�� 3.3 /�! 3.1 G 15 �QB3�J39VÆ��NG�CÆ
d�2v`l3n:NG�afL*�[�Cz R oU	oU�� exam0303.R �
w <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0)

hist(w, freq = FALSE)

lines(density(w), col = "blue")

x <- 44:76

lines(x, dnorm(x, mean(w), sd(w)), col = "red")[J'?zZS��Æ<
Xq.�Sh℄I!rqÆ<q.
�� 3.1 b,�
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Histogram of w

w
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0.
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0.
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0.
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0.
06

� 3.1: Z�rq!ZS��Æ<
Xq.�Sh℄IÆ<q.���
Æ<
Xq.�Sh℄I!rqÆ<q.80�u1!`?!��!ZS��Æ<
Xq.D
uJ℄�P 3.2 m}XZ!����B<=� 0, ZS�B�#�
3. ``w1ZS�!g�1!��r
TVH℄I!b!�B�u"!�r℄I
�p
Xd!�r℄I�G F (x),0��k℄I�G (empirical distribution function)�
X�5'uC! 1.5.3 ��z\�k℄I!1� (l+ (1.87)), 5 R m
��G ecdf() ?zm2!�k℄I�G
T�K0�

ecdf(x)

plot(x, ..., ylab="Fn(x)", verticals = FALSE,

col.01line = "gray70")Tm
5�G ecdf()m! x0��_\��!G\H8Z
F5�G plot()m!
x0��G ecdf() �l!8Z� verticals 0xL<Z
� verticals = TRUE>,1F.�b: (FALSE, v�\) H1
.�



142 '�C G#�DK℄�� 3.4 /�! 3.1 G 15 �QB3�J3oY`lÆ�0u32v`lÆ�[�Cz R oU	oU�� exam0304.R �
plot(ecdf(w),verticals = TRUE, do.p = FALSE)

x <- 44:78

lines(x, pnorm(x, mean(w), sd(w)))Tm do.p 0xL<Z
� do.p = FALSE >,H1)�!Y��b: (TRUE, v�\) 1Y��[J'?z�k℄I��Sh℄Iq.
�� 3.2 b,�

45 50 55 60 65 70 75

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

ecdf(w)

x

F
n(

x)

� 3.2: Z�rq!�k℄I��Sh℄Iq.
4. QQ  Hv0ZS�8�k℄I�
p	4|Æj?m20bÆS��pJH!℄I0�"!
QQ �0|'}��j?m2!℄I0bÆS��pJH!℄I�,`1�r
Sh℄I N(µ, σ2), B�m2 x1, x2, · · · , xn, TLU}XZ0

x(1), x(2), · · · , x(n). � Φ(x) 0=�Sh℄I N(0, 1) !℄I�G
Φ−1(x) 0N�
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B
Sh℄I! QQ �0�|(!)
(

Φ−1

(
i − 0.375

n + 0.25

)
, x(i)

)
, i = 1, 2, · · · , n (3.14)�l!�)���m2G#ÆS�Sh℄I
5 QQ �ÆL�)ÆS&5Z.

y = σx + µoÆ��Z.!Bq0=�` σ, �%0)\ µ. b|O�Sh QQ �0|�Z�!ShKfk��Sh QQ �Æ!)ÆS&5uvZ.oÆ
0||
m2G#D
Sh℄I�r�5 R �pm
�G qqnorm() � qqline() p�\1Sh QQ ��/
Z.!SK�T(�SK0�
qqnorm(y, ...)

qqnorm(y, ylim, main = "Normal Q-Q Plot",

xlab = "Theoretical Quantiles",

ylab = "Sample Quantiles", plot.it = TRUE,

datax = FALSE, ...)

qqline(y, datax = FALSE, ...)

qqplot(x, y, plot.it = TRUE, xlab = deparse(substitute(x)),

ylab = deparse(substitute(y)), ...)Tm x 0'u^m2� y 0'I^m2C`��^m2� xlab, ylab, main0�=�TdQGl'}�p�� 3.5 /�! 3.1 G 15 �QB3�J32v QQ Æ
d�9�:Sa\VaxRd�\2v`l_��[�Cz R oU	oU�� exam0305.R �
w <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0)

qqnorm(w); qqline(w)[J'?zSh QQ �
�� 3.3 b,�	Sh QQ �	� 3.3 �D,
m2!G#E2Æ0|,lD
Sh�r�B�BGSh�̂ G#℄Iq0|�/
! QQ �
�|j?m2G#0bD
�uJH!�r℄I�
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Normal Q−Q Plot

Theoretical Quantiles

S
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Q
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nt
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� 3.3: Z�rq!Sh QQ �
3.2.3 ^g �=: =.�9x

1. ^g �ZS�4|
�t��&'e&,zG#℄I!���(��$r!P�DM��t�!���� 3.6 [J~ 31 VQB
[K�3�V�:,)�
25 45 50 54 55 61 64 68 72 75 75

78 79 81 83 84 84 84 85 86 86 86

87 89 89 89 90 91 91 92 100e�	laÆ�[�5 R �pm
� stem() �G��t�
T�g (oU�� exam0306.R)�(
> x<-c(25, 45, 50, 54, 55, 61, 64, 68, 72, 75, 75,

78, 79, 81, 83, 84, 84, 84, 85, 86, 86, 86,

87, 89, 89, 89, 90, 91, 91, 92, 100)
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> stem(x)

The decimal point is 1 digit(s) to the right of the |

2 | 5

3 |

4 | 5

5 | 045

6 | 148

7 | 25589

8 | 1344456667999

9 | 0112

10 | 0(�B�t��z/
!�2�'u~G 25 !!�
 2, ~�
 5. |~�
��
t 25 � | �℄+�
25 → 2 | 5�u~G80|Lm�L���
�t�t!�G 2,3,4,5,6,7,8,9,10 ��^	Æ�(4^
5�^�V	Æ�(1uF.
35F.�VCÆ"*G#!/
!~�G�P�
5!�G 5 !F.�Vv�
0 0,4,5, P

5 | 045d�℄?B
	 50, 54, 55 L�~G#���5!�G 3 !F.!�V
�
	"*G#,
��B
!G#0u
0|6	�5�t�m
�u
Y1G#
#u
G#EG�G#!!�GK℄>,
“�”, �
�u!2<�~�GK℄�
 “t”, +,EG!~G
���ZS�!ZSJS�

stem() �G!(�SK0�
stem(x, scale = 1, width = 80, atom = 1e-08)Tm x 0G#8Z� scale 7g?z�t�!d<� width ?�!=<�

atom 0�`���X9 scale = 2, Pt 10 ~~�G℄lY?
 0 ∼ 4 
u?
 5 ∼ 9 
fu?
,(�!X\��
> stem(x, scale = 2)
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The decimal point is 1 digit(s) to the right of the |

2 | 5

3 |

3 |

4 |

4 | 5

5 | 04

5 | 5

6 | 14

6 | 8

7 | 2

7 | 5589

8 | 13444

8 | 56667999

9 | 0112

9 |

10 | 0��X9 scale = 1/2, Pt 10 ~~�G℄l 1/2 ?
P 20 ~G
u?
�
> stem(x, scale = .5)

The decimal point is 1 digit(s) to the right of the |

2 | 5

4 | 5045

6 | 14825589

8 | 13444566679990112

10 | 0� 3.7 /�! 3.1 G 15 �QB3�J3laÆ�[�
> stem(w)

The decimal point is 1 digit(s) to the right of the |

4 | 7

5 | 0779
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6 | 22444779

7 | 25����
\(G#℄�g3
t"*G#=G)'G\R����
2. =: �t�0kaKG#℄�bO�!qpSK�F0.�w&Z�g�&�,G#℄I!{pnQ�5 R �pm
� boxplot() �G�0.��� 3.8 /�! 3.6 QB�V�:31/Æ�[�>��g

> boxplot(x)��0.�
�� 3.4 b,�
40

60
80

10
0

� 3.4: Z�lI!0.�50.�m
Æ (Q3) ( (Q1) R℄�G℄?w1zmd0r!0K{%K�0rmd!
.0m�G (me) b5!�f��0r8Æ(�z!�ZK℄j

“�R”, >,G#!�IP�
�')
 1.5 /R℄�Gd%�fz�P�!)j
�
\)
�
\)� “◦” �>,�

boxplot() �G!(�SK��pI+
'up|+

boxplot(x, ...)



148 '�C G#�DK℄�Tm x 0�G#�l!G\H8Z
CK0^>
CK0G#>�Æ�P�!(�SK�0LpI+�'IpI+

boxplot(formula, data = NULL, ..., subset, na.action = NULL)Tm formula 0�+
� y ~ grp, LM y 0�G#�l!G\H8Z
 grp 0G#!℄�
{
0��� data 0G#���'�pI+


boxplot(x, ..., range = 1.5, width = NULL, varwidth = FALSE,

notch = FALSE, outline = TRUE, names, plot = TRUE,

border = par("fg"), col = NULL, log = "",

pars = list(boxwex = 0.8, staplewex = 0.5, outwex = 0.5),

horizontal = FALSE, add = FALSE, at = NULL)Tm x!���'upj?/|�range 0 “�R”!P� (v�\
 1.5). notch0xL<Z
� notch = TRUE(v�\
 FALSE) "
1z!0.���d8�
outline 0xL<Z
� outline = FALSE(v�\
 TRUE) "
H=��
\)� col 0g	<Z
j�H|!\
t?zH|g	!0.�� horizontal0xL<Z
� horizontal = TRUE(v�\
 FALSE) "
t�0.�?lKI�� add 0xL<Z
� add = TRUE "
5"�Æ1��b: (FALSE, v�\)s:ÆuD��T�QG!��5.'}�p�0|� boxplot() �G�Ym2!)\fk
-^Ym2!)\0b/|�� 3.9 h6|*IVS2/,)ax�

Method A: 79.98 80.04 80.02 80.04 80.03 80.03 80.04 79.97

80.05 80.03 80.02 80.00 80.02

Method B: 80.02 79.94 79.98 79.97 79.97 80.03 79.95 79.97�*
ax3~:Rd0��[�>�G#
-� boxplot() �G (oU�� exam0309.R) 1zY�G#!0.�

A <- c(79.98, 80.04, 80.02, 80.04, 80.03, 80.03, 80.04,

79.97, 80.05, 80.03, 80.02, 80.00, 80.02)

B <- c(80.02, 79.94, 79.98, 79.97, 79.97, 80.03, 79.95,

79.97)

boxplot(A, B, notch=T, names=c(’A’, ’B’), col=c(2,3))
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A B

79
.9

4
79

.9
6

79
.9

8
80

.0
0

80
.0

2
80

.0
4

� 3.5: Y�G#!0.���0.�
�� 3.5 b,�	�I0|,z
Y�G#!)\0H/|!
'u�\x�'I����t'�Ct�zYm2)\fk!}XSK�������(�\QG notch = T,1z!0.���d8�col = c(2,3),b|�� A !0.�0%	 (2 >,%	), �� B !0.�0r	 (3 >,%r), q0|tQGCl col = c(’red’, ’green’).5 R �pm
 InsectSprays 0 R p�!G#>
d0�Y^G#�l
u^} count, �G#�l
fu} spray, ����l
�� A, B, C, D, E,

F j~KI�,1zG# count 5Lj~KI(!0.�
T�g (oU��
figure0306.R) �(�

boxplot(count ~ spray, data = InsectSprays,

col = "lightgray")

boxplot(count ~ spray, data = InsectSprays,

notch = TRUE, col = 2:7, add = TRUE)'u~�g01z�I!0.�
Fe�m!g	0f<	 (col="lightgray").'I~�g>,1z!0.���d8 (notch = TRUE),Fe�u~0.��upg	 (col = 2:7) 1z
CtL�1!�/_�ÆuD�Æ (add = TRUE), T�I�� 3.6 b,�
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A B C D E F
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� 3.6: H|QG(0.�!/_�ÆDP�0|,z
�p10.�!?�SK0|�!(��
3. .�9x5kaKG#℄�m
|
���>K!�&NÆG#qpnQ!�~G�m�G me, (R℄�G Q1, ÆR℄�G Q3, �=\ min ���\ max. L�~Gj
m2G#!�G�A�5 R �pm
�G fivenum() X\m2!�G�A�(�|+


fivenum(x, na.rm = TRUE)Tm x 0m2G#
 na.rm 0xL<Z
� na.rm = TRUE(v�\) "
5X\�G�AX℄
b�! NA � NAN G#t1s,�� 3.10 �! 3.6 QB�V�:3�a_��[�(oU�� exam0310.R)

> x<-c(25, 45, 50, 54, 55, 61, 64, 68, 72, 75, 75,

78, 79, 81, 83, 84, 84, 84, 85, 86, 86, 86,

87, 89, 89, 89, 90, 91, 91, 92, 100)

> fivenum(x)

[1] 25 70 84 88 100
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3.2.4 ��RK`{w1+'K`Æ���!�t��0.�#B^GK�w1K!G#8��
Tn)0�7�4Z��5ZS���k℄I�G��m
=p�5�r�5�pJH!℄I"
<uv!1!�rrqÆ<q.C�r℄I�Gq.�xF
b<q.0b!1
0Pp
J}Xfk!���!}XfkSKt5'�Cm��
LM`g���YpfkSK
upSK0��Sh℄I!fk
fupSK0��℄I�G!(!fk�
1. ��R W K`roO� Shapiro–Wilk ()?w – 
H1) W }XZ�ShKfk
��jLpfkSK
Sh W fkSK�5 R �pm
�G shapiro.test() p� W }XZ�/
! p \
� p \=��~+|KKI α(4� 0.05), :|
m2
H0D
Sh℄I!�r�b:q|m2D
Sh℄I!�r��G shapiro.test() !(�|+


shapiro.test(x)Tm x 0�G#�l!8Z
Ce8Z!d<5 3 d 5000 Xd�B�P 3.1 m 15 �Z�!rqG#

> w <- c(75.0, 64.0, 47.4, 66.9, 62.2, 62.2, 58.7, 63.5,

66.6, 64.0, 57.0, 69.0, 56.9, 50.0, 72.0)

> shapiro.test(w)

Shapiro-Wilk normality test

data: w

W = 0.9686, p-value = 0.8371

p \
 0.8371 > 0.05, ��
|
D
Sh℄I!�r
� QQ ���!�v/|���
> shapiro.test(runif(100, min = 2, max = 4))

Shapiro-Wilk normality test

data: runif(100, min = 2, max = 4)

W = 0.9493, p-value = 0.0007515
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p \
 0.0007515 < 0.05, |
m2H0D
Sh℄I!�r��x
L0D
).℄I!^GG�

2. ``w1R Kolmogorov-Smirnov K`ro�k℄I�G Fn(x)0�r℄I�G F (x)!
X��k℄I(!fk!SK0fk�k℄I Fn(x) �`�!�r℄I�G F0(x) Xd!`�� Kolmogorov-

Smirnov (/H�{w
 – N
H2
) }XZ0X\ Fn(x) � F0(x) !%K D,P
D = sup

−∞<x<∞
|Fn(x) − F0(x)| . (3.15)5 R �pm
�G ks.test() �z\ Kolmogorov-Smirnov fkSK
T(�SK0�

ks.test(x, y, ...,

alternative = c("two.sided", "less", "greater"),

exact = NULL)Tm x 0�fY!m2�l!8Z
 y 0"`�!G#8ZC0�D"`�!Æe��P�

> x<-rt(100,5)

> ks.test(x, "pf",2,5)

One-sample Kolmogorov-Smirnov test

data: x

D = 0.5596, p-value < 2.2e-16

alternative hypothesis: two.sided�
 x 0D
 t5 !^GG
B x � F2,5 fk	P|
0D
�r0
�<
 (2, 5) ! F ℄I�
T��0"(!
PH|
 x f	 F2,5 !℄I���G#℄I!fk
t5'�C�1'!���
3.3 R YQ$S2!$�5℄���!G#�DK℄�m
G#��0G#℄�!qpSKXu
��
O�?�!SKe�{WG#
0upZ���?!SK�LMt�� R �



3.3 R .UG3/ÆW4 153pm
u�G#��!E2SK�5���Gm
�IJ���G
uJ0xKI���G
fuJ0$KI���G�b�xKI���G
0�$KI!���G/B
!
Pb�!?��G)0a��I
0|��=u
|O���=u!M��Æ#�b�$KI���G0
��K�l�I
̀ &5xKI���Ga�!�I!E}Æ
<_D!�I�
3.3.1 ��91 ��xKI���G�� plot() � pairs() � coplot() � qqnorm() �
qqline() � hist() � contour() #�

1. plot() ���G plot() 0?zG#!�)��q.�#� plot() �G�|(Rp(�SK�
(1) plot(x, y)Tm x � y 08Z
�l y �� x !�)��P�
'ICm!P 2.2�0Lp(�SK�
(2) plot(x)Tm x 0u"dU^
�l"dU^�I��� x 08Z
:a� x ��(=!�)���� x 0k8Z
:?zkG!$K�QK!�)��'IC! 2.2.6���\kG?�!j?�
(3) plot(f)

plot(f, y)Tm f 0��
 y 0G\8Z�'up|+�l f !ZS��'Ip|+�l
y �� f KI!0.��� 3.11  zhIk�wV3o. A1 � A2 � A3 � A4 B}��3
U
x2	KzXW,` 3.2 qO� /�hIk�wVo.XW31/Æ
dhIk�wV)
U3KzXW~�+P3|q�[�(���|+>�G#
C?z/
!0.� (oU�� exam0311.R).

y<-c(1600, 1610, 1650, 1680, 1700, 1700, 1780, 1500, 1640,

1400, 1700, 1750, 1640, 1550, 1600, 1620, 1640, 1600,



154 83% axS_F`!- 3.2: �Py#�eo. K z X W
A1 1600 1610 1650 1680 1700 1700 1780

A2 1500 1640 1400 1700 1750

A3 1640 1550 1600 1620 1640 1600 1740 1800

A4 1510 1520 1530 1570 1640 1600

1740, 1800, 1510, 1520, 1530, 1570, 1640, 1600)

f<-factor(c(rep(1,7),rep(2,5), rep(3,8), rep(4,6)))

plot(f,y)0J'��/
;�!0.�
�� 3.7 b,� 	�m0|,zRpH|<S

1 2 3 4

14
00

15
00

16
00

17
00

18
00

� 3.7: RpH|<SL℄;�!0.�L℄;����+<3�
(4) plot(df)

plot(~ expr)

plot(y ~ expr)Tm df 0G#>
 y 0{�u~B9
 expr 0B9�j!>
+� (a+b+c).P�>�Z�!,d��x�rq�lG#> (�p�� student_data.R)
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df<-data.frame(

Age=c(13, 13, 14, 12, 12, 15, 11, 15, 14, 14, 14,

15, 12, 13, 12, 16, 12, 11, 15 ),

Height=c(56.5, 65.3, 64.3, 56.3, 59.8, 66.5, 51.3,

62.5, 62.8, 69.0, 63.5, 67.0, 57.3, 62.5,

59.0, 72.0, 64.8, 57.5, 66.5),

Weight=c( 84.0, 98.0, 90.0, 77.0, 84.5, 112.0,

50.5, 112.5, 102.5, 112.5, 102.5, 133.0,

83.0, 84.0, 99.5, 150.0, 128.0, 85.0,

112.0))

plot(df)

attach(df)

plot(~Age+Height)

plot(Weight~Age+Height)

plot(df) ?z!�I�� 3.8 b,�
Age

55 60 65 70

11
12

13
14

15
16

55
60

65
70

Height

11 12 13 14 15 16 60 80 100 140

60
80

10
0

14
0

Weight

� 3.8: ,d��x�rq�5^=�l!�I�



156 83% axS_F`!
plot(~Age+Height)?z�x�,d!�)��plot(Weight~Age+Height)?zYD�)�
'uD0rq�,d
'ID0rq��x�
plot 80|�=�O��#
��|��!W%
t^	'�}XW%!��3���
2. 7qj*
�e
R �p
+,D<ZG#p�\Y~W
��!�G�u~0 pairs() �G
� X 0�PCG#>"

> pairs(X)?z���P�^!�I��P�
|Z�!G#>
P

> pairs(df)?z!�I�℄�! plot(df) /|�fuS�~�G0 coplot(). ����R~<Z"
 coplot() 0|t�)�1!�'�`� a � b 0G\8Z
Ce c 08ZC��	b�<Z$�/|!d<�
:
> coplot(a ~ b | c)?z5�1 c \(
 a �� b !�)��~x|Z�!,d��x�rq!G#
P

> coplot(Weight ~ Height | Age)?z\�,d?�z!rq��x!�)�
�� 3.9 b,�B�R~<Z a, b, c, d, 80|��(�g�
> coplot(a ~ b | c + d)P� c � d 2℄(
 a �� b !�)��

3. 7q PT
!xKI?��G� qqnorm(), hist(), dotchart(), contour() #�
(1) qqnorm(x)

qqline(x)

qqplot(x, y)Tm x, y G\H8Z
?zG#! QQ �)� ({5 3.2.2 ����).
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W
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t

11 12 13 14 15 16

Given : Age

� 3.9: �,d2℄!rq��x!�)�
(2) hist(x)

hist(x, nclass=n)

hist(x, breaks=b, ...)Tm x G\H8Z
?zG#!ZS� ({5 3.2.2 ����).

(3) dotchart(x, ...)�7G# x !)��5)�m
 y u0G# x =Y
 x u0G# x !G\�P�
 R �pm
G# VADeaths �z\ Virginia (gJ'b) t5 1940 ,!z8Q�q

Rural Male Rural Female Urban Male Urban Female

50-54 11.7 8.7 15.4 8.4

55-59 18.1 11.7 24.3 13.6

60-64 26.9 20.3 37.0 19.3

65-69 41.0 30.9 54.6 35.1

70-74 66.0 54.3 71.1 50.0



158 83% axS_F`!��1zpG#!)�

> dotchart(VADeaths, main = "Death Rates in Virginia - 1940")

> dotchart(t(VADeaths), main = "Death Rates in Virginia - 1940")�� 3.10 b,
Tm (a) 0'u~�g
 (b) 0'I~�g�

50−54
55−59
60−64
65−69
70−74

50−54
55−59
60−64
65−69
70−74

50−54
55−59
60−64
65−69
70−74

50−54
55−59
60−64
65−69
70−74

Rural Male

Rural Female

Urban Male

Urban Female

10 20 30 40 50 60 70

Death Rates in Virginia − 1940

Rural Male
Rural Female
Urban Male
Urban Female

Rural Male
Rural Female
Urban Male
Urban Female

Rural Male
Rural Female
Urban Male
Urban Female

Rural Male
Rural Female
Urban Male
Urban Female

Rural Male
Rural Female
Urban Male
Urban Female

50−54

55−59

60−64

65−69

70−74

10 20 30 40 50 60 70

Death Rates in Virginia − 1940

(a) (b)� 3.10: Virginia t5 1940 ,!z8Q�q!)�
(4) image(x, y, z, ...)

contour(x, y, z, ...)

persp(x, y, z, ...)Tm x, y 0G\H8Z
 z � x � y B
!�P (z !JG0 x !ÆG
 z !^G0 y !ÆG). image() ?z�Æ�I!Æ9
 contour() ?z�Æ�I!#\.
 persp() ?z�Æ�I!>�q.�� 3.12	7�7FÆ��[7�	�R�	 (0, 2800)× (0, 2400) b
(��M�x2
<7:3tG	(��M�,` 3.3 qO� Vf�l7�37FÆ�5:/Æ�[�>�G#
-� contour() �G1#\
-� persp() �G1�Æ�I (oU�� exam0312.R).

x<-seq(0,2800, 400); y<-seq(0,2400,400)

z<-scan()
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2400 1430 1450 1470 1320 1280 1200 1080 940

2000 1450 1480 1500 1550 1510 1430 1300 1200

1600 1460 1500 1550 1600 1550 1600 1600 1600

1200 1370 1500 1200 1100 1550 1600 1550 1380

800 1270 1500 1200 1100 1350 1450 1200 1150

400 1230 1390 1500 1500 1400 900 1100 1060

0 1180 1320 1450 1420 1400 1300 700 900

y/x 0 400 800 1200 1600 2000 2400 2800

1180 1320 1450 1420 1400 1300 700 900

1230 1390 1500 1500 1400 900 1100 1060

1270 1500 1200 1100 1350 1450 1200 1150

1370 1500 1200 1100 1550 1600 1550 1380

1460 1500 1550 1600 1550 1600 1600 1600

1450 1480 1500 1550 1510 1430 1300 1200

1430 1450 1470 1320 1280 1200 1080 940

Z<-matrix(z, nrow=8)

contour(x, y, Z, levels = seq(min(z), max(z), by = 80))

persp(x, y, Z)t?zYd�I
ud0#\.�
�� 3.11(a) b,
fud0�Æq�
�� 3.11(b) b,���0|,�
� 3.11 �Y~v)
u0��
T
T"�0��G#Z��7l!
��G#Z��u�
�IjZt>�"�!q��I0�Æ�!�_z<HL2
L0��`���Gm�pQG!v�\�h
��q<��QG!\
�I!�_z<q>^Xq<�P�
t�gql
> persp(x, y, Z, theta = 30, phi = 45, expand = 0.7)T�_z<t�!D�
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 �e�}Rw2

0 500 1000 1500 2000 2500
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Z

(a) #\.� (b) �Æq��� 3.11: �ÆG#!#\.��|q�� 3.13 � [−2π, 2pi] × [−2π, 2π] 32VD�	b/�a z = sin(x) sin(y) 35:/Æ�3��RÆ�[�Cz/
! R oU (oU�� exam0313.R)

x<-y<-seq(-2*pi, 2*pi, pi/15)

f<-function(x,y) sin(x)*sin(y)

z<-outer(x, y, f)

contour(x,y,z,col="blue")

persp(x,y,z,theta=30, phi=30, expand=0.7,col="lightblue")���5?�Æ�I"
 z CH0g�&�� x � y !��0\
F0Pp5�G f �&(��H0\ (outer(x, y, f)), Il�|
LmN&?z�Æ�I
kyZKn?��Lu)�b?z!�I�� 3.12 b,� 5?��gm<_\�I!g	��_�I!z<�
3.3.2 ��91 #R#�5xKI?�Gm
0|_u��g
H����!$�
C<_u���!M��

1.  #R�<#�
add = TRUE >,b?�5"�Æ_�
v�\
 add = FALSE, PD!�s:"��
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(a) #\.� (b) �Æq��� 3.12: �G z = sin(x) sin(y) !#\.��|q�
axes = FALSE >,b?�I���=u
v�\
 axes = TRUE.

2. �eOh�
log = "x" >, x u!G#rBG
 log = "y" >, y u!G#rBG


log = "xy" >, x u� y u!G#|"rrBG�
3. type #�
• type="p" ?�)�	v�\��
• type="l" ?$.�
• type="b" b�)1$.T��
• type="o" $.{�b�!)�
• type="h" ?z)� x u!F.�
• type="s" or "S" ?z�oIq.�
• type="n" H?{ )Cq.�

4.  #R7}F
xlab= Æe�
TÆe�!$�0 x u!M�
 ylab= Æe�
TÆe�!$�0 y u!M�� main= Æe�
TÆe�!$�0�!M�
� sub=Æe�
TÆe�!$�0��!M��



162 83% axS_F`!
3.3.3 U�9> ���"xKI!���GCH&�u
���!^=
Pp$KI!���GB�I�|Gv�b�!$KI���Gb�!�I8R05xKI���Gb?�I!E}XÆ
<_D!�I�$KI���G� points()�lines()�text()�abline()�polygon()�
legend() � title() � axis() #�

1. EZ{:R��_)�G0 points(), T��05{��Æ_)
�g points(x, y) T�&/�� plot(x,y)._.�G lines(), T��05{��Æ_.
�g lines(x, y) T�&/�� plot(x, y, type="l").

2. �ZEE,D�G text() !��05�Æ_=Y
�g|+
�
text(x, y, labels, ...)Tm x,y 0G#8Z
 labels 0|0RG
q0|0Æe��5v��h(


labels=1:length(x). P�
Pp?z (x, y) !�)�
Ctb�)�GÆ=Y
T�g

> plot(x, y, type = "n"); text(x, y)

3. � `E�:�G abline() 0|5�Æ_Z.
T(�SK�Rp|+�
(1) abline(a, b)>,1uv y = a + bx !Z.�
(2) abline(h=y)>,1zuv�b�)!KIZ.�
(3) abline(v=x)>,1zuv�b�)!FZZ.�
(4) abline(lm.obj)
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P
M�p�g!�K�>��g (oU�� add_line.R)

rt<-read.table("exam0203.txt", head=TRUE);

lm.sol<-lm(Weight~Height, data=rt)

attach(rt)

plot(Weight~Height); abline(lm.sol)��Z�rq�x<!�)��.K=�Z.
�� 3.13 b,�
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ei

gh
t

� 3.13: Z�rq�x<!�)��.K=�Z.��G polygon() 0|5�Æ_D9I
T(�SK

polygon(x, y, ...)|G#! (x, y) 
�=
v�T�b�!)
?zuD9I�

4. � `E,D��!3=�)V5�Æ_M��Æ�=YCT
$��Y~�G�u~0_�!q�
�K0
title(main="Main Title", sub = "sub title",)



164 '�C G#�DK℄�Tm{q�_5�!5K
�q�_5�!%K�fu~05�=uÆ_=Y�M�CT
$�
�K0
axis(side, ...)Tm side 09
 side=1 >,b_$�V5�!%K
 side=2 >,b_$�V5�!�V
 side=3 >,b_$�V5�!0K
 side=4 >,b_$�V5�!�V�5 R �pm
8�T
u����GC���g
Pp�^5?�$kmzJE��5'�!�Cm
�!/
!}XW%
8>���_��!?�SK�

3.4 k��fS�f��|<�x35ÆD��!℄�m
Tm2G#E2Æ0D
u!�r X, F5$[j?m
SDG#D
D!G#!�r
PD
�r (X1, X2, · · · , Xp)
T . B�D
D!�r!G#
{\℄��~℄Z!r\n)�
�qp!0℄��~℄ZXd!/��&
L�0D!G#!/�℄��

3.4.1 m��eR�7��=;�5�� (X, Y )T 0I!�r
	mr��Ym2 (x1, y1)
T , (x2, y2)

T , · · ·, (xn, yn)
T .Tm2�Y�P
 [

x1 x2 · · · xn

y1 y2 · · · yn

]
,Y

x =
1

n

n∑

i=1

xi, y =
1

n

n∑

i=1

yi,:j (x, y)T 
I!�Ym2!)\8Z�Y
sxx =

1

n − 1

n∑

i=1

(xi − x)2,

syy =
1

n − 1

n∑

i=1

(yi − y)2,

sxy =
1

n − 1

n∑

i=1

(xi − x)(yi − y),



3.4 M
ax3ax|0�0�`! 165:j sxx 
<Z X !�Ym2!S`
j syy 
<Z Y !�Ym2!S`
j
sxy 
<Z X, Y !�Ym2!AS`�j

S =

[
sxx sxy

sxy syy

]
�Ym2!AS`�P�j
r =

sxy√
sxx

√
syy
�Ym2!/�&G�5 R �pm
X\I!m2!)\S`!�gE2Æ�u!<Z!�g/|
��&St�u�q4�X\D!G#!)\�S`O�G#>!��>�G#
5X\m|
S;
,(�!P��� 3.14 [I�E~*I~z�` A, B, � 10 w\V
Jw\VG�` A 3�+H`a x(%) = B 3�+H`a y(%) 3ax,` 3.4 qO� Cn\V3~- 3.4: vh#yu?w�
R�w�

x(%) 67 54 72 64 39 22 58 43 46 34

y(%) 24 15 23 19 16 11 20 16 17 13:�V|�=V|�0�'a�[�O�G#>S+>�G#
� mean()�GX\)\
� cov()�GX\AS`P
� cor() �GX\/��P	/�&G��	oU�� exam0314.R �
ore<-data.frame(

x=c(67, 54, 72, 64, 39, 22, 58, 43, 46, 34),

y=c(24, 15, 23, 19, 16, 11, 20, 16, 17, 13)

)

ore.m<-mean(ore); ore.s<-cov(ore); ore.r<-cor(ore)+,��

> ore.m

x y

49.9 17.4
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> ore.s

x y

x 252.7667 60.60000

y 60.6000 17.15556

> ore.r

x y

x 1.0000000 0.9202595

y 0.9202595 1.00000005ÆDX\m
 var(ore) ��!X\��� cov(ore) ��!��/|��G cov() � cor() !(�|+

cov(x, y = NULL, use = "all.obs",

method = c("pearson", "kendall", "spearman"))

cor(x, y = NULL, use = "all.obs",

method = c("pearson", "kendall", "spearman"))Tm x 0G\H8Z��PCG#>� y 06\ (NULL, v�\) �8Z��PCG#>
�Pp� x !ÆG/ue� cov() !O=\0AS`CAS`�P�
cor() !O=\0/�&GC/��P�� cov � cor ��!�G8�� cov.wt — X\_tAS` (_tAS`�P); cor.test — X\/�Kfk�
3.4.2 m��eR;�RK`B�u"!fk�q��t5'�Clv
LM{pvDI!G#/�K!fk�q�B�I!G#

(x1, y1)
T , (x2, y2)

T , · · · , (xn, yn)
T ,0|X\zm2!/�&G rxy. `�m2D
�r (X, Y ), �'uC!W%0W
�r!/�&G


ρ(X, Y ) =
Cov(X, Y )√

Var(X)Var(Y )
.��m2!/�&G��r!/�&G�#��&#�
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ax3ax|0�0�`! 1670|T�
�m2~G n v℄�
 rxy 0|�
 ρ(X, Y ) !
X
q�0M
�m2~G|�"
m2/�
�rq/����m2~G|="
��K��/
!�v�,5!�q0��m2~G n d�r�D�"
m2/�N&*T�rq/��
Ruben (kA) �z\�r/�&G!pd
X	u"pd
X!W%t5'RC�1'!���!ÆS3Æ�+�� n 0m2~G
 r 0m2/�&G


u 0=�Sh℄I!Æ α/2 ℄�)
P u = zα/2. :X\
r∗ =

r√
1 − r2

, (3.16)

a = 2n − 3 − u2, (3.17)

b = r∗
√

(2n − 3)(2n − 5), (3.18)

c = (2n − 5 − u2)r∗2 − 2u2. (3.19)nSo ay2 − 2by + c = 0 !�
y1 =

b −
√

b2 − ac

a
, y2 =

b +
√

b2 − ac

a
, (3.20): 1 − α !IVfFpd


L =
y1√

1 + y2
1

, U =
y2√

1 + y2
2

. (3.21)�H�+ (3.16)-(3.21) :Cz R oU (oU�� ruben.R)

ruben.test <- function(n, r, alpha=0.05){

u <- qnorm(1-alpha/2)

r_star <- r/sqrt(1-r^2)

a <- 2*n-3-u^2

b <- r_star*sqrt((2*n-3)*(2*n-5))

c <- (2*n-5-u^2)*r_star^2-2*u^2

y1 <- (b-sqrt(b^2-a*c))/a

y2 <- (b+sqrt(b^2-a*c))/a

data.frame(n = n, r = r, conf = 1-alpha,

L = y1/sqrt(1+y1^2), U = y2/sqrt(1+y2^2))

}



168 '�C G#�DK℄�� n = 6, r = 0.8 "
-�{:�!�G ruben.test(), CX\��
> source("ruben.test.R")

> ruben.test(6, 0.8)

n r conf L U

1 6 0.8 0.95 -0.09503772 0.9727884fFpd
 (−0.095, 0.97), TfF(�0mG
P( r = 0.8, qH&M��r0/�!�-o n = 25, r = 0.7, X\��
> ruben.test(25, 0.7)

n r conf L U

1 25 0.7 0.95 0.4108176 0.8535657fFpd
 (0.41, 0.85), �"
E2Æ&M�r0/�!���fFpd!ÆS3ÆSK8� David (��
 1954) pz!�>SK

Kendall (5�H) � Stuart (N�bn
 1961) pz! Fisher 3ÆSK#�w|�r0b/���?!SK0��r (X, Y )T !/�Kfk�0|T�
� (X, Y )T 0I!Sh�r
e ρ(X, Y ) = 0, :}XZ

t =
rxy

√
n − 2√

1 − r2
xy

(3.22)f	
�<
 n − 2 ! t ℄I�O�}XZ t f	
�<
 n − 2 ! t ℄I!Kj
0|BG# X � Y !/�K
Jfk���/�&G rxy 1j
 Pearson (?H
) /�&G
��
�fkSKqj
 Pearson /�Kfk�B�/�Kfk
8� Spearman ifk� Kendall ifk
LM`���
R �p
Jfk!SK
��fk"Lk;KQ,��!GL}X{L�5 R �pm
 cor.test() p�\ÆD�pfkSK�T(�SK0�

cor.test(x, y,

alternative = c("two.sided", "less", "greater"),

method = c("pearson", "kendall", "spearman"),

exact = NULL, conf.level = 0.95, ...)



3.4 D!G#!G#nQ�/�℄� 169Tm x, y 0G#d</|!8Z
 alternative 009`�	��r-t5'�Cm1'���
v�\
 "two.sided", method 0X9!fkSK
v�\
 Pearson fk� conf.level 0fFpdKI
v�\
 0.95.

cor.test() �G8�fup(�|+
cor.test(formula, data, subset, na.action, ...)Tm formula 0�+
I� ’~u+v’, ’u’, ’v’ 8R0$�/|d<!G\8Z� data 0G#>� subset 00X98Z
>,�_\!�N�� 3.15 L! 3.14 3*
axhE0�FPY�[�

> attach(ore)

> cor.test(x,y)

Pearson’s product-moment correlation

data: x and y

t = 6.6518, df = 8, p-value = 0.0001605

alternative hypothesis: true correlation is not equal to 0

95 percent confidence interval:

0.6910290 0.9813009

sample estimates:

cor

0.9202595T p \
 0.0001605 < 0.05, "("`�
|
<Z X � Y /��$[Æ
 cor.test() qp�\/�&G!pd
X
LMX\!pd0
(0.69, 0.98), ��	Lu)q0,z<Z X � Y 0/�!�f�0�

cor.test(x,y, method="spearman")

cor.test(x,y, method="kendall")�g�f�Ypfk�
3.4.3 j��eR�7��=;�
ÆB� p !�r (X1, X2, · · · , Xn), Tm2


(x11, x12, · · · , x1p)
T , (x21, x22, · · · , x2p)

T , · · · , (xn1, xn2, · · · , xnp)
T ,



170 83% axS_F`!Tm' i 2m2

(xi1, xi2, · · · , xip)

T , i = 1, 2, · · · , n.m2!' j ~℄Z!)\1�

xj =

1

n

n∑

i=1

xij , j = 1, 2, · · · , p. (3.23)m2!' j ~℄Z!S`1�

s2

j =
1

n − 1

n∑

i=1

(xij − xj)
2, j = 1, 2, · · · , p. (3.24)m2!' j ~℄Z�' k ~℄Z!AS`1�


sjk =
1

n − 1

n∑

i=1

(xij − xj)(xik − xk), j, k = 1, 2, · · · , p. (3.25)j x = (x1, x2, · · · , xp)
T 
 p !m2!)\
j

S =





s11 s12 · · · s1p

s21 s22 · · · s2p
...

...
...

sp1 sp2 · · · spp




(3.26)
m2!AS`�P�m2!' j ~℄Z�' k ~℄Z!/�&G1�


rjk =
sjk√

sjj
√

skk
, j, k = 1, 2, · · · , p. (3.27)j

R =





r11 r12 · · · r1p

r21 r22 · · · r2p
...

...
...

rp1 rp2 · · · rpp



 (3.28)
m2!/��P	 Pearson /��P��B�D!G#
�I!G#/|
O�G#>!>�S+
0|� mean()�G� cov() �G� cor() �GX\m2!)\�AS`P�/��P���/�Kfk
R �p��
D!G#p��D!�G
~0 cor.test()�YY℄Z!/�Kfk�



3.4 M
ax3ax|0�0�`! 171� 3.16 �-d[I4[3F

g�� 10 w\�
Jwx+33;_�xG�℄D�*F
	ax,` 3.5 qO� VCn\V~:�\V=V|/�\V0- 3.5: �TR\?�,M� xG (X1) ℄D (X2) *F (X3)

1 65 45 27.6

2 70 45 30.7

3 70 48 31.8

4 69 46 32.6

5 66 50 31.0

6 67 46 31.3

7 68 47 37.0

8 72 43 33.6

9 66 47 33.1

10 68 48 34.2�v/�dz Pearson 0�FPY"(℄+ X1, X2, X3 Rd0��[�sQG#�p (�p�� rubber.data), T|+

X1 X2 X3

1 65 45 27.6

2 70 45 30.7

3 70 48 31.8

4 69 46 32.6

5 66 50 31.0

6 67 46 31.3

7 68 47 37.0

8 72 43 33.6

9 66 47 33.1

10 68 48 34.2;G#
CX\)\�AS`P�/��P
> rubber<-read.table("rubber.data")
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> mean(rubber)

X1 X2 X3

68.10 46.50 32.29

> cov(rubber)

X1 X2 X3

X1 4.766667 -1.9444444 1.9344444

X2 -1.944444 3.8333333 0.6166667

X3 1.934444 0.6166667 6.1898889

> cor(rubber)

X1 X2 X3

X1 1.0000000 -0.4548832 0.3561291

X2 -0.4548832 1.0000000 0.1265962

X3 0.3561291 0.1265962 1.00000003�/�Kfk
> cor.test(~X1+X2, data=rubber)

Pearson’s product-moment correlation

data: X1 and X2

t = -1.4447, df = 8, p-value = 0.1865

alternative hypothesis: true correlation is not equal to 0

95 percent confidence interval:

-0.8430535 0.2448777

sample estimates:

cor

-0.4548832

> cor.test(~X1+X3, data=rubber)

Pearson’s product-moment correlation

data: X1 and X3

t = 1.078, df = 8, p-value = 0.3125

alternative hypothesis: true correlation is not equal to 0

95 percent confidence interval:
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-0.3525486 0.8052056

sample estimates:

cor

0.3561291

> cor.test(~X2+X3, data=rubber)

Pearson’s product-moment correlation

data: X2 and X3

t = 0.361, df = 8, p-value = 0.7275

alternative hypothesis: true correlation is not equal to 0

95 percent confidence interval:

-0.5465985 0.7003952

sample estimates:

cor

0.1265962	ÆDX\��0|,z
`&|
 X1, X2, X3 YY)0H/�!�
3.4.4 4z;�5�R*
w}2=�|u~P�M�/�&G!
� — E�/�&G!<Z℄J�� 3.17 -~ 48 �u�+u�[}g3[8�
}g�,<u�+3 15 3;_!`
, 15 3;_`aR��8A3DN (FL) ��F (APP) �S`
$
(AA) �{&&& (LA) �\A� (SC) �A{$ (LC) ��I (HON) ��7
$
(SMS) �oY (EXP) �ML
� (DRV) �Q`� (AMB) ��d
$ (GSP) ���
$ (POT) �\F
$ (KJ) �SuF (SUIT). J3`aR� 0 `/ 10`
 0 `d6
 10 `dt�J��8+3 15 3;_/�` 3.6 G�}gC"8z 6 Vd{J3��+
�}gY,��P,<u�+�[�{
!�K0�� 15 5^=!I)\

AVG = (FL + APP + · · ·+ SUIT)/15,m�℄G�x! 6 �
GK�m�G#	�p�� applicant.data �
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RQwJw
ID FL APP AA LA SC LC HON SMS EXP DRV AMB GSP POT KJ SUIT

1 6 7 2 5 8 7 8 8 3 8 9 7 5 7 10

2 9 10 5 8 10 9 9 10 5 9 9 8 8 8 10

3 7 8 3 6 9 8 9 7 4 9 9 8 6 8 10

4 5 6 8 5 6 5 9 2 8 4 5 8 7 6 5

5 6 8 8 8 4 4 9 5 8 5 5 8 8 7 7

6 7 7 7 6 8 7 10 5 9 6 5 8 6 6 6

7 9 9 8 8 8 8 8 8 10 8 10 8 9 8 10

8 9 9 9 8 9 9 8 8 10 9 10 9 9 9 10

9 9 9 7 8 8 8 8 5 9 8 9 8 8 8 10

10 4 7 10 2 10 10 7 10 3 10 10 10 9 3 10

11 4 7 10 0 10 8 3 9 5 9 10 8 10 2 5

12 4 7 10 4 10 10 7 8 2 8 8 10 10 3 7

13 6 9 8 10 5 4 9 4 4 4 5 4 7 6 8

14 8 9 8 9 6 3 8 2 5 2 6 6 7 5 6

15 4 8 8 7 5 4 10 2 7 5 3 6 6 4 6

16 6 9 6 7 8 9 8 9 8 8 7 6 8 6 10

17 8 7 7 7 9 5 8 6 6 7 8 6 6 7 8

18 6 8 8 4 8 8 6 4 3 3 6 7 2 6 4

19 6 7 8 4 7 8 5 4 4 2 6 8 3 5 4

20 4 8 7 8 8 9 10 5 2 6 7 9 8 8 9

21 3 8 6 8 8 8 10 5 3 6 7 8 8 5 8

22 9 8 7 8 9 10 10 10 3 10 8 10 8 10 8

23 7 10 7 9 9 9 10 10 3 9 9 10 9 10 8

24 9 8 7 10 8 10 10 10 2 9 7 9 9 10 8
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RQwJw
ID FL APP AA LA SC LC HON SMS EXP DRV AMB GSP POT KJ SUIT

25 6 9 7 7 4 5 9 3 2 4 4 4 4 5 4

26 7 8 7 8 5 4 8 2 3 4 5 6 5 5 6

27 2 10 7 9 8 9 10 5 3 5 6 7 6 4 5

28 6 3 5 3 5 3 5 0 0 3 3 0 0 5 0

29 4 3 4 3 3 0 0 0 0 4 4 0 0 5 0

30 4 6 5 6 9 4 10 3 1 3 3 2 2 7 3

31 5 5 4 7 8 4 10 3 2 5 5 3 4 8 3

32 3 3 5 7 7 9 10 3 2 5 3 7 5 5 2

33 2 3 5 7 7 9 10 3 2 2 3 6 4 5 2

34 3 4 6 4 3 3 8 1 1 3 3 3 2 5 2

35 6 7 4 3 3 0 9 0 1 0 2 3 1 5 3

36 9 8 5 5 6 6 8 2 2 2 4 5 6 6 3

37 4 9 6 4 10 8 8 9 1 3 9 7 5 3 2

38 4 9 6 6 9 9 7 9 1 2 10 8 5 5 2

39 10 6 9 10 9 10 10 10 10 10 8 10 10 10 10

40 10 6 9 10 9 10 10 10 10 10 10 10 10 10 10

41 10 7 8 0 2 1 2 0 10 2 0 3 0 0 10

42 10 3 8 0 1 1 0 0 10 0 0 0 0 0 10

43 3 4 9 8 2 4 5 3 6 2 1 3 3 3 8

44 7 7 7 6 9 8 8 6 8 8 10 8 8 6 5

45 9 6 10 9 7 7 10 2 1 5 5 7 8 4 5

46 9 8 10 10 7 9 10 3 1 5 7 9 9 4 4

47 0 7 10 3 5 0 10 0 0 2 2 0 0 0 0

48 0 6 10 1 5 0 10 0 0 2 2 0 0 0 0
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FL APP AA LA SC LC HON SMS EXP DRV AMB GSP POT KJ SUIT

1 6 7 2 5 8 7 8 8 3 8 9 7 5 7 10

2 9 10 5 8 10 9 9 10 5 9 9 8 8 8 10

3 7 8 3 6 9 8 9 7 4 9 9 8 6 8 10

. . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . .;G#
X\�
GK!I)�℄
3tI)�℄4U (���=), ��
> rt <- read.table("applicant.data")

> AVG <- apply(rt, 1, mean)

> sort(AVG, decreasing = TRUE)

40 39 8 7 23 22 2

9.600000 9.466667 9.000000 8.600000 8.600000 8.533333 8.466667

24 9 10 16 3 44 12

8.400000 8.133333 7.666667 7.666667 7.400000 7.400000 7.200000

. . . . . . .

. . . . . . .Lm��℄ 6 �
GK0� 40 � 39 � 8 � 7 � 23 � 22 ��tÆD�&m! mean q
 sum, Pn
GK!��℄
TX9��0/|!�+x
ÆD�K|
�5^=!tq0/|!��x
q0|�_tI)\
WTD_AVG = w1FL + w2APP + · · · + w15SUIT,Tm w1, w2, · · · , w15 0t\
~� w1 + w2 + · · · + w15 = 1. wi (i = 1, 2, · · · , 15)>,' i 5^=!qpK�LMPpw1�5^=!tq�ÆDYpSK�d!v)
�
��^=0/�!
F��^=H/�
`�g�!I)X\
$[Æ
/�JD!5A!tq�
F/�J�!5A!tq=���
5�J℄℄

*�/�K℄���G#!/�KX\
X\/��P

> cor(rt)
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FL APP AA LA SC

FL 1.00000000 0.2388057 0.044040889 0.306313037 0.092144656

APP 0.23880573 1.0000000 0.123419296 0.379614151 0.430769427

AA 0.04404089 0.1234193 1.000000000 0.001589766 0.001106763

LA 0.30631304 0.3796142 0.001589766 1.000000000 0.302439887

SC 0.09214466 0.4307694 0.001106763 0.302439887 1.000000000

LC 0.22843205 0.3712589 0.076824494 0.482774928 0.807545017

HON -0.10674947 0.3536910 -0.030269601 0.645408595 0.410090809

SMS 0.27069919 0.4895490 0.054727421 0.361643880 0.799630538

EXP 0.54837963 0.1409249 0.265585352 0.140723415 0.015125832

DRV 0.34557633 0.3405493 0.093522030 0.393164148 0.704340067

AMB 0.28464484 0.5496359 0.044065981 0.346555034 0.842122228

GSP 0.33820196 0.5062987 0.197504552 0.502809305 0.721108973

POT 0.36745292 0.5073769 0.290032151 0.605507554 0.671821239

KJ 0.46720619 0.2840928 -0.323319352 0.685155768 0.482455962

SUIT 0.58591822 0.3842084 0.140017368 0.326957419 0.250283416

LC HON SMS EXP DRV

FL 0.2284320 -0.106749472 0.27069919 0.54837963 0.34557633

APP 0.3712589 0.353690969 0.48954902 0.14092491 0.34054927

AA 0.0768245 -0.030269601 0.05472742 0.26558535 0.09352203

LA 0.4827749 0.645408595 0.36164388 0.14072342 0.39316415

SC 0.8075450 0.410090809 0.79963054 0.01512583 0.70434007

LC 1.0000000 0.355844464 0.81802080 0.14720197 0.69751518

HON 0.3558445 1.000000000 0.23990754 -0.15593849 0.28018499

SMS 0.8180208 0.239907539 1.00000000 0.25541758 0.81473421

EXP 0.1472020 -0.155938495 0.25541758 1.00000000 0.33722821
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DRV 0.6975152 0.280184989 0.81473421 0.33722821 1.00000000

AMB 0.7575421 0.214606359 0.85952656 0.19548192 0.78032317

GSP 0.8828486 0.385821758 0.78212322 0.29926823 0.71407319

POT 0.7773162 0.415657447 0.75360983 0.34833878 0.78840024

KJ 0.5268356 0.448245522 0.56328419 0.21495316 0.61280767

SUIT 0.4161447 0.002755617 0.55803585 0.69263617 0.62255406

AMB GSP POT KJ SUIT

FL 0.28464484 0.3382020 0.3674529 0.4672062 0.585918216

APP 0.54963595 0.5062987 0.5073769 0.2840928 0.384208365

AA 0.04406598 0.1975046 0.2900322 -0.3233194 0.140017368

LA 0.34655503 0.5028093 0.6055076 0.6851558 0.326957419

SC 0.84212223 0.7211090 0.6718212 0.4824560 0.250283416

LC 0.75754208 0.8828486 0.7773162 0.5268356 0.416144671

HON 0.21460636 0.3858218 0.4156574 0.4482455 0.002755617

SMS 0.85952656 0.7821232 0.7536098 0.5632842 0.558035847

EXP 0.19548192 0.2992682 0.3483388 0.2149532 0.692636173

DRV 0.78032317 0.7140732 0.7884002 0.6128077 0.622554062

AMB 1.00000000 0.7838707 0.7688695 0.5471256 0.434768242

GSP 0.78387073 1.0000000 0.8758309 0.5494076 0.527816315

POT 0.76886954 0.8758309 1.0000000 0.5393968 0.573873154

KJ 0.54712558 0.5494076 0.5393968 1.0000000 0.395798842

SUIT 0.43476824 0.5278163 0.5738732 0.3957988 1.000000000
\;�X9��<Z0/�!
tÆD/��Pm/�&G!(B\ ≥ 0.5!\1Æ(2.�(�t<Z℄�
℄�!":0�|u�m<ZXd!/�&G�0&!x
FH|�d!/�&G�0&!$�	/�&G��!<Z+*
 LC(5_R) � GSP(L�&R) !/�&G0 0.882, GSP � POT(^5&R) !/�&G



3.4 D!G#!G#nQ�/�℄� 1790 0.876, F LC � POT Xd!/�&G0 0.777, ��
L�~<Z0|,lu�� SMS(�:&R) q
p)�5L�m
�
d� LC � GSP � POT !/�&G℄?0� 0.818 � 0.782 � 0.754. AMB(.sE) q
5��m
T/�&G℄?0� 0.758 � 0.860 � 0.784 � 0.769. 
uJe�
J,<Z DRV(b)KI) � SC(
FE) q�5��m���m�~<Z!/�&Gd�5 0.672|Æ�5X9'I�!<Z
�H|m!"LX9 FL(nYF!I+) � EXP(�k) � SUIT(1
K), T/�&G℄?0� 0.548 � 0.586 � 0.693.'��*X9 KJ(x[&R) � LA(lz%6), /�&G0 0.685, ,X9
HON(p$), d� LA !/�&G0 0.645, �d� KJ !/�&G`� 0.448. ��uKG#)D
 “z” !�℄
 HON <Z℄5��q0||
0!L!�3, AA(�s&R) � APP(��) Y~<Z� AA <Z�T
<Z!/�&G��f� 0.5, F APP <Z�T
<Z!/�&G℄xvvf� 0.5 !
�$T
�$!/�&G��'���~��� 1 � SC, LC, SMS, DRV, AMB, GSP � POT� 2 � FL, EXP � SUIT� 3 � LA, HON � KJ� 4 � AA� 5 � APP���u�!^=E2Æ�>\|u�&R
��
��*����!�℄
P

G1 = (SC + LC + SMS + DRV + AMB + GSP + POT)/7

G2 = (FL + EXP + SUIT)/3

G3 = (LA + HON + KJ)/3

G4 = AA

G5 = APP�'
���kK!�℄0�
AVG = (G1 + G2 + G3 + G4 + G5)/5.
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! R oU (oU�� group.R), X\��
> attach(rt)

> rt$G1<-(SC+LC+SMS+DRV+AMB+GSP+POT)/7

> rt$G2<-(FL+EXP+SUIT)/3

> rt$G3<-(LA+HON+KJ)/3

> rt$G4<-AA

> rt$G5<-APP

> AVG<-apply(rt[,16:20], 1, mean)

> sort(AVG, decreasing = TRUE)

8 40 39 7 23 9 2

9.000000 8.971429 8.914286 8.619048 8.390476 8.209524 8.066667

22 24 16 46 5 10 20

8.057143 8.038095 7.571429 7.533333 7.314286 7.304762 7.219048

. . . . . . .

. . . . . . .

. . . . . . .5℄�j?(
℄ 6 �
GK0� 8 � 40 � 39 � 7 � 23 � 9 ��CX\℄�j?(!_tI)℄
WTD_AVG = w1G1 + w2G2 + · · · + w5G5,Tm w1 + w2 + · · ·+ w5 = 1.

3.5 k��fS!.rsp5℄���\SDG#!�I>,SK
��DG0NBu�I!G#!
�Æ�I℄x&1zD
�CHS;�B��Æ|ÆG#� D�D#�L02�plv!�q�SD}XZ^�z\DpD!G#!�,SK
�LS�!e�8��Hl�!�h
�℄����|!SK�LM�!��p!n)
��RpD!G#!�,SK��<Z0 p ÆG#
� n ~�YG#
Tm' k �!�Y\

Xk = (xk1, xk2, · · · , xkp), k = 1, 2, · · · , n,
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n ��YG#�l�P X = (xij)n×p.

3.5.1 �y uC��|(��Jv�l�
(1) �Zz�=&
#�=r p ~)
|>, p ~<Z�
(2) B�1!u��Y\
5 p ~)Æ!��=	Px<��B
!<Zr\lS4�
(3) T�� p ~)�uJ.
P
p��Y\!u|uC.�
(4) B� n ��Y\
��8qkÆDJv
01z n vJ.
�l n ��Y\!uC��:C1uC1�G	�G�� outline.R �
outline <- function(x, txt = TRUE){

if (is.data.frame(x) == TRUE)

x <- as.matrix(x)

m <- nrow(x); n <- ncol(x)

plot(c(1,n), c(min(x),max(x)), type = "n",

main = "The outline graph of Data",

xlab = "Number", ylab = "Value")

for(i in 1:m){

lines(x[i,], col=i)

if (txt == TRUE){

k <- dimnames(x)[[1]][i]

text(1+(i-1)%%n, x[i,1+(i-1)%%n], k)

}

}

}Tm x 0�PCG#>� txt 0xL<Z
� txt = TRUE(v�\) "
?�"�z�Y\!=��b: (FALSE) H�z=���G!0J��0?z n ��Y\!uC��� 3.18 ��zQB3Q%��
Q:o73�� 12 VQB3 5 K��Z�V3�:
,` 3.7 qO�!� 12 VQBQ%�:3<�Æ�



182 '�C G#�DK℄�- 3.7: 12 "We 5 �nARkw?9M� 3F (X1) �� (X2) �� (X3) aQ (X4) �� (X5)

1 99 94 93 100 100

2 99 88 96 99 97

3 100 98 81 96 100

4 93 88 88 99 96

5 100 91 72 96 78

6 90 78 82 75 97

7 75 73 88 97 89

8 93 84 83 68 88

9 87 73 60 76 84

10 95 82 90 62 39

11 76 72 43 67 78

12 85 75 50 34 37[�tG#>��G#�pm	�p�� course.data �
T|+

X1 X2 X3 X4 X5

1 99 94 93 100 100

2 99 88 96 99 97

3 100 98 81 96 100

. .. .. .. .. ..;G#
O�:C! outline() �G
> X<-read.table("course.data")

> source("outline.R")

> outline(X)?zG#!uC�
�� 3.14 b,��uC� (� 3.14) 0|Z�!,z
�~Z�lI/S���B��N���m#���|`�B�
4oFf
q0Z�&,z�4olI!�5�℄�j?##�Lp�I5!J℄�mL�'}�
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1 2 3 4 5

40
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The outline graph of Data
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� 3.14: 12 �Z� 5 
4o!-6lI!uC�
3.5.2 N G�!��Jv0�

(1) �u$
Ct$s p #℄�
(2) T�$E��℄)
�L p v%�v�1�
<Z!�=u
C=|1�!2<�
(3) B�1!u��Y\
� p ~<Z\℄?r5/
!�=uÆ
x'td�T�lu~ p 9I�
(4) n ��Y\01z n ~ p 9I�
R �p)�z�G�!�G stars(), P�
1zP 3.18 m 12 �Z�Z$lI!G�
`P

> stars(X)�01zG�
�� 3.15 b,�G�mKIu0<Z X1, i+"NS8
v�0 X2, X3, · · ·. ��G�Z7I
K�Æ,�!�7
q7u~Vw�
��
G�qj
I
�CVw��
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1 2 3

4 5 6

7 8 9

10 11 12� 3.15: 12 �Z� 5 
4o!-6lI!G�	� 3.15 m0|,z 1 � 2 �Z�Z$lI�N
 11 � 12 �Z�Z$lI|`
F 7 � 10 �Z�B/��G stars() 0|_�pQG
1�pH|!G�
T(�SK�(�
stars(x, full = TRUE, scale = TRUE, radius = TRUE,

labels = dimnames(x)[[1]], locations = NULL,

nrow = NULL, ncol = NULL, len = 1,

key.loc = NULL, key.labels = dimnames(x)[[2]], key.xpd = TRUE,

xlim = NULL, ylim = NULL, flip.labels = NULL,

draw.segments = FALSE, col.segments = 1:n.seg, col.stars = NA,

axes = FALSE, frame.plot = axes,

main = NULL, sub = NULL, xlab = "", ylab = "",

cex = 0.8, lwd = 0.25, lty = par("lty"), xpd = FALSE,

mar = pmin(par("mar"),

1.1+ c(2*axes+ (xlab != ""),

2*axes+ (ylab != ""), 1,0)),
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add = FALSE, plot = TRUE, ...)Tm x0�PCG#>� full 0xL<Z
�� full = TRUE (v�\), :G�1l$!�b: (FALSE) 1lÆ%$�I� scale 0xL<Z
� scale = TRUE

(v�\), G#�P!�u^09Q!
Ce�^!��\
 1, �=\
 0; b:
(FALSE) b�G�>/5uV� radius 0xL<Z
� radius = TRUE (v�\), ?zG�!%��l!T.�b: (FALSE) ?z!G��%��l!T.�
len 0%�t<�� (v�\
 1), >�G�!4P� key.loc 0u~� x � y�=�l!8Z (v�\
 NULL), d>�=�G!!�f� draw.segments 0xL<Z
� draw.segments = TRUE (v�\0 FALSE), ?z!G�0u?u?!+�T
QG!(�SKkQl5.'}�-R�G stars() m!QG
0tP 3.18 m 12 �Z�Z$lI!G�1lfupI+

> stars(X, full=FALSE, draw.segments = TRUE,

key.loc = c(5,0.5), mar = c(2,0,0,0))1zG��� 3.16 b,�
1 2 3

4 5 6

7 8 9

10 11 12

X1

X2
X3

X4

X5� 3.16: 12 �Z� 5 
4o!-6lI!G� (�QG)



186 83% axS_F`!
3.5.3 ^$N: -�q.�0 Andrews (��kN) 5 1972 ,pzD!�z>,K
TO20tDÆ6dm!u~)B
�IÆI�!uvq.
B� p ÆG#
`� Xr0' r �Y\
P

XT
r = (xr1, xr2, · · · , xrp),:B
!-�q.0

fr(t) =
xr1√

2
+ xr2 · sin(t) + xr3 · cos(t) + xr4 · sin(2t) + xr5 · cos(2t) +

+ · · ·+, − π ≤ t ≤ π. (3.29)

n ��YG#B
 n vq.
,5|uDI�Æ�0uD-�q.����<ZG#!G\/`gW=
��*=�33����H+ (3.29) :C1-�q.��G	�G�� unison.R �
unison <- function(x){

if (is.data.frame(x) == TRUE)

x <- as.matrix(x)

t <- seq(-pi, pi, pi/30)

m <- nrow(x); n<-ncol(x)

f <- array(0, c(m,length(t)))

for(i in 1:m){

f[i,] <- x[i,1]/sqrt(2)

for( j in 2:n){

if (j%%2 == 0)

f[i,] <- f[i,]+x[i,j]*sin(j/2*t)

else

f[i,] <- f[i,]+x[i,j]*cos(j%/%2*t)

}

}

plot(c(-pi,pi), c(min(f), max(f)), type = "n",

main = "The Unison graph of Data",

xlab = "t", ylab = "f(t)")



%~3 187

for(i in 1:m) lines(t, f[i,] , col = i)

}Tm x 0�PCG#>��G!>z��0-�q.�� 3.19 !�! 3.18 G 12 VQBQ%�:3=��/Æ�[��:�!�G unison() ��

> source("unison.R")

> unison(X)?z-�q.�
�� 3.17 b,�

−3 −2 −1 0 1 2 3

−
10

0
0

10
0

20
0

30
0

The Unison graph of Data

t

f(
t)

� 3.17: 12 �Z� 5 
4o!-�q.�
Andrews T�\�z+D5+��SD"�!Kj
Lp�B!J℄�'}"����X9!J}XZ
%K
:|J!q..5uV
H|J!q..lH|!E
W
Z�� 4�℄

3.1 [(�L 100 VlBx?R�_+G�+ (g/L), ax,)�



188 83% axS_F`!
74.3 78.8 68.8 78.0 70.4 80.5 80.5 69.7 71.2 73.5

79.5 75.6 75.0 78.8 72.0 72.0 72.0 74.3 71.2 72.0

75.0 73.5 78.8 74.3 75.8 65.0 74.3 71.2 69.7 68.0

73.5 75.0 72.0 64.3 75.8 80.3 69.7 74.3 73.5 73.5

75.8 75.8 68.8 76.5 70.4 71.2 81.2 75.0 70.4 68.0

70.4 72.0 76.5 74.3 76.5 77.6 67.3 72.0 75.0 74.3

73.5 79.5 73.5 74.7 65.0 76.5 81.6 75.4 72.7 72.7

67.2 76.5 72.7 70.4 77.2 68.8 67.3 67.3 67.3 72.7

75.8 73.5 75.0 73.5 73.5 73.5 72.7 81.6 70.3 74.3

73.5 79.5 70.4 76.5 72.7 77.2 84.3 75.0 76.5 70.4Cn~:�V|_W|�;|�_W �℄q'a�|G�
G�
3.2 /�%~ 3.1 39VÆ�NG�C�/�oY`lÆ� QQ Æ
dYNG�C�/�2vNG�/0W_
YoY`l�/�2v`l�/0W_		G2v�/3~:�_W|�%~ 3.1 Cn�3:��
3.3 /�%~ 3.1 3laÆ�1/Æ
dCn�a_��
3.4 `az W PYVS� Kolmogorov-Smirnov PYVSPY%~ 3.1 3axRdf�2v`l�
3.5 9G℄�aI- 3 Ik��C38�p��3�1�a,` 3.8 qO
 V- 3.8: �zw`�e�C � 1 * a

1 2 4 3 2 4 7 7 2 2 5 4

2 5 6 8 5 10 7 12 12 6 6

3 7 11 6 6 7 9 5 5 10 6 3 10/�ax31/Æ	qz*IVS

IR plot �{
3
IR boxplot �{��qK9G℄UR=3I�C�3�~�1�a~�+P|q�
3.6 /�! 3.16 ��33;_3�4Æ
�ÆG`!! 3.16 3
=3��F�
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3.7 [:x2 19 VQB3h3;_
Fa�g2�At (cm) ��J (N), y�ax|` 3.9 qO� (1) V/��JL�At34:Æ� (2) /�k�Fa�- 3.9: Wed���&R�eQ� GV Fa g2 At �J
01 Alice F 13 56.5 84.0

02 Becka F 13 65.3 98.0

03 Gail F 14 64.3 90.0

04 Karen F 12 56.3 77.0

05 Kathy F 12 59.8 84.5

06 Mary F 15 66.5 112.0

07 Sandy F 11 51.3 50.5

08 Sharon F 15 62.5 112.5

09 Tammy F 14 62.8 102.5

10 Alfred M 14 69.0 112.5

11 Duke M 14 63.5 102.5

12 Guido M 15 67.0 133.0

13 James M 12 57.3 83.0

14 Jeffrey M 13 62.5 84.0

15 John M 12 59.0 99.5

16 Philip M 16 72.0 150.0

17 Robert M 12 64.8 128.0

18 Thomas M 11 57.5 85.0

19 William M 15 66.5 112.0�)
�J�At34:Æ� (3) /�k�g2J3�J�At34:Æ� (4)`k�Fa�k�g2J3�J�At34:Æ�
3.8 !��a z = x4 − 2x2y + x2 − 2xy + 2y2 + 9

2
x− 4y + 4 ��	 −2 ≤ x ≤ 3,

−1 ≤ y ≤ 7 :33��u�R�Q�5:/
	G x � y x:7O3Ov�
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0.05, 5:/3:`a� 0, 1, 2, 3, 4, 5, 10, 15, 20, 30, 40, 50, 60, 80, 100, �
15 �� (R��3�ÆDGP!�S3℄G�)
3.9 z pearson 0�PYSPY%~ 3.7 G3At��JRd0��
3.10 /�! 3.17 G 48 V�8+ax3BÆ� (1) j 15 3\℄+ FL, APP,

· · ·, SUIT �BÆ3L� (2) j G1, G2, · · · , G5 �BÆ3L��Æ,<BÆ
e
deUuP℄ 6 Vu�+��KBÆ
��`Uyu�+3��
�fÆG�S,=1xIsa�
3.11 /�! 3.17 G 48 V�8+ax3=��/
j G1, G2, · · · , G5 �\℄+�



X�� 5��C�r0��r℄ID21!�5$[�qm���#�q2�!�sW%C|�!�kC�1�!}XSK
�"0|7��r℄I!JH
�0�r℄I!QG80�W!
Pp{�m2D
X�P�

\e�z�!3b;\J

p*yi|z�!7��?��`��k3z),7�f	Sh℄I N(µ, σ2),�QG µ � σ2 !$rr\CHW�
Pp{�m2D
X���
`1�k35��"d	A�u~,�$x{.�J��Gf	 Poisson ℄I P (λ), Tm!QG λ q0�W!
|mPp�m2D
X��#m2D
X�r℄Ib)�!�WQG
}�QG
X (parametric estimation). d0}X��!upqpI+�� �#m2!r\D^GL�QG!
X#�{
�YpI+�upj
)
X (point estimation), fupj
pd
X (interval estimation). )
X�0�u~}XZD
Xu~�WQG�)
X!�)0�&	�w&zZz�
“�WQG�e0D�”. Tv)0�H&NÆz
X!0Fo<�pd
X0�Y~}XZb�l!pdD
Xu~�W!QG
C|"^��pd0|is�L~QG!0.o< (fF<). d!v)0�H&Z�&zZz� “�WQG$r0D�” Lu�w!r-�

4.1 [�C��r X ℄I��-~�WQG θ = (θ1, θ2, · · · , θm)T b'1
Y
 Fθ, j
θ 0&r\!P�
QG6d (parameter space), Y� Θ.Y f(x; θ)
�r X !rqÆ<�GC℄Ip
��r X ℄I
TVH!
: f(x; θ) 0rqÆ<�G���r X ℄I
K�H!
: f(x; θ) 0℄Ip�P�
B� Poisson ℄I P (λ), θ = λ �0 1 Æ�WQG�B�Sh℄I N(µ, σ2),

θ = (µ, σ2) �0 2 Æ�WQG�
\
X�r X !QG θ, �p	�r X mxzu~m2 X1, X2, · · · , Xn

(P X1, X2, · · · , Xn 09Q|℄I), d�!�|℄I�0�r℄I f(x; θ). 
\
X θ, Pp�71�!}XZ θ̂(X1, X2, · · · , Xn), d`vE�m2
HvE��WQG�q�0M
u��\m2 X1, X2, · · · , Xn, �0|X\z θ̂(X1, X2, · · · , Xn)

191
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X!\
�
 θ !
X\�j}XZ θ̂(X1, X2, · · · , Xn) 
 θ !
X
gY
 θ̂. �
�WQG θ �
X θ̂ 806dÆ!)
��jLm!
X
)
X�^G)
X!
�SK���K�K�SxK��=InK#�
4.1.1 
o�K (method of moments) 0�	�}XZ^ K · Pearson 5 20 -℄ypzD!
d!mEO2�0�m2�s
X�r����r X !℄Im!�WQG
 θ = (θ1, θ2, · · · , θm)T , `1�r X ! k �")�

E(Xk) = αk(θ1, θ2, · · · , θm), k = 1, 2, · · · , m�5
��g�r! k �")�#�dm2! k �")�
Ak =

1

n

n∑

i=1

Xk
i , k = 1, 2, · · · , m,P

αk(θ1, θ2, · · · , θm) = E(Xk) =
1

n

n∑

i=1

Xk
i = Ak, k = 1, 2, · · · , m. (4.1)�So (4.1) 0|�����WZ θ !�

θ̂i = θ̂i(X1, X2, · · · , Xn), i = 1, 2, · · · , m. (4.2)r θ̂ = (θ̂1, θ̂2, · · · , θ̂m)T �
 θ = (θ1, θ2, · · · , θm)T !
X
:j θ̂ 
 θ !�
X
(estimation by moments), ��
XQG!SKj
�K�� 4.1 ?_� X 3~:� µ, V|� σ2, X1, X2, · · · , Xn R�\_� X 3
w\V
VzvVS�C~: µ, �V| σ2.[�X\�r X !u��I�")�

α1 = E(X) = µ,

α2 = E(X2) = Var(X) + [E(X)]2 = σ2 + µ2.�m2!u��I�")�
A1 =

1

n

n∑

i=1

Xi = X, A2 =
1

n

n∑

i=1

X2
i .



4.1 :�C 193�+ (4.1) ��So� 




µ = X,

σ2 + µ2 =
1

n

n∑

i=1

X2
i .�ÆDSo���)\ µ �S` σ2 !�
X

µ̂ = X, (4.3)

σ̂2 =
1

n

n∑

i=1

X2
i − X

2
=

1

n

n∑

i=1

(Xi − X)2. (4.4)Ppn?��!0�S`!�
XCH#�m2S` S2, F0��(�&+
σ̂2 =

n − 1

n
S2. (4.5)B�Sh℄I N(µ, σ2), �
 µ � σ2 ℄?
�r!)\�S`
�+ (4.3)�+ (4.4) ��QG µ � σ2 !�
X

µ̂ = X, σ̂2 =
1

n

n∑

i=1

(Xi − X)2.	ÆD�o
0|,�
O��K
X)\�S`
�#a��m2!u�")�
X)\
�m2!I�mE�
XS`�� 4.2 ?_� X f�;a`l
NG�aR
f(x) =

{
λe−λx, x ≥ 0,

0 x < 0,	G λ R�6sa�0 X1, X2, · · · , Xn �\_� X 3
w\V
Vzv�S�Csa λ.[�^G℄I!u��	)\�0 1/λ, ��
d!
X0
λ̂ = n

/ n∑

i=1

Xi.� 4.3 ?_� X R�O [0, θ] :3~�`l
	G θ R�6sa
 X1, X2, · · ·,
Xn R_� X 3
w\V
VzvS�Csa θ.



194 8h% sa�C[�).℄I!u��	)\�0 θ/2, ��
d!
X0
θ = 2X =

2

n

n∑

i=1

Xi.� 4.4 ?_� X R�O [a, b] :3~�`l
	G a, b R�6sa
 X1, X2,

· · ·, Xn R_� X 3
w\V
Vzv�S�Csa a � b.[��P 4.1 !X\�o	+ (4.3)-(4.4)�0W
�u�I�")��
X
2jÆ/��u�")
X)\
I�mE�
XS`
P
E(X) = A1 =

1

n

n∑

i=1

Xi, Var(X) = M2 =
1

n

n∑

i=1

(
Xi − X

)2
.).℄I!)\0 (b − a)/2, S`0 (b − a)2/12, b|g

b + a

2
= X,

(b − a)2

12
= M2,�ÆDSo��� a � b !
X℄?


â = X −
√

3M2, b̂ = X +
√

3M2. (4.6)��H&��So (4.1) �!��>
+
:0|{�G\!SKn�So
(4.1), ��/
!�
X�� 4.5 ?_� X f�Q3`l B(k, p), 	G k, p ��6sa
 X1, X2, · · · , XnR_� X 3
w\V
�sa k, p 3v�C k̂, p̂.[���2P0|��So (4.1) �!��>
+
�
\j,G\X\!�o�4|G\X\!�wo<
LM80O�G\X\!SK
J�
X�I5℄I!)\ (�ru�")�) 0 kp, S` (�rI�mE�) 0 kp(1−
p). sQSo�

kp − X = 0, kp(1 − p) − M2 = 0. (4.7):C/
! R �G (oU�� moment_fun.R)

moment_fun<-function(p){

f<-c(p[1]*p[2]-A1, p[1]*p[2]-p[1]*p[2]^2-M2)

J<-matrix(c(p[2], p[1],



4.1 )
X 195

p[2]-p[2]^2, p[1]-2*p[1]*p[2]),

nrow=2, byrow=T)

list(f=f, J=J)

}Tm p[1] >,QG k, p[2] >,QG p, f 0�So (4.7) �=�7!�G
 J
�G f ! Jacobi �P�-o� Newton K (l'IC 2.9.3 �) n�W.KSo� (4.7), Tmm2r\�^GGa��sQ�
X! R �G (oU�� moment_estimate.R)

x<-rbinom(100, 20, 0.7); n<-length(x)

A1<-mean(x); M2<-(n-1)/n*var(x)

source("moment_fun.R"); source("Newtons.R")

p<-c(10,0.5); Newtons(moment_fun, p)5oUm
'u&0a� 100 ~ k = 20, p = 0.7 !I5℄I!^GG�'I&0X\m2)\	m2u�")���m2I�mE��'�&0-�{:�!oU moment_fun.R � Newtons.R, Tm source() �&0{:�!oU-�$�
T(�|+0�
source("FileName")�p� ("FileName") m0|)��p!l���'u&0�zy\
-� Newton KX\So!��TX\���(
$root

[1] 19.4957061 0.7237491

$it

[1] 11

$index

[1] 1

$FunVal

[1] 0.000000e+00 -2.220446e-15�� 11 �.�
��X\���(��zSo (4.7) ���!X\��
k̂ =

X
2

X − M2

= 19.49571, p̂ =
X − M2

X
= 0.7237491.



196 8h% sa�CYK4|
�`0"=!��P>�
5�K��So (4.1) ���!j?(
O�G\X\
��G\�qH up|�!SK�{�ÆD!P�0|,z
�K!�)0�5T&�!j?(
X\��"g����K/BT

XSK
�K�SxK
T?q��|$�
4.1.2 :L	SoK�SxK0 Fisher(\#H) 5 1912 ,pz!up
�W
�R!QG
XSK
TO2*� Gauss !�`Lv
d$�"D�X!Kj�dv℄O��r℄I�G!F"
1f\�K!��H��� Θ 0QG6d
QG θ 0r Θ !b�\
5�1m2!�_\ (x1, x2,

· · ·, xn) '
H|! θ B
� (X1, X2, · · ·, Xn) y� (x1, x2, · · ·, xn) !a�$!rq�=H|
Zx5u�6km��_�\ (X1, X2, · · ·, Xn) !r\
 (x1,

x2, · · ·, xn), ��
0||
 θ 0��0&D%�( (X1, X2, · · ·, Xn) y� (x1,

x2, · · ·, xn) a�$!rq
���K θ̂, P
n∏

i=1

f(xi; θ̂) = sup
θ∈Θ

n∏

i=1

f(xi; θ). (4.8)r θ̂ �
 θ !
X
L�0K�Sx"L����
� X 
TVH^G<Z"
+ (4.8) m! f(xi; θ) 0QG!r\

θ "
 X !rqÆ<�G5 xi �!r\
� X 
K�H^G<Z"
 f(xi; θ)
QG θ "
 X r xi !rq (℄Ip)._o 4.1 ?_� X 3n:NG�a4`l9� f(x; θ), θ ∈ Θ R�6sa

X1, X2, · · · , Xn �\_� X 3\V
�

L(θ; x) = L(θ; x1, x2, · · · , xn) =
n∏

i=1

f(xi; θ)� θ 3i$�a (likelihood function).+x
�m2r\ x Æ1"
 L(θ; x) 0 θ !�G��QG θ Æ1
� X
TVH^G<Z"
d�0m2 (X1, X2, · · · , Xn) !S!rqÆ<�G�� X
K�H^G<Z"
d�0m2 (X1, X2, · · · , Xn) !S!℄Ip�
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X 197_o 4.2 ?_� X 3n:NG�a4`l9� f(x; θ), θ ∈ Θ R�6sa

X1, X2, · · · , Xn �\_� X 3\V
 L(θ; x) � θ 3i$�a
0 θ̂ = θ̂(X)

= θ̂(X1, X2, · · · , Xn) R
w
C+�B`
L(θ̂(X); X) = sup

θ∈Θ
L(θ; X),"� θ̂(X) � θ 3;"i$�C (maximum likelihood estimation), QE� MLE.z;"i$�C��Csa3VS��;"i$S�(�℄H|j?��K�SxK!n��o�

(1) Sx�G L(θ; X) 
 θ !TV�G
e�� θ !�℄Z!B�G�5�� θ 0 m Æ<Z
e Θ ⊂ Rm 
+p�
:�K\!u�8pvp
��
∂L(θ; X)

∂θi
= 0, i = 1, 2, · · · , m. (4.9){
j+ (4.9) 
SxSo���9Q|℄I!m2!Sx�G L(θ; X) $�TnH!I+
�B L(θ; X) rBG'3nB�G0S;!
��$�Æ
O��

(4.9) #a!I+
∂ ln L(θ; X)

∂θi

= 0, i = 1, 2, · · · , m. (4.10)j+ (4.10) 
BGSxSo (loglikelihood equation).\���!0��K\!8pvpW
K�Sx
Xu10SxSoCBGSxSo!�
�SxSoCBGSxSo!��880K�Sx
X�d|&u
Sx�G L(θ; X) CBGSx�G ln L(θ; X) B�QG θ !I� Hesse �P
∇2

θL(θ; X) C ∇2
θ lnL(θ; X) m1 (� θ 0u!<Z
 ∂2L(θ;X)

∂θ2 < 0 C ∂2 lnL(θ;X)
∂θ2 <

0), :SxSoCBGSxSo!�N0K�Sx
X�� 4.6 ?_� X f�2v`l N(µ, σ2),	G µ, σ2 ��6sa
X1 , X2, · · · , XnR�\_� X 3
w\V
Vz;"i$S�Csa (µ, σ2).[�Sh℄I!Sx�G

L(µ, σ2; x) =

n∏

i=1

f(xi; µ, σ2) = (2πσ2)−
n
2 exp

[

− 1

2σ2

n∑

i=1

(xi − µ)2

]

,/
!BGSx�G

ln L(µ, σ2; x) = −n

2
ln(2πσ2) − 1

2σ2

n∑

i=1

(xi − µ)2.
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Xg 




∂ lnL(µ, σ2; x)

∂µ
=

1

σ2

n∑

i=1

(xi − µ) = 0,

∂ lnL(µ, σ2; x)

∂σ2
= − n

2σ2
+

1

2σ4

n∑

i=1

(xi − µ)2 = 0,��SxSo����
µ =

1

n

n∑

i=1

xi = x, σ2 =
1

n

n∑

i=1

(xi − x)2.
uJkT
B�BGSx�G ln L(µ, σ2; x) !I� Hesse �P



− n

σ2 − 1
σ4

n∑
i=1

(xi − µ)

− 1
σ4

n∑
i=1

(xi − µ) n
2σ4 − 1

σ6

n∑
i=1

(xi − µ)2



 =

[− n
σ2 0

0 − n
2σ4

]

0m1�P
b| (
x,

1

n

n∑

i=1

(xi − x)2

) 0 L(µ, σ2; x) !K�\)�� (µ, σ2) !K�Sx
X0
µ̂ =

1

n

n∑

i=1

Xi = X, σ̂2 =
1

n

n∑

i=1

(
Xi − X

)2
.�P 4.1 /4|
YK!X\��0/|!�� 4.7 ?_� X 3f�;a`l
NG�aR

f(x) =

{
λe−λx, x ≥ 0,

0 x < 0,	G λ R�6sa�0 X1, X2, · · · , Xn �\_� X 3
w\V
Vz;"i$�C�sa λ.[�`-o xi ≥ 0 K℄
^G℄I!Sx�G

L(λ; x) =

n∏

i=1

f(xi; λ) = λn exp

[

−λ

n∑

i=1

xi

]

,/
!BGSx�G

ln L(λ; x) = n ln λ − λ

n∑

i=1

xi.
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∂ ln L(λ; x)

∂λ
=

n

λ
−

n∑

i=1

xi = 0,��SxSo����
λ = n

/ n∑

i=1

xi.�� ∂2 ln L(λ; x)

∂λ2
= − n

λ2
< 0, ��
 n

/ n∑

i=1

xi 0 L(λ; x) !K�\)�� λ !K�Sx
X0 n
/ n∑

i=1

Xi.�P 4.2 /4|
YK!X\��q0/|!�
(2) Sx�G L(θ; x) �� θ �d�)�� Θ 
 Rm m!+p�
�"nSxSo��!SKH1�
p$r�q$r℄��� 4.8 ?_� X R�O [a, b] :3~�`l
	G a, b R�6sa
 X1, X2,

· · ·, Xn R_� X 3
w\V
Vz;"i$S�Csa a � b.[�B�m2 X1, X2, · · · , Xn, TSx�G

L(a, b; x) =

{ 1

(b − a)n
, �a ≤ xi ≤ b, i = 1, 2, · · · , n,

0, Td."+x
L(a, b; x) H0 (a, b) !TV�G
��H&�SxSo� (4.10)n�
F8P	K�Sx
X!1�zJDn L(a, b; x) !��\�
\( L(a, b; x) 
���
: b − a 
p�0&!=
� b H&=� max{x1, x2, · · · , xn}; b:
L(a, b; x) = 0. JS&
 a H&�� min{x1, x2, · · · , xn}. ��
 a � b !K�Sx
X


â = min{X1, X2, · · · , Xn} = X(1), b̂ = max{X1, X2, · · · , Xn} = X(n).|m!L�
��K�SxK
XP 4.5 m! θ, ��!��0
θ̂ = X(n).B�LY~P�
K�SxK��K
Xz!\0H/|!�
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(3) Θ 
K�QG6d�5�j?(

nK�Sx
X
�
-oQGr/a!\"
Sx�G!4\�� 4.9 ��ÆGo77i� 500 ��
e:E���Y-ÆG
'�`0��
�i� 1000 �

#R-	G~ 72 ��$~E��V��ÆG�
~M<���[�*t�qu"3��sm� N v�
Tm r v��Y�
^G&FG� s v
J, x v��Y�
�ÆDF"D
X N .� X YFG�! s v�m��Y�!�G
:�

P{X = x} =
Cs−x

N−rC
x
r

Cs
N

.��
Sx�G

L(N ; x) = P{X = x},-oSx�G!4

g(N) =
L(N ; x)

L(N − 1; x)
=

(N − s)(N − r)

N(N − r − s + x)
=

N2 − (r + s)N + rs

N2 − (r + s)N + xN
,� rs > xN "
� g(N) > 1, � rs < xN "
� g(N) < 1. P

{
L(N ; x) > L(N − 1; x), � N <

rs

x
,

L(N ; x) < L(N − 1; x), � N >
rs

x
.��
Sx�G L(N ; x) 5 N =

rs

x
oÆ
�K�
��� N `rSRG
~� N !K�Sx
X
�

N̂ =
⌈rs

x

⌉
,Tm ⌈ · ⌉ >,(rR
P=�p\!��RG�tq�m!GÆ��
�� N̂ =

⌈
500 × 1000

72

⌉
= 6944. P�sm�!�G
X
 6944 v�

(4) ��5� (BG) SxSo"�K����>
+
`&O�G\SK�



4.1 :�C 201� 4.10 ?_� X f� Cauchy `l
	n:NG�a�
f(x; θ) =

1

π[1 + (x − θ)2]
, −∞ < x < ∞,	G θ ��6sa� X1, X2, · · ·, Xn �\_� X 3\V
� θ 3;"i$�C�[�Cauchy ℄I!Sx�G


L(θ; x) =

n∏

i=1

f(xi; θ) =
1

πn

n∏

i=1

1

1 + (xi − θ)2
,/
!BGSx�G


ln L(θ; x) = −n ln(π) −
n∑

i=1

ln
(
1 + (xi − θ)2

)
, (4.11)��BGSxSo

n∑

i=1

xi − θ

1 + (xi − θ)2
= 0. (4.12)0|,�
��BGSxSo (4.12) !���0�"!
(�-o� R �pnG\��5'IC (2.9.1 �) ��\Son��G uniroot(), LM�dnSxSo

(4.12) !����m2 X !r\�^GGa��
> x <- rcauchy(1000,1)

> f <- function(p) sum((x-p)/(1+(x-p)^2))

> out <- uniroot(f, c(0, 5))5oUm
'u&0a� 1000 ~QG θ = 1 !^GG�'I&CzSxSo
(4.12) B
!�G�'�&0�n��G uniroot() nSxSo5pd (0, 5) $!��TX\��


> out

$root

[1] 1.049538

$f.root

[1] -0.006061751
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X
$iter

[1] 5

$estim.prec

[1] 6.103516e-055X\��m
$root 0So�!ÆS�
P
X\
 θ̂ = 1.049538. $f.root0�G f5ÆS\�!�G\�$iter !.��G
P�\ 5�.��$estim.prec0ÆS���w�!�`
X
PÆS���w��`!(B\Hf� 6.104 ×
10−5.�G uniroot() !u"(�|+


uniroot(f, interval,

lower = min(interval), upper = max(interval),

tol = .Machine$double.eps^0.25, maxiter = 1000, ...)Tm f 0bnSo!�G� interval 0)��So�!y*pd� lower 0y*pd!�=)
 upper 0y*pd!�=)� tol 0X\�<
 maxiter0��.��G (v�\
 1000).℄�lv!0� � R �pm!�Gn (BG) SxSo!��.$Æ
q0|Z�� R �pm!�Gn (BG) Sx�G!K\�
R �pm�G optimize()(C optimise()) 0Z�nuÆ<Z�G!K=)
LM�dnBGSx�G (4.11) !K\)
ToU�(

> loglike <- function(p) sum(log(1+(x-p)^2))

> out <- optimize(loglike, c(0, 5))5oUm
'u&0BGSx�G (4.11)	ts
G5
��nK=
_u~m���'I&0��G optimize() n�G loglike 5pd (0, 5) Æ!K=)�TX\��

> out

$minimum

[1] 1.049513

$objective

[1] 1303.1925X\��m
 $minimum 0K=)!ÆS�
P
X\
 θ̂ = 1.049513.

$objective 0�=�G5ÆS��!�G\�



4.1 :�C 203�nSxSo�!SK4|
YK!X\��/`H��.$Æ
nSxSo�!SK0&��wu�
��SKPp*n�G
LB�|
k1!�G
0&>�Du1!�"��G optimize()(� optimise()) !u"�K0�
optimize(f = , interval = , lower = min(interval),

upper = max(interval), maximum = FALSE,

tol = .Machine$double.eps^0.25, ...)

optimise(f = , interval = , lower = min(interval),

upper = max(interval), maximum = FALSE,

tol = .Machine$double.eps^0.25, ...)Tm f 0nK=!�=�G� interval 0)��K=!y*pd� lower 0y*pd!�=)
 upper 0y*pd!�=)� maximum 0xL<Z
��
maximum = FALSE(v�\) >,n�GK=\)�b: (maximum = TRUE) >,n�G!K�\)� tol 0X\�<���WQG θ 0D!<Z"
K�SxKn�!G\SKp1��D<Z�G�P�
0|� Newton K (l'IC! 2.9.3 �) n�BGSxSo (4.10).q0|� R �pm! nlm() �GZ�n��)E�q

min
θ

L(θ; x) C min
θ

lnL(θ; x),LM x 0^G<Z X !r\�
\\� nlm �GnD!�GK=!SK
LMg���� ��G nlm()nD<Z�G f(x) !K=\)��� nlm() �G5}Xm!(�
t>5'jC! 6.7.2 �m��W.K=�!X\mu��� nlm() �Gn�)E�3�q
min f(x) = 100(x2 − x2

1)
2 + (1 − x1)

2 (4.13)!K=)
ry*) x(0) = (−1.2, 1)T . j�G (4.13) 
 Rosenbrock �G
C6w�G�Cz�=�G (oU�� Rosenbrock.R),

obj<-function(x){
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X
f<-c(10*(x[2]-x[1]^2), 1-x[1])

sum(f^2)

}t�G-�$�
3-� nlm() �Gn�
> source("Rosenbrock.R")

> x0<-c(-1.2,1); nlm(obj,x0)Tm x0 0y*\
��
$minimum

[1] 3.973766e-12

$estimate

[1] 0.999998 0.999996

$gradient

[1] -6.539275e-07 3.335996e-07

$code

[1] 1

$iterations

[1] 23Tm $minimum 0�G!���=\
P f ∗ = 3.973766 × 10−12. $estimate 0��)!
X\
P x∗ = (0.999998, 0.999996)T . $gradient 05��)� (
X\) �=�Go<\
P ∇f ∗ = (−6.539275× 10−7, 3.335996× 10−7)T . $code0^=
LM0 1, >,.�l�� $iterations 0.��G
LM0 23, >,
J\ 23 �.��$[Æ
 Rosenbrock �G!��)0 x∗ = (1, 1)T , ���=�G\

f(x∗) = 0.{�ÆD℄��/
!P�
0|����K!�)0g�
`PW��r!�
�r!℄II+H8W��FK�SxK:8RW��r℄II+
Ce5u"j?(
SxSo�!n�|
k1
��Pp5X\GÆ{�.�0\N&X\zTÆS��5ÆDP�m
℄?��K�K�SxKBSh℄I�).℄I!QG
J
X
5b��!
Xm
B�Sh℄I
YpSK��!QG
X\0ue!
FB).℄I
YpSK��!QG
X\Hum�B�pQG
J
X




4.2 �C+3{)FW" 205���p�#�(��z
XZ!�XK!7?�:�
4.2 �C�Sx�S1�	℄�Y�!lvm0|,�
B�rm|uQG θ, O�H|!
XSK��!
XZ θ̂ 0&0um!
�B��DGj?0Hum!�P�
B�).℄I U [a, b], QG
X!�K�K�SxK
X!��0H|!���� X9

“|�” !
XZ#�P� Ja
XZ!�_�LMg���Ja
XZ�_!�: — 
XZ!�BK��?K�/!K (ueK).

4.2.1 -5�B
XZ0^G<Z
B�H|!m2\�>��H|!
X\�Lm
pw1u~
XZ!�5
�H&��v#��xm!��D$Z
F8R�D�xm!��D$Z�B�
u~
xFE2!$Z=�0pn
XZ�&}B`
q�0M
��5u�xm���!
X\Hu1Y�#��
QG!M\
�5�Zqkxm (m2�Z/|) "
b��!
X\I)VD
��
QG!M\/|
:&4M
#	
XZ!GZQ	
#��WQG!M\
L�0b��BK!pn�LuZ�pn�rq�f�D�0|(1��_o 4.3 ? X R_�
 θ ∈ Θ RP��_� X 3`lG3'�sa
X1 , X2,

· · ·, Xn R�\_� X 3
w\V�0�C+ θ̂ = θ̂(X1, X2, · · · , Xn) 3aQ�� E(θ̂) ��
�L�'m θ ∈ Θ ~
E(θ̂) = θ, (4.14)"� θ̂ R θ 3�|�C+4�|�C (unbiased estimate).j E(θ̂) − θ 
| θ̂ �
 θ !
X!&}�`CB`��B
X!$[���0�&}�`�� E(θ̂) − θ 6= 0, ��m2�Z n → ∞ "
�

lim
n→∞

[
E(θ̂) − θ

]
= 0, (4.15):j θ̂ 
 θ !rÆ�B
X�u~
XZ��H0�B!
:jd0�B
XZ�
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X� 4.11 ?_� X 3 k bÆ:v αk = E(Xk)(k ≥ 1) ��
 X1, X2, · · · , Xn R
X 3
w\V
 Ak =

1

n

n∑

i=1

Xk
i �\V3 k bÆ:v
4U��=_� X f�GG`l
" k b\VÆ:v Ak R k b_�Æ:v αk 3�|�C��!�� X1, X2, · · · , Xn � X |℄Ie/-9Q
��

E(Xk
i ) = E(Xk) = αk, i = 1, 2, · · · , n,P�

E(Ak) = E

(
1

n

n∑

i=1

Xk
i

)

=
1

n

n∑

i=1

E(Xk
i ) = αk.n?&
Hv�r X f	#�℄I
̀ pGZQ	 µ �5
8� E(X) = µ,P X 0 µ !�B
X�� 4.12 ?_� X 3~: µ �V| σ2 ��
µ, σ2 ��6sa
" σ2 3�C+

σ̂2 =
1

n

n∑

i=1

(
Xi − X

)2R~|�C+��!���
σ̂2 =

1

n

n∑

i=1

(
Xi − X

)2
=

1

n

n∑

i=1

X2
i − X

2
,

E(σ̂2) = E

(
1

n

n∑

i=1

X2
i

)

− E(X
2
) =

1

n

n∑

i=1

E
(
X2

i

)
− E(X

2
),�

E
(
X2

i

)
= Var(Xi) + [E(Xi)]

2 = σ2 + µ2,

E(X
2
) = Var(X) +

[
E(X)

]2
=

σ2

n
+ µ2,:��

E
(
σ̂2
)

= σ2 + µ2 −
(

σ2

n
+ µ2

)
=

n − 1

n
σ2 6= σ2.b| σ̂2 0�B!
�� σ̂2 s
X σ2, :
X\I)B=
�d0 σ2 !rÆ�B
X�
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XZ!�XK�: 207B�m2S`
�
S2 =

1

n − 1

n∑

i=1

(Xi − X)2 =
n

n − 1
σ̂2,

E(S2) =
1

n − 1
E(σ̂2) =

n

n − 1
· n − 1

n
σ2 = σ2.L�0M
m2S` S2 0�rS` σ2 !�B
X��u"8O� S2 �
�rS` σ2 !
XZ�

4.2.2 yFR5SDj?(
�rQG θ !�B
XZH0�u!���
� $Zu~QG!Y~�B
XZ K��#�u~qp=��0�_d�J!r\�Nm��
XQG!M\oÆ
P�u~
XZ!S`�=�L�0(�!�?Kr-�_o 4.4 ? θ̂1 = θ̂1(X1, X2, · · · , Xn) � θ̂2 = θ̂2(X1, X2, · · · , Xn) CR θ 3�|�C
0
Var(θ̂1) ≤ Var(θ̂2),"� θ̂1 W θ̂2 ~;�-_ θ !b��B
XZ
��Tm�5u~
XZ θ̂0 !S`�=
:�
XZ
���
Cj�
XZ θ̂0 
 θ !�=S`�B
X (minimum variance

unbiased estimate).0|T�
B�Sh�r N(µ, σ2), (X, S2)0 (µ, σ2)!�=S`�B
X��?K!��0�� θ̂ 
X θ "
{�&}B`�
8pn
X�<�x�� 4.13 ?_� X 3~: µ �V| σ2 ��
 X1, X2, · · · , Xn R�\_� X3
w\V
4U�C µ F
 µ̂1 = X = 1
n

n∑
i=1

Xi W µ̂2 =
n∑

i=1

ciXi ~;
	G
n∑

i=1

ci = 1, ci > 0, i = 1, 2, · · · , n.[��~kT
 E(µ̂1) = E(µ̂2) = µ, 80 µ !�B
X�X\S`��
Var(µ̂1) = Var(X) =

σ2

n
,

Var(µ̂2) = Var

(
n∑

i=1

ciXi

)
=

n∑

i=1

(
c2
i Var(Xi)

)
= σ2

n∑

i=1

c2
i .
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n∑

i=1

ci

)2

≤ n

n∑

i=1

c2
i , ��

Var(µ̂1) =
σ2

n
=

σ2

n

(
n∑

i=1

ci

)2

≤ σ2
n∑

i=1

c2
i = Var(µ̂2),� µ̂1 4 µ̂2 �?�

4.2.3 ;'R (h�R)
XZ θ̂ !�BK��?K805m2�Z nÆ1!j?(lv!�xF
��
XZ θ̂(X1, X2, · · · , Xn) vE�m2�Z n, 
x>2�
u~�!
XZ
θ̂, �m2�Z n *�"
�����r!F"q^X<_
p
XL
*�w*0.
n?0� n → ∞ "

X\t�QGM\R)�uue
L�0
XZ!/!K	Cj
ueK��/!K!d|1��(�_o 4.5 ? θ̂(X1, X2, · · · , Xn) ��6sa θ 3�C+
0L�'m θ ∈ Θ, ,
n → ∞ F
 θ̂(X1, X2, · · · , Xn) en:W'� θ, ?L'm ε > 0, ~

lim
n→∞

P{|θ̂ − θ| < ε} = 1,"� θ̂ � θ 30��C (consistent estimate) +4
��C+
dE� θ̂
P−→

θ(n → ∞).0, n → ∞ F
 θ̂ ~VW'� θ, ?
lim

n→∞
E(θ̂ − θ)2 = 0,"� θ̂ � θ 3~V0��C+ (4
��C+), dE� θ̂

L2

−→ θ(n → ∞).

4.3 MJ�C℄���!)
XSK0NB�r!�u�WQG θ, �7 θ !u~
XZ
θ̂(X1, X2, · · · , Xn), B���xm!��
Pu~m2�_\ (x1, x2, · · · , xn), 0�
X θ̂(x1, x2, · · · , xn) �
 θ !u~ÆS\
P|
 θ̂(x1, x2, · · · , xn) ≈ θ. �0
z�p�Lp
X!�wK� �0Fo<� �)
X�K=ÆL��q�
\�'L�dq
PplvQG!pd
X�



4.3 pd
X 209_o 4.6 ?_� X 3`l�a F (x; θ) ��6sa θ, L�y?: α (0 <

α < 1), 0|\V X1, X2, · · ·, Xn "?3*w
C+ θ̂1(X1, X2, · · · , Xn) �
θ̂2(X1, X2, · · · , Xn) B`

P
{
θ̂1(X1, X2, · · · , Xn) < θ < θ̂2(X1, X2, · · · , Xn)

}
= 1 − α, (4.16)"�o7�O (θ̂1, θ̂2) Rsa θ 3AAG� 1− α 3AA�O (confidence inter-

val), θ̂1 � θ̂2 `a��AAG� 1−α 3bvAA�O3AA).�AA:.
� 1 − α �AAG4AA'a�fFpd (θ̂1, θ̂2) 0u~^Gpd
B��!xmDM
���bH|
C�")�\QG θ, �"H)� θ. �0
�pd)� θ !0&K	fF<�0
1−α. +x
5fF<u1!℄p(fFpd!d<*>
T�<*x

Xq�*��5$�m
{
�1u1!fF<
n�0&>!fFpd�
4.3.1 hÆ��9�RJw`�Sh�r X ∼ N(µ, σ2), X1, X2, · · · , Xn 
D
�r X !u~m2

1 − α 
fF<
 X 
m2)\
 S2 
m2S`�

1. h� µ RLI�B℄?lv�r X !S` σ2 {W�S` σ2 �WYpjI�� σ2 {W"
��
X − µ

σ/
√

n
∼ N(0, 1), (4.17)���

P

{∣∣∣∣
X − µ

σ/
√

n

∣∣∣∣ ≤ Zα/2

}
= 1 − α, (4.18)Tm Zα 
=�Sh℄I N(0, 1) Æ! α ℄�)
P Φ(Zα) = 1−α. �+ (4.18)����)\ µ, fF<
 1 − α !IVfFpd

[
X − σ√

n
Zα/2, X +

σ√
n

Zα/2

]
. (4.19)� σ2 �W"
��

T =

X−µ
σ/

√
n√

(n−1)S2

σ2 /(n − 1)
=

(
X − µ

)

S/
√

n
∼ t(n − 1), (4.20)
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P

{∣∣∣∣∣

(
X − µ

)

S/
√

n

∣∣∣∣∣ ≤ tα/2

}

= 1 − α, (4.21)Tm tα(n − 1) >,
�<
 n − 1 !
 t− ℄IÆ α ℄�)��+ (4.21) ����)\ µ, fF<
 1 − α !IVfFpd
[
X − S√

n
tα/2(n − 1), X +

S√
n

tα/2(n − 1)

]
. (4.22)�#�+ (4.19) ��+ (4.22) Cz�rS`{W�S`�WYpj?)\

µ pd
X! R oU	oU�� interval_estimate1.R ��
interval_estimate1<-function(x, sigma=-1, alpha=0.05){

n<-length(x); xb<-mean(x)

if (sigma>=0){

tmp<-sigma/sqrt(n)*qnorm(1-alpha/2); df<-n

}

else{

tmp<-sd(x)/sqrt(n)*qt(1-alpha/2,n-1); df<-n-1

}

data.frame(mean=xb, df=df, a=xb-tmp, b=xb+tmp)

}5oUm
 x 0D
�r!G# (m2) �l!8Z� sigma 0�r!=�`
�=�`{W"
>�/
!\
oUO�Sh℄IX\pd=)
�=�`�W"
>�50v�
oUO� t− ℄IX\pd=)� alpha 0+|KKI
v�\
 0.05. �G|G#>!I+>z
>z!$���m2)\ mean,
�< df �)\pd
X!Æ(- a, b.���5 R �pm
b�!℄�))0�(℄�)X\!
F2?m!GZ>
+b(�!℄�))0Æ℄�)
��GZ>
+� R �pm!�G��(�&
Zα = qnorm(1-alpha), tα(n − 1) = qt(1-alpha, n-1).T
℄I�Gq/|�k��YK!`?
5:omHp�<�5���YG#'
0|���GBQG µ �pd
X�



4.3 �O�C 211� 4.14 [{�B}31U�G X U(�f� N(µ, 0.04), -�l}�Go7�� 6 w
	�G3x+:,)	(���M�
14.6, 15.1, 14.9, 14.8, 15.2, 15.1,V�l1U�G3AA'a� 0.95 3�O�C�[�>�G#
-��G interval_estimate1()(oU�� exam0414.R)

X<-c(14.6, 15.1,14.9, 14.8, 15.2, 15.1)

source("interval_estimate.R")

interval_estimate(X, sigma=0.2)��
mean df a b

1 14.95 6 14.78997 15.11003��
p
pd<!fF&G
 0.95 !fFpd
 [14.79, 15.11].� 4.15 ��C
U��3J+ µ, Y	�- 10 �
2/3J+	(���	��
10.1, 10, 9.8, 10.5, 9.7, 10.1, 9.9, 10.2, 10.3, 9.9,K?q��3��J+f� N(µ, σ2), �l�� µ AA'a� 0.95 3AA�O�[�>�G#
-��G interval_estimate1()(oU�� exam0415.R)

X<-c(10.1, 10, 9.8, 10.5, 9.7, 10.1, 9.9, 10.2, 10.3, 9.9)

source("interval_estimate.R")

interval_estimate(X)��
mean df a b

1 10.05 9 9.877225 10.22278��
p�r µ fF&G
 0.95 fFpd
 [9.87, 10.22].

R �pm! t.test fk�G0|�l/
!pd
X��
P�
> t.test(X)

One Sample t-test

data: X

t = 131.5854, df = 9, p-value = 4.296e-16
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X
alternative hypothesis: true mean is not equal to 0

95 percent confidence interval:

9.877225 10.222775

sample estimates:

mean of x

10.05��/
!pd
X [9.88, 10.22] �Td!u�F"������ t.test() �G��!pd
X���:C�G��!pd
X0/|!
	LM0|'}�^\� t.test() !X\�o��� t.test() �G
uJ!(�SKt5(uC���
2. r; σ2 RLI�B℄?lv�r X )\ µ {W�)\ µ �WYpjI�� µ 0{W"
� σ2 !K�Sx
X

σ̂2 =
1

n

n∑

i=1

(Xi − µ)2 (4.23)D�z σ2 !fFpd�� χ2 ℄I!1��~�z
nσ̂2

σ2
=

n∑

i=1

(Xi − µ)2
/

σ2 ∼ χ2(n). (4.24)���
P

{
χ2

1−α/2(n) ≤ nσ̂2

σ2
≤ χ2

α/2(n)

}
= 1 − α, (4.25)Tm χ2

1−α/2(n) � χ2
α/2(n) ℄?>,
�<
 n !
 χ2− ℄IÆ 1−α/2 � α/2℄�)����� σ2 !fF<
 1 − α !IVfFpd

[
nσ̂2

χ2
α/2(n)

,
nσ̂2

χ2
1−α/2(n)

]

. (4.26)� µ 0�W"
 σ2 !K�Sx
X
S2 =

1

n − 1

n∑

i=1

(Xi − X)2
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(n − 1)S2

σ2
∼ χ2(n − 1), (4.27)��
�

P

{
χ2

1−α/2(n − 1) ≤ (n − 1)S2

σ2
≤ χ2

α/2(n − 1)

}
= 1 − α,Tm χ2

1−α/2(n − 1) � χ2
α/2(n − 1) ℄?>,
�<
 n − 1 !
 χ2− ℄IÆ

1 − α/2 � α/2 ℄�)����� σ2 !fF<
 1 − α !IVfFpd
[

(n − 1)S2

χ2
α/2(n − 1)

,
(n − 1)S2

χ2
1−α/2(n − 1)

]
. (4.28)�#�+ (4.26) ��+ (4.28) Cz�r)\{W�)\�WYpj?S`

σ2 pd
X! R oU	oU�� interval_var1.R �
interval_var1<-function(x, mu=Inf, alpha=0.05){

n<-length(x)

if (mu<Inf){

S2 <- sum((x-mu)^2)/n; df <- n

}

else{

S2 <- var(x); df <- n-1

}

a<-df*S2/qchisq(1-alpha/2,df)

b<-df*S2/qchisq(alpha/2,df)

data.frame(var=S2, df=df, a=a, b=b)

}5oUm
 x 0�D
�r!G# (m2) �l!8Z� mu 0�r)\
�)\{W"
>�/
!\
oUO�
�<
 n ! χ2− ℄IX\pd=)��)\�W"
>�50v�
oUO�
�<
 n − 1 ! χ2− ℄IX\pd=)�G#>zO�G#>!I+
>z\0m2S` var, 
�< df �S`!pd
X a, b.� 4.16 z�O�CVS�C! 4.15 3x+ |	?V| σ2 �
`aL~: µh6 (µ = 10) �~: µ �6*I��hE{=�
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X[��Æ�:�!�GX\�
#### ����
w/i�us'
> X<-c(10.1,10,9.8,10.5,9.7,10.1,9.9,10.2,10.3,9.9)

> source("interval_var1.R")

#### ;{qu����
�"	4-3
> interval_var1(X, mu=10)

var df a b

1 0.055 10 0.02685130 0.1693885

#### ;{qu����
�"	4#3
> interval_var1(X)

var df a b

1 0.05833333 9 0.02759851 0.1944164�)\{W (µ = 10) "
TS` σ2 !pd
X
 [0.0268, 0.169], �)\�W"
TS` σ2 !pd
X
 [0.0276, 0.194]. 	X\��D,
5)\{W!j?(
X\����u��
4.3.2 	Æ��9�RJw`��Y~Sh�r X ∼ N(µ1, σ

2
1) � Y ∼ N(µ2, σ

2
2), X1, X2, · · ·, Xn1
D
�r X !u~m2
 Y1, Y2, · · ·, Yn2 
D
�r Y !u~m2
 1 − α
fF<
X , Y ℄?
'u�'Im2)\
 S2

1 , S2
2 ℄?
'u�'Im2S`�

1. h�; µ1 − µ2 RLI�B℄�pj?lv�
(1) �Y�r!S` σ2

1, σ
2
2 {W"
�Sh℄I!Kj�

X − Y ∼ N

(
µ1 − µ2,

σ2
1

n1

+
σ2

2

n2

)
, (4.29)JS��~�rpd
X!��
�� µ1 − µ2 !fF<
 1− α !IVfFpd� 

X − Y − Zα/2

√
σ2

1

n1
+

σ2
2

n2
, X − Y + Zα/2

√
σ2

1

n1
+

σ2
2

n2



 . (4.30)
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(2) �Y�r!S`/|
P σ2
1 = σ2

2 = σ2, e�W"
0|��
T =

X − Y − (µ1 − µ2)

Sw

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2), (4.31)Tm
Sw =

√
(n1 − 1)S2

1 + (n2 − 1)S2
2

n1 + n2 − 2
. (4.32)TH+ (4.22) !��
�� µ1 − µ2 !fF<
 1 − α !IVfFpd�

[
X − Y − tα/2(n1 + n2 − 2)Sw

√
1
n1

+ 1
n2

,

X − Y + tα/2(n1 + n2 − 2)Sw

√
1
n1

+ 1
n2

]
.

(4.33)

(3) �Y�r!S` σ2
1 � σ2

2 �W
e σ2
1 6= σ2

2 "
0|T�
T =

X − Y − (µ1 − µ2)√
S2

1

n1
+

S2
2

n2

∼ t(ν) (4.34)ÆSlQ
Tm
ν =

(
σ2

1

n1
+

σ2
2

n2

)2/( (σ2
1)

2

n2
1(n1 − 1)

+
(σ2

2)
2

n2
2(n2 − 1)

)
. (4.35)��� σ2

1, σ
2
2 �W
�m2S` S2

1 , S
2
2 SDÆS
��


ν̂ =

(
S2

1

n1
+

S2
2

n2

)2/( (S2
1)

2

n2
1(n1 − 1)

+
(S2

2)
2

n2
2(n2 − 1)

)
. (4.36)0|ÆS&|


T ∼ t(ν̂).���� µ1 − µ2 !fF<
 1 − α !IVfFpd�


X − Y − tα/2(ν̂)

√
S2

1

n1
+

S2
2

n2
, Y − X + tα/2(ν̂)

√
S2

1

n1
+

S2
2

n2



 . (4.37)�#�+ (4.30) ��+ (4.33) ��+ (4.37) Cz�pj?()\` µ1 − µ2pd
X! R oU	oU�� interval_estimate2.R ��
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X
interval_estimate2<-function(x, y,

sigma=c(-1,-1), var.equal=FALSE, alpha=0.05){

n1<-length(x); n2<-length(y)

xb<-mean(x); yb<-mean(y)

if (all(sigma>=0)){

tmp<-qnorm(1-alpha/2)*sqrt(sigma[1]^2/n1+sigma[2]^2/n2)

df<-n1+n2

}

else{

if (var.equal == TRUE){

Sw<-((n1-1)*var(x)+(n2-1)*var(y))/(n1+n2-2)

tmp<-sqrt(Sw*(1/n1+1/n2))*qt(1-alpha/2,n1+n2-2)

df<-n1+n2-2

}

else{

S1<-var(x); S2<-var(y)

nu<-(S1/n1+S2/n2)^2/(S1^2/n1^2/(n1-1)+S2^2/n2^2/(n2-1))

tmp<-qt(1-alpha/2, nu)*sqrt(S1/n1+S2/n2)

df<-nu

}

}

data.frame(mean=xb-yb, df=df, a=xb-yb-tmp, b=xb-yb+tmp)

} 5oUm
 x, y ℄?0D
Y�r!G# (m2) �l!8Z� sigma 0�Y�r=�`�l!8Z
�=�`{W"
>�/
!\
oUO�Sh℄IX\pd!=)��=�`�W"
>�50v�
�"Pp-oY�r!S`0b/|��|
Y�rS`/|
>� var.equal = TRUE, oUO�
�<
 n1 + n2 − 2 ! t− ℄IX\pd=)��|
Y�rS`H|
>�
var.equal = FALSE (Cv�), oUO�
�<
 ν ! t− ℄IX\pd=)�� ν H0RG"
oU5X\ t− ℄I"
T\O�[\SK���oU>zO�G#>!I+
>zYm2)\` mean, 
�< df, �)\`
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X!=) a, b.� 4.17 �W_J�i*IO��I3{0�-K?zsLX�3O6�G`af� N(µ1, 2.182) � N(µ2, 1.762), VY+�,*IO6G`a��\V X1, X2,

· · ·, X100 � Y1, Y2, · · ·, Y100 (	axzCn7o7}B
	o7a3~:`a�
µ1 = 5.32, µ2 = 5.76). Vy� µ1 − µ2 3AA'a� 0.95 3�O�C�[�:*� R �pa� 200 ~^GG
3-��G interval_estimate2()
JX\ (oU�� exam_0417.R).

x<-rnorm(100, 5.32, 2.18)

y<-rnorm(100, 5.76, 1.76)

source("interval_estimate2.R")

interval_estimate2(x,y, sigma=c(2.18, 1.76))��X\��
mean df a b

1 -0.2549302 200 -0.80407 0.2942096��
 µ1 − µ2 !fF&G
 0.95 !pd
X
 [−0.804, 0.294].�����G#0�X\G^Ga�!
��
�u�!X\��0H/|!
��!o/0/|!�� 4.18 [}g z*�\�#5
/	T��
�-�B}/:o7��\V
X1, X2, · · ·, X12 � Y1, Y2, · · ·, Y17	ax|Cn7Xd}B�
sLRJ���
3�8	�C��K?,*�5
/qT3��
3�8Cf�2v`l
`a� N(µ1, σ

2) � N(µ2, σ
2). y?AA'a 0.95 
V� µ1 − µ2 3�O�C�{=*I��
 (1) *_�V|0�� (2) *_�V|k��	R�Cn7}Bo7a3~: µ1 = 501.1 � µ2 = 499.7, _W| σ1 = 2.4, σ2 = 4.7. �[�:*� R �pa�/
!^GG
3-��G interval_estimate2()
JX\ (oU�� exam_0418.R).

x<-rnorm(12, 501.1, 2.4)

y<-rnorm(17, 499.7, 4.7)

source("interval_estimate2.R")

interval_estimate2(x, y, var.equal=TRUE)

interval_estimate2(x, y)|
S`/|!X\��0
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> interval_estimate2(x, y, var.equal=TRUE)

mean df a b

1 -0.7120126 27 -3.667566 2.243541��
5|
S`/|!j?(
 µ1 − µ2 !fF&G
 0.95 !pd
X

[−3.67, 2.24].|
S`H|!X\��0

> interval_estimate2(x, y)

mean df a b

1 -0.7120126 23.09151 -3.344401 1.920376��
5|
S`H|!j?(
 µ1 − µ2 !fF&G
 0.95 !pd
X

[−3.34, 1.92].YX\���4|
0|
5Y�rS`H|!`�(
X\����wu��5LY~P�m
 µ1 − µ2 !pd
X)�\

q�0M
 µ1 0&��
µ2, q0&=� µ2, L"���|
 µ1 � µ2 C��+|`��

R �pm! t.test() �G0|�zIm2`!pd
X
�
> t.test(x, y)

Welch Two Sample t-test

data: x and y

t = -0.5594, df = 23.092, p-value = 0.5813

alternative hypothesis: true difference in means is not equal to 0

95 percent confidence interval:

-3.344401 1.920376

sample estimates:

mean of x mean of y

500.0234 500.7354������
5X\"�|
Ym2S`0H|!���|
S`/|
Pp��
P5<Zm�z var.equal=TRUE, �
> t.test(x, y, var.equal=TRUE)

Two Sample t-test

data: x and y
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t = -0.4943, df = 27, p-value = 0.6251

alternative hypothesis: true difference in means is not equal to 0

95 percent confidence interval:

-3.667566 2.243541

sample estimates:

mean of x mean of y

500.0234 500.73544|YpoU!X\��
J,� t.test() �G��!X\�����:C�G!X\��0�u/|!
�!℄�!P�
'}��L� t.test() !�G!X\�o��� t.test() �G!T
�K
'�8>lv�
2. 3h�eRLI�B�
<BG#!�uB80X\T`\ d, b|
℄x<BG#0Y�G#d!4|
�nz�uB`\'
�<l\�~m2\
TfFpd0��~�r)\ µ !pd
X!SKnz�LMq0|℄lS` σ2

d {W�S` σ2
d �W!j?Dlv���℄�B�~�rm2)\
Xlv!4|�'
LM`�zT
�SK�� 4.19 �-=zuz	"�F,"^3;

g�zuz	"�F,"^3)+ 10 V
E8)F,��R�+G3�+ax
,` 4.1 qO� V�F,��- 4.1: "�C)Z(O�R�
�e
&[� 1 2 3 4 5 6 7 8 9 10F,� (X) 11.3 15.0 15.0 13.5 12.8 10.0 11.0 12.0 13.0 12.3F,� (Y ) 14.0 13.8 14.0 13.5 13.5 12.0 14.7 11.4 13.8 12.0℄#3�O�C (α = 0.05).[�>�G#
-� t.test() �G�

> X<-c(11.3, 15.0, 15.0, 13.5, 12.8, 10.0, 11.0, 12.0, 13.0, 12.3)

> Y<-c(14.0, 13.8, 14.0, 13.5, 13.5, 12.0, 14.7, 11.4, 13.8, 12.0)

> t.test(X-Y)

One Sample t-test
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X
data: X - Y

t = -1.3066, df = 9, p-value = 0.2237

alternative hypothesis: true mean is not equal to 0

95 percent confidence interval:

-1.8572881 0.4972881

sample estimates:

mean of x

-0.68b|��
k[℄'<3!pd
X
 [−1.86, 0.497].�� 0 )�5pd
X!pd$
��0||
�k[℄'Bz[%��!�Z�+|`����`�fkK℄��5(C3���
3. r;% σ2

1/σ
2
2 RLI�B~℄�r)\ µ1 � µ2 {W��r)\ µ1 � µ2 �WYpj?lv�

(1) µ1 � µ2 {W��"
σ̂2

1 =
1

n1

n1∑

i=1

(Xi − µ1)
2, σ̂2

2 =
1

n2

n2∑

i=1

(Yi − µ2)
2 (4.38)℄?
 σ2

1 � σ2
2 !�=�B
X
��

F =
σ̂2

1/σ
2
1

σ̂2
2/σ

2
2

∼ F (n1, n2), (4.39)��
P

{
F1−α/2(n1, n2) ≤

σ̂2
1/σ

2
1

σ̂2
2/σ

2
2

≤ Fα/2(n1, n2)

}
= 1 − α, (4.40)Tm F1−α/2(n1, n2) � Fα/2(n1, n2) ℄?>,
�<
 (n1, n2) !
 F− ℄IÆ

1 − α/2 � α/2 ℄�)���
 σ2
1/σ

2
2 !fFKI 1 − α !fFpd


[
σ̂2

1/σ̂
2
2

Fα/2(n1, n2)
,

σ̂2
1/σ̂

2
2

F1−α/2(n1, n2)

]
. (4.41)

(2) µ1 � µ2 �W��" S2
1 � S2

2 ℄?
 σ2
1 � σ2

2 !�=�B
X
��
F =

S2
1/σ

2
1

S2
2/σ

2
2

∼ F (n1 − 1, n2 − 1), (4.42)
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P

{
F1−α/2(n1 − 1, n2 − 1) ≤ S2

1/σ
2
1

S2
2/σ

2
2

≤ Fα/2(n1 − 1, n2 − 1)

}
= 1 − α, (4.43): σ2

1/σ
2
2 !fFKI 1 − α !fFpd


[
S2

1/S
2
2

Fα/2(n1 − 1, n2 − 1)
,

S2
1/S

2
2

F1−α/2(n1 − 1, n2 − 2)

]
. (4.44)�#�+ (4.41) ��+ (4.44) CzÆDYpj?(S`4 σ2

1/σ
2
2 pd
X! R oU	oU�� interval_var2.R ��

interval_var2<-function(x,y,

mu=c(Inf, Inf), alpha=0.05){

n1<-length(x); n2<-length(y)

if (all(mu<Inf)){

Sx2<-1/n1*sum((x-mu[1])^2); Sy2<-1/n2*sum((y-mu[2])^2)

df1<-n1; df2<-n2

}

else{

Sx2<-var(x); Sy2<-var(y); df1<-n1-1; df2<-n2-1

}

r<-Sx2/Sy2

a<-r/qf(1-alpha/2,df1,df2)

b<-r/qf(alpha/2,df1,df2)

data.frame(rate=r, df1=df1, df2=df2, a=a, b=b)

}5oUm
 x, y ℄?0D
Y�r!G# (m2) �l!8Z� mu 0�Y�r)\�l!8Z
�)\{W"
>�/
!\
oUO�
�<
 (n1, n2)! F– ℄IX\pd
X!Y~=)�b: (>�\v�), oUO�
�<

(n1 − 1, n2 − 1) ! F– ℄IX\pd
X!Y~=)� alpha 0+|KKI
v�\
 0.05. >zO�G#>I+
>z!<Z��m2S`4 rate, 'u
�< df1, 'I
�< df2, �S`4!pd
X!=) a, b.� 4.20 h6*
ax
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A: 79.98 80.04 80.02 80.04 80.03 80.03 80.04 79.97

80.05 80.03 80.02 80.00 80.02

B: 80.02 79.94 79.98 79.97 79.97 80.03 79.95 79.97Vz*IVSfV|W3�O�C� (1) ~:h6 µ1 = µ2 = 80; (2) ~:�6�[�>�G#
-��G interval_var2()
JX\ (oU��exam0419.R).

#### / scan() ������
> A<-scan()

1: 79.98 80.04 80.02 80.04 80.03 80.03 80.04 79.97

9: 80.05 80.03 80.02 80.00 80.02

14:

Read 13 items

> B<-scan()

1: 80.02 79.94 79.98 79.97 79.97 80.03 79.95 79.97

9:

Read 8 items

#### w/i�us'
> source("interval_var2.R")

#### {qhu����
�"	4-3
> interval_var2(A, B, mu=c(80,80))

rate df1 df2 a b

1 0.7326007 13 8 0.1760141 2.482042

#### {qhu����
�"	4#3
> interval_var2(A, B)

rate df1 df2 a b

1 0.5837405 12 7 0.1251097 2.105269YpX\����`��	X\��0|,�
 1 )�5pd
X!pdm
q�0M
�L�|
Y�r!S`4
 1, P0|
Y�r!!S`0/|!�5 R �pm
 var.test() �G&	p�Im2S`4!pd
X
�



4.3 �O�C 223

> var.test(A,B)

F test to compare two variances

data: A and B

F = 0.5837, num df = 12, denom df = 7, p-value = 0.3938

alternative hypothesis: true ratio of variances is not equal to 1

95 percent confidence interval:

0.1251097 2.1052687

sample estimates:

ratio of variances

0.5837405���b:C�G!X\��/| ()\�W), 	LMq0|'}��L��G
var.test() !X\�o��� var.test() �G!T
�K
'�!$�m8>
Jlv�
4.3.3 t��9�RLI�B�G#Hf	Sh℄I"

X)\!up�?!SK�0b�!�m2SK
Ppnm2!Z4|�
O�mEK-1L
J℄����r X )\
 µ, S`
 σ2, X1, X2, · · · , Xn 
x
�r X !u~m2��
L�m209Q|℄I!
�#mEK-1L
B�v℄�! n, �

n∑
i=1

Xi − nµ

√
nσ

∼ N(0, 1)ÆSlQ
Lm��z µ !fF<
 1 − α !IVÆSfFpd
[
X − σ√

n
Zα/2, X +

σ√
n

Zα/2

]
. (4.45)5I+Æ
p+�+ (4.19) �u/|
bH|!0LM!fF&G0ÆS!���S` σ2 0�W!
0|�d!
X S2 D�s σ2, ����/
!ÆSfFpd [

X − S√
n

Zα/2, X +
S√
n

Zα/2

]
. (4.46)�#�+ (4.45) ��+ (4.46) CzWSh�rpd
X! R oU	oU�� interval_estimate3.R ��
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interval_estimate3<-function(x,sigma=-1,alpha=0.05){

n<-length(x); xb<-mean(x)

if (sigma>=0)

tmp<-sigma/sqrt(n)*qnorm(1-alpha/2)

else

tmp<-sd(x)/sqrt(n)*qnorm(1-alpha/2)

data.frame(mean=xb, a=xb-tmp, b=xb+tmp)

}5oUm
 x 0D
WSh℄I�r!G# (m2) 8Z
 sigma 0�r=�`
�=�`{W"
>�/
!=�`��=�`�W"
>�5v�
oU�m2!=�`�s�r!=�`�>zO�G#>I+
>zm2)\ mean,)\!pd
X!Y~=) a,b.� 4.21 [}g��C\AB}3;ÆXW�-�	}�Go7�� 50 =;ÆeXWVY	ax|Cn7o7}B
f�~: 1/λ = 2.266	(�� 100 9F�3;a`l���l}gB}3;Æ�~XW3AA'a� 95% 3AA�O�[�:*� R �pa�/
!^GG
3-��G interval_estimate3()
JX\�
> x<-rexp(50, 1/2.266)

> source("interval_estimate3.R")

> interval_estimate3(x)

mean a b

1 2.293804 1.612363 2.975244��
p�P+s!I);�!fF&G)
 95% !fFpd
 [1.612, 2.975].

4.3.4 N6�MLI�BB����q
z�`�E θ 5�uS8Æ!�-�P�
B��0�!p!;�DM
��

�E!0I);� θ !�(-��F���-oaF![Fq p "
�E!0QG p !�Æ���jLJpd
X�q
�Vpd
X�_o 4.7 ? X1, X2, · · · , Xn R�\_� X 3
w\V
 θ RP��_�`lG3�6sa
L�y?3 α(0 < α < 1), 0
C+ θ = θ(X1, X2, · · · , Xn) B`
P {θ(X1, X2, · · · , Xn) ≤ θ} = 1 − α,
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X 225"�o7�O [θ, + ∞) R θ 3AAG� 1 − α 3(vAA�O
� θ � θ 3AAG� 1 − α 3(vAA).�0
C+ θ = θ(X1, X2, · · · , Xn) B`
P
{
θ ≤ θ(X1, X2, · · · , Xn)

}
= 1 − α,"�o7�O (−∞, θ] R θ 3AAG� 1− α 3(vAA�O
� θ � θ 3AAG� 1 − α 3(vAA:.�JS�IVfFpd
X!e�
B��1!fF< 1 − α, X9fF(-

θ "

0 E(θ) *�*�
FX9fFÆ- θ "

0 E(θ) *=*��
1. hÆ9�Kh�`�Sh�r X ∼ N(µ, σ2), X1, X2, · · · , Xn 
D
�r X !u~m2


1 − α 
fF<
 X 
m2)\
 S2 
m2S`�℄?lv�r)\ σ2 {W��Wj?(
)\ µ !�VfFpd
X�� σ2 {W
�+ (4.17), ��
P

{
X − µ

σ/
√

n
≤ Zα

}
= 1 − α, P

{
−Zα ≤ X − µ

σ/
√

n

}
= 1 − α.�0�� µ !fF<
 1 − α !�VfFpd

[
X − σ√

n
Zα, + ∞

)
,

(
−∞, X +

σ√
n

Zα

]
. (4.47)��
 µ !fF<
 1 − α !�VfF(-�Æ-℄?


µ = X − σ√
n

Zα, µ = X +
σ√
n

Zα. (4.48)� σ2 �W
�+ (4.20), ��
P

{
X − µ

S/
√

n
≤ tα(n − 1)

}
= 1 − α, P

{
−tα(n − 1) ≤ X − µ

S/
√

n

}
= 1 − α,�0�� µ !fF<
 1 − α !�VfFpd

[
X − S√

n
tα(n − 1), + ∞

)
,

(
−∞, X +

S√
n

tα(n − 1)

]
. (4.49)
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 µ !fF<
 1 − α !�VfF(-�Æ-℄?

µ = X − S√

n
tα(n − 1), µ = X +

S√
n

tα(n − 1). (4.50)�#�+ (4.47)��+ (4.49), |OIVfFpd!�+Cz(�! R oU	oU�� interval_estimate4.R �
C07gnÆ�(fFpdCIVfFpd�
interval_estimate4<-function(x, sigma=-1, side=0, alpha=0.05){

n<-length(x); xb<-mean(x)

if (sigma>=0){

if (side<0){

tmp<-sigma/sqrt(n)*qnorm(1-alpha)

a <- -Inf; b <- xb+tmp

}

else if (side>0){

tmp<-sigma/sqrt(n)*qnorm(1-alpha)

a <- xb-tmp; b <- Inf

}

else{

tmp <- sigma/sqrt(n)*qnorm(1-alpha/2)

a <- xb-tmp; b <- xb+tmp

}

df<-n

}

else{

if (side<0){

tmp <- sd(x)/sqrt(n)*qt(1-alpha,n-1)

a <- -Inf; b <- xb+tmp

}

else if (side>0){

tmp <- sd(x)/sqrt(n)*qt(1-alpha,n-1)

a <- xb-tmp; b <- Inf
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}

else{

tmp <- sd(x)/sqrt(n)*qt(1-alpha/2,n-1)

a <- xb-tmp; b <- xb+tmp

}

df<-n-1

}

data.frame(mean=xb, df=df, a=a, b=b)

}5oUm
 x 0�D
�r!G# (m2) �l!8Z� sigma 0�r!=�`
�=�`{W"
>�/
!\
oUO�Sh℄I
Xpd=)�b:
(>�5v�), oUO� t− ℄I
Xpd=)� side 07gnfFpdÆ(-
�nfFpdÆ-
>� side=-1; �nfFpd(-
>� side=1; �nIVfFpd
>� side=0 Cv��>zO�G#>I+
>zm2)\ mean,
�< df, �)\!pd
X!Y~=) a,b.ÆDoU$[Æ)�\nIVfFpd!j?
q�0M
�G interval

_estimate4 )�\�G interval_estimate1 !�&�� 4.22 �
y4tGo77� 5 =fXWVY
x2XW	j9FC��
1050, 1100, 1120, 1250, 1280.?4tXWf�2v`l
�4tXW�~:3AAG� 0.953(vAA).�[�>�G#
-��G interval_estimate4()

> X<-c(1050, 1100, 1120, 1250, 1280)

> source("interval_estimate4.R")

> interval_estimate4(X, side=1)

mean df a b

1 1160 4 1064.900 Infq�0M� 95% !"9;�5 1064.9 ="|Æ�
R �pm! t.test() �Gq0|�l�Vpd
X
�

> t.test(X, alternative = "greater")

One Sample t-test

data: X
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X
t = 26.0035, df = 4, p-value = 6.497e-06

alternative hypothesis: true mean is greater than 0

95 percent confidence interval:

1064.900 Inf

sample estimates:

mean of x

1160/
!pd
X
 [1064.900,∞], ���:C�G$�/|!X\���5oUm
 alternative 0^09`�
L~r-t5(uC`�fkm�1'���
2. hÆ9�Kr;`��℄�/|
 σ̂2 0�+ (4.23) 1�
℄?lv�r)\ µ {W��W!j?
S` σ2 !�VfFpd
X�� µ 0{W"
�+ (4.24), �

P

{
nσ̂2

σ2
≤ χ2

α(n)

}
= 1 − α, P

{
χ2

1−α(n) ≤ nσ̂2

σ2

}
= 1 − α,�0�� σ2 !fF<
 1 − α !�VfFpd

[
nσ̂2

χ2
α(n)

, + ∞,

)
,

[
0,

nσ̂2

χ2
1−α(n)

]
. (4.51)

σ2 !fF<
 1 − α !�VfF(�Æ-

σ2 =

nσ̂2

χ2
α(n)

, σ2 =
nσ̂2

χ2
1−α(n)

. (4.52)� µ 0�W"
�+ (4.27), �
P

{
(n − 1)S2

σ2
≤ χ2

α(n − 1)

}
= 1 − α, P

{
χ2

1−α(n − 1) ≤ (n − 1)S2

σ2

}
= 1 − α,�0�� σ2 !fF<
 1 − α !�VfFpd

[
(n − 1)S2

χ2
α(n − 1)

, + ∞
)

,

[
0,

(n − 1)S2

χ2
1−α(n − 1)

]
. (4.53)
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σ2 !fF<
 1 − α !�VfF(�Æ-

σ2 =

(n − 1)S2

χ2
α(n − 1)

, σ2 =
(n − 1)S2

χ2
1−α(n − 1)

. (4.54)�#�+ (4.51)��+ (4.54), |OIVfFpd!�+Cz(�! R oU	oU�� interval_var3.R �
C07gnÆfFpd�IVfFpd�
interval_var3<-function(x,mu=Inf,side=0,alpha=0.05){

n<-length(x)

if (mu<Inf){

S2<-sum((x-mu)^2)/n; df<-n

}

else{

S2<-var(x); df<-n-1

}

if (side<0){

a <- 0

b <- df*S2/qchisq(alpha,df)

}

else if (side>0){

a <- df*S2/qchisq(1-alpha,df)

b <- Inf

}

else{

a<-df*S2/qchisq(1-alpha/2,df)

b<-df*S2/qchisq(alpha/2,df)

}

data.frame(var=S2, df=df, a=a, b=b)

}5oUm
 x 0D
�r!G# (m2) �l!8Z� mu 0�r)\
�)\{W"
>�/
!\
oUO�
�<
 n ! χ2− ℄IX\pd=)��)\�W"
>�50v�
oUO�
�<
 n − 1 ! χ2− ℄IX\pd=)� side 07gnfFpdÆ(-
�nfFpdÆ-
>� side=-1; �nf
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XFpd(-
>� side=1; �nIVfFpd
>� side=0 Cv��G#>zO�G#>!I+
>z\0m2S` var, 
�< df �S`!pd
X a, b..$Æ
��G{)�\℄�u�!S`!pd
X�G interval_var1!�&�� 4.23 �! 4.21 G 10 wax3V|AA�O:. (α = 0.05).[�>�G#
-��G interval_var3()

> X<-c(10.1,10,9.8,10.5,9.7,10.1,9.9,10.2,10.3,9.9)

> source("interval_var3.R")

> interval_var3(X, side=-1)

var df a b

1 0.05833333 9 0 0.1578894

σ2 !fFÆ-
 0.1579.���VfFpd
X2jÆ�IVfFpd
X0/|!
H|!`0-opd!uV
��
℄���IV
X!SK
E2Æ0|IJ!x��Vpd
Xm
��! R �p:o
":Æq0/|!�
3. 	Æ9�Kh�;`��Y~Sh�r X ∼ N(µ1, σ

2
1) � Y ∼ N(µ2, σ

2
2), X1, X2, · · ·, Xn1
D
�r X !u~m2
 Y1, Y2, · · ·, Yn2 
D
�r Y !u~m2
 1 − α
fF<
X , Y ℄?
'u�'Im2)\
 S2

1 , S2
2 ℄?
'u�'Im2S`�℄?lvY�r!S` σ2

1 , σ
2
2 {W��W�0b/|j?(
)\` µ1−µ2!�VfFpd
X�� σ2

1, σ
2
2 {W"
�+ (4.29) �JS�IVfFpd!
X!��
��

µ1 − µ2 !fF<
 1 − α !�VfFpd�


X − Y − Zα

√
σ2

1

n1

+
σ2

2

n2

, + ∞



 ,



−∞, X − Y + Zα

√
σ2

1

n1

+
σ2

2

n2



 . (4.55)� σ2
1 = σ2

2 = σ2, e�W"
�+ (4.31) �JS�IVfFpd!
X!��
�� µ1 − µ2 !fF<
 1 − α !�VfFpd�
[
X − Y − tα(n1 + n2 − 2)Sw

√
1

n1
+

1

n2
, + ∞

)
, (4.56)
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−∞, X − Y + tα(n1 + n2 − 2)Sw

√
1

n1
+

1

n2

]
. (4.57)� σ2

1 � σ2
2 �W
e σ2

1 6= σ2
2 "
 µ1 − µ2 !fF<
 1− α !�VfFpd�



X − Y − tα(ν̂)

√
S2

1

n1

+
S2

2

n2

, + ∞



 ,



−∞, Y − X + tα(ν̂)

√
S2

1

n1

+
S2

2

n2



 ,

(4.58)Tm ν̂ �+ (4.36) ����#�+ (4.55)– �+ (4.58), |OIVfFpd!�+Cz(�! R oU	oU�� interval_estimate5.R �
C07gnÆ�(fFpdCIVfFpd�
interval_estimate5<-function(x, y,

sigma=c(-1,-1), var.equal=FALSE, side=0, alpha=0.05){

n1<-length(x); n2<-length(y)

xb<-mean(x); yb<-mean(y); zb<-xb-yb

if (all(sigma>=0)){

if (side<0){

tmp<-qnorm(1-alpha)*sqrt(sigma[1]^2/n1+sigma[2]^2/n2)

a <- -Inf; b <- zb+tmp

}

else if (side>0){

tmp<-qnorm(1-alpha)*sqrt(sigma[1]^2/n1+sigma[2]^2/n2)

a <- zb-tmp; b <- Inf

}

else{

tmp<-qnorm(1-alpha/2)*sqrt(sigma[1]^2/n1+sigma[2]^2/n2)

a <- zb-tmp; b <- zb+tmp

}

df<-n1+n2

}
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else{

if (var.equal == TRUE){

Sw<-((n1-1)*var(x)+(n2-1)*var(y))/(n1+n2-2)

if (side<0){

tmp<-sqrt(Sw*(1/n1+1/n2))*qt(1-alpha,n1+n2-2)

a <- -Inf; b <- zb+tmp

}

else if (side>0){

tmp<-sqrt(Sw*(1/n1+1/n2))*qt(1-alpha,n1+n2-2)

a <- zb-tmp; b <- Inf

}

else{

tmp<-sqrt(Sw*(1/n1+1/n2))*qt(1-alpha/2,n1+n2-2)

a <- zb-tmp; b <- zb+tmp

}

df<-n1+n2-2

}

else{

S1<-var(x); S2<-var(y)

nu<-(S1/n1+S2/n2)^2/(S1^2/n1^2/(n1-1)+S2^2/n2^2/(n2-1))

if (side<0){

tmp<-qt(1-alpha, nu)*sqrt(S1/n1+S2/n2)

a <- -Inf; b <- zb+tmp

}

else if (side>0){

tmp<-qt(1-alpha, nu)*sqrt(S1/n1+S2/n2)

a <- zb-tmp; b <- Inf

}

else{

tmp<-qt(1-alpha/2, nu)*sqrt(S1/n1+S2/n2)

a <- zb-tmp; b <- zb+tmp

}
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df<-nu

}

}

data.frame(mean=zb, df=df, a=a, b=b)

} 5oUm
x, y ℄?0D
Y�r!G# (m2) �l!8Z� sigma 0�Y�r=�`�l!8Z
�=�`{W"
>�/
!\
oUO�Sh℄IX\pd!=)��S`�W"
>�5v�
�"Pp-oY�r0b/|��|
Y�rS`/|
>� var.equal=TRUE, oUO�
�<
 n1 + n2 − 2! t− ℄IX\pd=)��|
Y�rS`H|
>� var.equal=FALSE Cv�
oUO�
�<
 ν ! t− ℄IX\pd=)�� ν H0RG"
oU5X\ t− ℄I"
T\O�[\SK��� side 07gnfFpdÆ(-
�nfFpdÆ-
>� side=-1; �nfFpd(-
>� side=1; �nIVfFpd
>� side=0 Cv��>zO�G#>I+
>zm2)\` mean, 
�< df, �)\`!pd
X!Y~=) a,b.ÆDoU$[Æ)�\nIVfFpd!j?
q�0M
�G interval

_estimate5 )�\�G interval_estimate2 !�&�
4. K	Æ9�r;RJw`��℄�/|
 σ̂2

1 � σ̂2
2 0�+ (4.38) 1�!
℄?lvY�r)\ µ1� µ2 {W� µ1 � µ2 �Wj?(
S`4 σ2

1/σ
2
2 !�Vpd
X�� µ1 � µ2 {W"
�+ (4.39), �

P

{
σ̂2

1/σ
2
1

σ̂2
2/σ

2
2

≤ Fα(n1, n2)

}
= 1 − α, P

{
F1−α(n1, n2) ≤

σ̂2
1/σ

2
1

σ̂2
2/σ

2
2

}
= 1 − α,��
 σ2

1/σ
2
2 !fFKI 1 − α !�VfFpd


[
σ̂2

1/σ̂
2
2

Fα(n1, n2)
, + ∞

)
,

[
0,

σ̂2
1/σ̂

2
2

F1−α(n1, n2)

]
. (4.59)� µ1 � µ2 �W"
�+ (4.42) � (4.43), ��

P

{
S2

1/σ
2
1

S2
2/σ

2
2

≤ Fα(n1 − 1, n2 − 1)

}
= 1 − α,

P

{
F1−α(n1 − 1, n2 − 1) ≤ S2

1/σ
2
1

S2
2/σ

2
2

}
= 1 − α,
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X: σ2
1/σ

2
2 !fFKI 1 − α !�VfFpd

[

S2
1/S

2
2

Fα(n1 − 1, n2 − 1)
, + ∞

)
,

[
0,

S2
1/S

2
2

F1−α(n1 − 1, n2 − 2)

]
. (4.60)�#�+ (4.59)��+ (4.60), |OIVfFpd!�+Cz(�! R oU	oU�� interval_var4.R �
C07gnÆfFpd�IVfFpd�

interval_var4<-function(x,y,

mu=c(Inf, Inf), side=0, alpha=0.05){

n1<-length(x); n2<-length(y)

if (all(mu<Inf)) {

Sx2<-1/n1*sum((x-mu[1])^2); df1<-n1

Sy2<-1/n2*sum((y-mu[2])^2); df2<-n2

}

else{

Sx2<-var(x); Sy2<-var(y); df1<-n1-1; df2<-n2-1

}

r<-Sx2/Sy2

if (side<0) {

a <- 0

b <- r/qf(alpha,df1,df2)

}

else if (side>0) {

a <- r/qf(1-alpha,df1,df2)

b <- Inf

}

else{

a<-r/qf(1-alpha/2,df1,df2)

b<-r/qf(alpha/2,df1,df2)

}

data.frame(rate=r, df1=df1, df2=df2, a=a, b=b)

}5oUm
 x, y ℄?0D
Y�r!G# (m2) �l!8Z� mu 0



%~h 235�Y�r)\�l!8Z
�)\{W"
>�/
!\
oUO�
�<

(n1, n2) ! F– ℄IX\pd
X!Y~=)�b: (>�v�), oUO�
�<
 (n1 − 1, n2 − 1) ! F– ℄IX\pd
X!Y~=)� side 07gnfFpdÆ(-
�nfFpdÆ-
>� side=-1; �nfFpd(-
>� side=1;�nIVfFpd
>� side=0 Cv�� alpha 0+|KKI
v�\
 0.05.>zO�G#>I+
>z!<Z��m2S`4 rate, 'u
�< df1, 'I
�< df2, �S`4!pd
X!=) a, b.4��
4.1 ?_�3`lNG�

f(x; α) =

{
(α + 1)xα, 0 < x < 1,

0, 	r,

X1, X2, · · · , Xn �	\V
�sa α 3v�C+ α̂1 �;"i$�C+ α̂2. -x2\V�x:�
0.1 0.2 0.9 0.8 0.7 0.7�sa α 3�C:�

4.2 ?
U��'{fFO X y~;a`l
� 1000 w
U{fFO3E8ax
o`
�2/s3~a`l�
G: xi 5 15 25 35 45 55 65~a vi 365 245 150 100 70 45 25,
x
GaxC��
G:
Vz;"i$�C� λ 3:�C�
4.3 �PY[\�
8D?T3;

-�8D�3
Go7�� 50 C
#YJC
G"�p�3wa (K?
C
G"�p�waf� Poisson `l), 	#Y

,)�"�p�a / C 0 1 2 3 4 5 6Ca 17 20 10 2 1 0 0V��~JC
G"�p�wa�M<F
p
K:_��3n:�d"�



236 8h% sa�C
4.4  z R .UG3 nlm() �a�d��`{#�~

min f(x) = (−13 + x1 + ((5 − x2)x2 − 2)x2)
2

+ (−29 + x1 + ((x2 + 1)x2 − 14)x2)
2,��M: x(0) = (0.5,−2)T .

4.5 2�&3Ag�~J`H 72 �
[dBx2 10 !hi6�GD)x3Aga (� / `) ,)�
54 67 68 78 70 66 67 70 65 69h6&3Ag�af�2v`l
VCn, 10 V)+�~Ag�a3:�C�

95% 3�O�C�df(v�O�C
V`!, 10 V)+3�~Ag�aRd6�2�&3�~Ag�a�
4.6 J�i*I0I`aeI� 10 �VY�G
J�VY�J�i0IxI
M�K?*0I}+ X, Y ~f�2v`l
�V|05�W3� 10 �VY�3}+,) qO ((���	).JI 140 137 136 140 145 148 140 135 144 141iI 135 118 115 140 128 131 130 115 131 125��*0I}+3��| µ1 − µ2 3AA�O (α = 0.05) �
4.7 J�i*
B}�I./
-�J
B}3./Go7�� 4 z
�i
B}3./Go7�� 5 z
sL3;b: ((�� Ω) `a�J
 0.143 0.142 0.143 0.137i
 0.140 0.142 0.136 0.138 0.140K?*
;b:`af�2v`l N(µ1, σ

2) � N(µ2, σ
2), σ2 �6�V� µ1−µ23AA'a� 0.95 3�O�C�

4.8 L%~ 4.6 GJi*I0I3axfV|W3�O�C
dz	�C:�q?*axRd5V|�0*axV|k05
VJ?Cn*0I}+3��|
µ1 − µ2 3AA�O (α = 0.05) �
4.9 ?;$_7�[JFOba/3�*3�af�sa�63 Poisson `l

P (λ), -W<- 42 wax



$qR 237a/�*�a 0 1 2 3 4 5 6�-3~a 7 10 12 8 3 2 0V���~�*�a λ 3�C:�s3AA'a� 0.95 3AA�O�
4.10 h6[I4tXWf�2v`l
�[B�qB}3l4tGo7�� 10=
x2	XW ((��9F) �

1067 919 1196 785 1126 936 918 1156 920 948�4tXW�~:3AAG� 0.95 3(vAA).�
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X/� H
La`�fk (test of hypothesis) 0}X��m!u~qp$�
d0O�Va�!G#B�~.*�z!}X`��H�p�X�!SK
Jfk
7��`�0bSw�
5.1 H
LaS5$�/

5.1.1 4#�.5GL}X℄�m
`&�
XZ
X�r!QG���&B��rQG!�B
X
�r!QG*o0H0W!�`&{�}Xfk
�}XZ���r!QG�5}X���om
PpBQGpzu1!`�
x'Bpz!`�
J`�fk��u~P�M�`�fk!E2r-�� 5.1 ?[{�B}3
y}�
	��: p R�63�D
?
0 p ≤ 0.01,",y}���aY3�d"�k�aY3�,� “p ≤ 0.01” \R
wK^3K?
E� H. K?�,yax�"3}�Go77�� 100 U\�
R-	G~3U��
,
�\

\��qKK? H Rd�"3ex�+$
\�G��wa
MLK? H 
k �U7"L H ~ �E\�G��wa� X, �~R� X "/GG�Mtulw} H?w2���b1\ H �#�b1\u�=aF
L~�q
p�q�L�}XZÆ
�!�K0�*`1 H lQ
DX\ X ≥ 3 !rq�D����
X ℄I
 B(n, p), Tm n = 100, �~X\z Pp=0.01{X ≥ 3} ≈ 0.08. +x
B
p < 0.01, Lrq\8p=
q�0M
�`� H(p ≤ 0.01) lQ"
 100 ~mFm� 3 ~C 3 ~|Æ�F!rqHf� 0.08. L0|,�0u~ “=rq” .p�F5u�6km�J�\u~=rq.p0H�0&!���
.*�z!`� “p ≤ 0.01” 0W
0z!�5Pp�z�o7'"
�
pb1L~`�
F|1L=aFH0�< (P|
 p > 0.01).ÆDP�m)�\`�fk!u�qp!E2r-�u"
� θ 
�|w1�r℄I!u~�WQG
Tud0&\!N!Y
 Θ. :�� θ !{u`�0� “θ ∈ Θ′” D>,
Tm Θ′ 
 Θ !u~M�N�5}X`�fkm
:*p�u~�
fk!B9!`�

jH"`�C
`� (null hypothesis). �
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(�q>D���w
8
pzu~�XB
!`�
j
09`�
(alternative hypothesis). "`��09`�
>,


H0 : θ ∈ Θ0, H1 : θ ∈ Θ1,Tm Θ0 � Θ1 
 Θ !Y~H/x!M�N
 H0 >,"`�
 H1 >,09`����uÆ$QG!`�
�|(�pI+ (Tm θ0 
�1\):

(1) �9fk
H0 : θ ≤ θ0, H1 : θ > θ0.

(2) �9fk
H0 : θ ≥ θ0, H1 : θ < θ0.

(3) I9fk
H0 : θ = θ0, H1 : θ 6= θ0.{
qjI9fk
I�fk
j�9fk
u�fk�`�fk!v#0m2�m2!��r\0&B"`� H0 �O
Ffu�r\0&B H0 HO
��0|�#�p�|!!L�:tm26d℄lYK℄�uK℄*
"(� (critical region), �m2y�"(�"
;"( H0; fuK℄0j
�<� (acceptance region), �m2y�d"H"( H0.�7"(�!
�SK0^Gu~}XZ g(�P 5.1 m!mFm�F!pG X), g !�=0|NÆB"`� H0 �OCHO���
w1"(� W !�q�3
w1 g !u~r\� C !�q�_o 5.1 LK?PY�~
? X1, X2, · · · , Xn �\V
W �\V
OG3
w[<
L�y?3 α ∈ (0, 1), 0 W B`

Pθ {(X1, X2, · · · , Xn) ∈ W} ≤ α, ∀ θ ∈ Θ0, (5.1)"�| W ��w}	3PYVS�+PF
� (evidence level) α 3PY�+|KKI α 
�!r\
 0.1, 0.05 � 0.01 #�Bu~+|KKI α !fk
`1"`� H0 lQ
Fm2y�"(� W m
���	u~=rqJ�\�F5u�6kmJ�u~=rq.p00z!
����e\B"`� H0



5.1 `�fk!E2r- 241!b1�5P 5.1 m
��.*�1 α = 0.1, F Pp=0.01{X ≥ 3} = 0.08, ���
p < 0.01 "
L~rq8p=��#1� 5.1, W = {X ≥ 3} ;�z\`�fk
H0 : p ≤ p0 = 0.01 !+|KKI α = 0.1 !"(�
� X = 3 ;0"( H0. ���.*�1!+|KKI α = 0.05, L"
/
!+|KKI α !fk!"(� W = {X ≥ 4}, L" X = 3 �H&"( H0. ��0l
+|KKI α �=
:"("`���"�:fX
+|KKI α �=
:�m2y�"(��F"( H0 ��_0F�{

�`�KB"`� H0 ��.*�u1!F{<
CKu�b1\ H0���	�zu~q�!'U
P��	.
���fk!+|KKI α r�4|=Tmr,\up “*,"`�” !O2�
5.1.2 GbK`R4#�>{3(`�fk!E2O2�

(1) �\NTK!O2�
\fku~ “`�” 0blQ
�*`1L~ “`�” 0lQ!
F,��>a�!'�����eu~H!L!,9!z,
���>�"*!`1HSw
q�0M
 “`�” HlQ���
���"(L~ “`�”. �������zH!L!,9J�
:H&"("DL~ “`�”,j"`�0/�!�
(2) d�p?��GZm!NTK��
LMb�! “H!L”, CH0I+xLm!(B�C
F0E�z�$km�RO�!u~":�=rq.p5u��_m0||
E2ÆH>J��`�fk!u"Jv
�
(1) B�fk!�WQG θ �#�q!Pp�zu~�9CI9!`��X9"`�!":0�.*�u1F{<Cz��p-o0bp_| “*,”.

(2) X1u~+|KKI α, �
�!0 α = 0.05, VUu)0r α = 0.075C 0.1, d|u�0r α = 0.025 C 0.01.

(3) �7u~}XZ g, g !�=NÆB H0 �OCHO
"(��I+ W =

{g ∈ C}.

(4) �#1� 5.1 Dw1 W .
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5.1.3 GbK`R	}K15�#`�fk�z}X'�"
0&QYJ���'uJ��0b1\M$!"`��QuH��!rq1�
+|KKI α, P

α = P{b1H0 | H00M$!},0|{�7g+|KKI α D7gQ'uJ��!rq�'IJ��0�<\��!"`��Q'IJ��!rq
� β >,
P
β = P{�<H0 | H00��!}.{
Du
5�1m2�Z!j?(
��i�Q'uJ��!rq
�><_Q'IJ��!rq�Fi�Q'IJ��!rq
q><_Q'uJ��!rq���#	|"i�Q'uJ�'IJ��!rq
�Pp<_m2�Z
�m2�Z!<_
0Pp<_xml2
L�"0H0J!�5}Xfkm
Jau~`�fk�5!=�0}Xfk�?
b��?�0Sw&b1\��!"`�!rq

� π >,
P

π = 1 − β = P{b1H0 | H00��!}.��}Xfk�<\"`� H0 : θ = θ0, :0|{�X\fFpd
���rQG θ !r\P��fFpd0�#u1fFo<F
X!pd
d�z\�W!�rQG!Æ(-�
5.2 'fS5�La��$[�qm�DG^G<Zf	CÆSf	Sh℄I
��
LMq)��ShQG!`�fk���r!~G
�0℄
�~Sh�r�Y~Sh�r!QGfk�

5.2.1 ��9�h�RGbK`
1. NÆ9�RJw



5.2 qp!QGfk 243��r X ∼ N(µ, σ2), X1, X2, · · · , Xn 0D
�r X !u~m2
)\ µ!fk℄
�I9fk��9fk�5lvm
�℄
�rS` σ2 {W��rS` σ2 �WYpj?�
(1) I9fk
P

H0 : µ = µ0, H1 : µ 6= µ0.�S` σ2 {W"
�'uC 1.5.4 �!}XW% (+ (1.93)) 0W
� H0 
M"

Z =

X − µ0

σ/
√

n
∼ N(0, 1), (5.2)��� Z Dw1"(�
P�

|Z| ≥ Zα/2,:|
 H0 HlQ
Tm α 
+|KKI�LpSKj
ShfkK��S` σ2 �W"
�}XW% (1.5.4 �!+ (1.95)) 0W
� H0 
M"

T =

X − µ0

S/
√

n
∼ t(n − 1), (5.3)���

|T | ≥ tα/2(n − 1),:|
 H0 HlQ�LpSKj
 t− fkK�5$[�qm
Sh�r!S`{
0�W!
b|
� t fkKDfk��Sh�r)\!fk�q�
(2) �fk
P

H0 : µ ≤ µ0, H1 : µ > µ0 (C H0 : µ ≥ µ0, H1 : µ < µ0),�S` σ2 {W"
T"(�

Z ≥ Zα (C Z ≤ −Zα).�S` σ2 �W"
T"(�


T ≥ tα(n − 1) (C T ≤ −tα(n − 1)).
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{
O�^>!SKDw1`�\
F5X\G�p!X\m
{
0X\ P− \
� P− \=�^1!+|KKI α, :"("`��b� P− \�0^G<Z X �� (C=�) �~^1\!rq�B��9fk4|g�
|Sh℄I
P
5�1 z \'
`P-o X ≥ z!rq
P
P −\ = P{X ≥ z} =

∫ ∞

z

φ(x)dx = 1 − Φ(z)

= 1 − pnorm(z, 0, 1), (5.4)CK-o X ≤ z !rq
P
P −\ = P{X ≤ z} =

∫ z

−∞
φ(x)dx = pnorm(z, 0, 1). (5.5)B�I9fk
80|Sh℄I
P
5�1 z \'
Pp-o X ≥ |z| �

X ≤ −|z| !rq
CK-o X ≥ |z| rq!Y/���
 P− \!X\�+

P −\ =

{
2P{X ≤ z}, �� P{X ≤ z} < P{X ≥ z}
2P{X ≥ z}, b:

=






2

∫ z

−∞
φ(x)dx, �� ∫ z

−∞
φ(x)dx <

∫ ∞

z

φ(x)dx

2

∫ ∞

z

φ(x)dx, b:
=

{
2Φ(z), �� Φ(z) < (1 − Φ(z))

2(1 − Φ(z)) b:
=

{
2 pnorm(z), �� pnorm(z) <

1

2

2(1 − pnorm(z)) b: (5.6)t+ (5.4)–(5.6) :Cln P– \! R oU (oU�� P_value.R)

P_value<-function(cdf, x, paramet=numeric(0), side=0){

n<-length(paramet)

P<-switch(n+1,

cdf(x),

cdf(x, paramet),
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cdf(x, paramet[1], paramet[2]),

cdf(x, paramet[1], paramet[2], paramet[3])

)

if (side<0) P

else if (side>0) 1-P

else

if (P<1/2) 2*P

else 2*(1-P)

}Tm>�\ cdf 0℄I�G
�Sh℄I�0 pnorm. x 0X\ P– \!�1\� paramet 0B
℄I!QG
�Sh℄I!QG
 paramet=c(mu, sigma).

side 0X\�V P– \CIV P– \!^=QG
>� side=-1, X\�V! P–\�>� side=1, X\�V! P– \�>� side=0 Cv�
X\IV P– \��G!>z\0/
! P– \�5�� P− \'
Tfk=�q
�� P- \=�^1!+|KKI α "
:"("`��b:H"("`��tÆ�
D��!ShfkSK (+ (5.2)) � t fkSK (+ 5.3) �n
P– \! R oU/�!
:Cnu~Sh�r)\fk! R oU (oU��
mean.test1.R)

mean.test1<-function(x, mu=0, sigma=-1, side=0){

source("P_value.R")

n<-length(x); xb<-mean(x)

if (sigma>0){

z<-(xb-mu)/(sigma/sqrt(n))

P<-P_value(pnorm, z, side=side)

data.frame(mean=xb, df=n, Z=z, P_value=P)

}

else{

t<-(xb-mu)/(sd(x)/sqrt(n))

P<-P_value(pt, t, paramet=n-1, side=side)

data.frame(mean=xb, df=n-1, T=t, P_value=P)
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}

}5ÆDoUm
>�\ x0G# (m2)�l!8Z�mu 0"`� µ0. sigma0=�` σ, � σ {W"
>�/
!\
oUO�ShfkK�� σ �W" (v�), oUO� t− fkK� side 0^I9fk80�9fk�>� side = 0

(Cv�), oU�I9fk
T09`�
� µ 6= µ0; >� side = -1 (C < 0 !\), oU��9fk
T09`�
� µ < µ0; >� side = 1 (C > 0 !\), oU��9fk
T09`�
� µ > µ0.oU|G#>I+>z
>z!$���)\ (mean), 
�< (df), }XZ
(T \C z \), � P- \�� 5.2 [I
U3XW X	j9FC�f�2v`l N(µ, σ2), 	G µ, σ2 ~�6�-x2 16 =
U3XW,)�

159 280 101 212 224 379 179 264

222 362 168 250 149 260 485 170�Rd~�|(�
U3�~XW"� 225	9F��[��q� (��℄�p�!`�fk0�\NTK!O2), Pfk
H0 : µ ≤ µ0 = 225, H1 : µ > µ0 = 225.��q0�9fk�q�>�G#
-��G mean.test1(), ��

> X<-c(159, 280, 101, 212, 224, 379, 179, 264,

222, 362, 168, 250, 149, 260, 485, 170)

> source("mean.test1.R")

> mean.test1(X, mu=225, side=1)

mean df T P_value

1 241.5 15 0.6685177 0.2569801X\z P− \0 0.2569801(> 0.05), H&"("`�
�< H0, P|
I);�H�� 225 ="�$[Æ
QG!pd
Xq�`�fk
:&4M
pd
X�`�fk2jÆ0/|!�BP 5.2 m!G#��Vpd
X (
X(-),
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> source("interval_estimate4.R")

> interval_estimate4(X, side=1)

mean df a b

1 241.5 15 198.2321 InffF(-
 198.23 < 225,��`&�<"`�
|
I);�H�� 225="�5 R �pm
�G t.test() p�\ T fk�/
!pd
X!�&

t.test() !(�|+�(�

t.test(x, y = NULL,

alternative = c("two.sided", "less", "greater"),

mu = 0, paired = FALSE, var.equal = FALSE,

conf.level = 0.95, ...)Tm x,y 0�G#�l8Z (��`p� x, :��~Sh�r!)\fk�b:�Y~�r!)\fk), alternative >,09`�
two.sided(v�) >,I9fk (H1 : µ 6= µ0), less >,�9fk (H1 : µ < µ0), greater >,�9fk (H1 : µ > µ0). mu >,"`� µ0. conf.level 0fFKI
P 1− α, {
0
0.95.3� t.test() �GX\P 5.2.

> t.test(X, alternative = "greater", mu = 225)

One Sample t-test

data: X

t = 0.6685, df = 15, p-value = 0.257

alternative hypothesis: true mean is greater than 225

95 percent confidence interval:

198.2321 Inf

sample estimates:

mean of x

241.50|,�
bX\! T \� P− \��)\
|Opd
X\���b:oU!X\\�u/|
��
0|O��G t.test() B�~�rShG#�)\fk�pd
X��L~P��
:!oU!X\��
0|(��_�B
R �pm! t.test() �G!|%��x
 t.test() �G8��a�!�&
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2. 	Æ9�RJw`� X1, X2, · · · , Xn1 0D
�r X ∼ N(µ1, σ

2
1) !m2
 Y1, Y2, · · · , Yn2 0D
�r Y ∼ N(µ2, σ

2
2) !m2
eYm29Q�Tfk�q�I9fk� H0 : µ1 = µ2, H1 : µ1 6= µ2,�9fk I: H0 : µ1 ≤ µ2, H1 : µ1 > µ2,�9fk II: H0 : µ1 ≥ µ2, H1 : µ1 < µ2.℄Rpj?lv�

(1) S` σ2
1 � σ2

2 {W��}XW% (1.5.4 �!+ (1.97)) 0W
� H0 
M"

Z =

X − Y√
σ2
1

n1
+

σ2
2

n2

∼ N(0, 1). (5.7)��
� Z ~� (j
"(�)I9fk� |Z| ≥ Zα/2,�9fk I: Z ≥ Zα,�9fk II: Z ≤ −Zα.:|
 H0 HlQ��SK~j
ShfkK�
(2) S` σ2

1 = σ2
2 = σ2 �W� S2

1 � S2
2 ℄?0 X � Y !m2S`��}XW% (1.5.4 �!+ (1.98)) 0W
� H0 
M"


T =
X − Y

Sw

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2), (5.8)Tm
Sw =

√
(n1 − 1)S2

1 + (n2 − 1)S2
2

n1 + n2 − 2
. (5.9)��
� T ~� (j
"(�)I9fk� |T | ≥ tα/2(n1 + n2 − 2),�9fk I: T ≥ tα(n1 + n2 − 2),�9fk II: T ≤ −tα(n1 + n2 − 2).
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 H0 HlQ��SK~j
 t− fkK�
(3) S` σ2

1 6= σ2
2 �W� S2

1 � S2
2 ℄?0 X � Y !m2S`�0|T�

T =
X − Y√
S2

1

n1
+

S2
2

n2

∼ t(ν̂) (5.10)ÆSlQ
Tm
ν̂ =

(
S2

1

n1
+

S2
2

n2

)2/( (S2
1)

2

n2
1(n1 − 1)

+
(S2

2)
2

n2
2(n2 − 1)

)
. (5.11)��
� T ~� (j
"(�)I9fk� |T | ≥ tα/2(ν̂),�9fk I: T ≥ tα(ν̂),�9fk II: T ≤ −tα(ν̂).:|
 H0 HlQ��#�+ (5.7) ��+ (5.8) ��+ (5.10) Cz�pj?(Y�r)\fk! R oU	oU�� mean.test2.R ��

mean.test2<-function(x, y,

sigma=c(-1, -1), var.equal=FALSE, side=0){

source("P_value.R")

n1<-length(x); n2<-length(y)

xb<-mean(x); yb<-mean(y)

if (all(sigma>0)){

z<-(xb-yb)/sqrt(sigma[1]^2/n1+sigma[2]^2/n2)

P<-P_value(pnorm, z, side=side)

data.frame(mean=xb-yb, df=n1+n2, Z=z, P_value=P)

}

else{

if (var.equal == TRUE){

Sw<-sqrt(((n1-1)*var(x)+(n2-1)*var(y))/(n1+n2-2))

t<-(xb-yb)/(Sw*sqrt(1/n1+1/n2))
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nu<-n1+n2-2

}

else{

S1<-var(x); S2<-var(y)

nu<-(S1/n1+S2/n2)^2/(S1^2/n1^2/(n1-1)+S2^2/n2^2/(n2-1))

t<-(xb-yb)/sqrt(S1/n1+S2/n2)

}

P<-P_value(pt, t, paramet=nu, side=side)

data.frame(mean=xb-yb, df=nu, T=t, P_value=P)

}

} 5ÆDoUm
>�\ x,y 0D
Y~�rG#�l!8Z� sigma 0�Y�r=�`�l!8Z
�=�`{W"
>�/
!\
oUO�ShfkK��=�`�W" (v�), oUO� t− fkK� var.equal 0xL<Z
>� var.equal=TRUE, >,|
Y�r!S`/|�>� var.equal=FALSE (Cv�), >,|
Y�r!S`H|� side 0^I9fk80�9fk�>�
side = 0 (Cv�), oU�I9fk
T09`�
� µ1 6= µ2; >� side = -1

(C < 0 !\), oU��9fk
T09`�
� µ1 < µ2; >� side = 1 (C
> 0 !\), oU��9fk
T09`�
� µ1 > µ2.oU|G#>I+>z
>z!$���)\!` (mean), 
�< (df), }XZ (T \C z \), � P- \�� 5.3 ��7:hE
3VYj"?m℄tfVS3WpRd.#Is32:
VYR��
w�7:hE3�J(
7sF�tfVS�
	r�UCk�
e/0��*z_WVS(
7
$�z?VS(
7
j�\�hE
x(-
10 7
	2:`a�_WVS 78.1 72.4 76.2 74.3 77.4 78.4 76.0 75.5 76.7 77.3?VS 79.1 81.0 77.3 79.1 80.0 79.1 79.1 77.3 80.2 82.1?,*\V0�E"
�`a�\2v_� N(µ1, σ

2) � N(µ2, σ
2), 	G µ1, µ2� σ2 �6��?3tf
d}t2:�	� α = 0.05 �
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Pp`�
H0 : µ1 ≥ µ2, H1 : µ1 < µ2,LM`1 σ2

1 = σ2
2 = σ2, ��X9 t− fkK
S`/|!j? (oU��

exam_0503.R).

X<-c(78.1,72.4,76.2,74.3,77.4,78.4,76.0,75.5,76.7,77.3)

Y<-c(79.1,81.0,77.3,79.1,80.0,79.1,79.1,77.3,80.2,82.1)

source("mean.test2.R")

mean.test2(X, Y, var.equal=TRUE, side=-1)��
mean df T P_value

1 -3.2 18 -4.295743 0.0002175927X\z P– \0 0.0002176 ≪ 0.05, �"("`��P|
D!S�S&	px�q���|
Y�rS`H|
:
> hypothesis.test2(X, Y, side=-1)

mean df T P_value

1 -3.2 17.31943 -4.295743 0.0002354815~x0"("`��$[Æ
O�pd
Xq0|�`�fk
P�
O�Y~�r)\`!pd
X�`�fk

#### w/�}9 	4qu������
> source("interval_estimate5.R")

#### ;tp����
k�"�9 {q$!
> interval_estimate5(X, Y, var.equal=TRUE, side=-1)

mean df a b

1 -3.2 18 -Inf -1.908255

#### ;tp����
k�"�9 {ql!
> interval_estimate5(X,Y, side=-1)

mean df a b

1 -3.2 17.31943 -Inf -1.905500
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Ym2S`/|
80|
Ym2S`H|
T)\`!Æ-
X) < 0, q�0M µ1 − µ2 < 0, P µ1 < µ2.5 R �pm
�G t.test() q0|�Im2fk
T(�|+

t.test(x, y = NULL,

alternative = c("two.sided", "less", "greater"),

mu = 0, paired = FALSE, var.equal = FALSE,

conf.level = 0.95, ...)Tm x, y0D
Y�rG#�l!8Z
alternative 009`�
two.sided
(v�) >,I9fk (H1 : µ1 6= µ2), less>,�9fk (H1 : µ1 < µ2), greater>,�9fk (H1 : µ1 > µ2). var.equal 0xL<Z
 var.equal=TRUE >,|
Ym2S`/|� var.equal=FALSE(v�) >,|
Ym2S`H|�� t.test() �GBÆP
JX\�
> t.test(X, Y, var.equal=TRUE, alternative = "less")

Two Sample t-test

data: X and Y

t = -4.2957, df = 18, p-value = 0.0002176

alternative hypothesis: true difference in means is less than 0

95 percent confidence interval:

-Inf -1.908255

sample estimates:

mean of x mean of y

76.23 79.43	X\��0|,�
 t.test() H�0|�Y~�r!)\fk
80|�Y~�r)\`!pd
X
TX\�����:o!X\��/|�Lu)0|"�&'}��L� t.test() �G!�&�X\�o��!�~�r!)\fk
J, t.test() �G
0|���I�r!)\fk
8p�\)\!pd
X��l)\fk�
X!uK���.$Æ
)\!pd
X�)\!`�fk2jÆ0Bu~�q	Y~H|z<!lv
�	$5!S&
Lq�0
#� t.test() tpd
X�`�fkV5uV!"�
0|(��	Dz<B�q
J7�
px7�!�wK�
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3. ?h�eR t− K`��G#0lBz,!
P (Xi, Yi), (i = 1, 2, · · · , n), :|
�lB t−fkp��Im2)\fk�b�lB t− fk�0g Zi = Xi−Yi, (i = 1, 2, · · · , n),B Z ��m2)\fk�P�
B�P 5.3 m!G#�
�lB t− fk�
> X<-c(78.1,72.4,76.2,74.3,77.4,78.4,76.0,75.5,76.7,77.3)

> Y<-c(79.1,81.0,77.3,79.1,80.0,79.1,79.1,77.3,80.2,82.1)

> t.test(X-Y, alternative = "less")

One Sample t-test

data: X - Y

t = -4.2018, df = 9, p-value = 0.001150

alternative hypothesis: true mean is less than 0

95 percent confidence interval:

-Inf -1.803943

sample estimates:

mean of x

-3.2|mM�
DSK��=�SK
�dX\! P− \�=
M�7��0.�
5.2.2 ��9�r;RGbK`

1. NÆ9�RJw� X1, X2, · · · , Xn 0D
�r X ∼ N(µ, σ2) !m2
Tfk�q
I9fk� H0 : σ2 = σ2
0 , H1 : σ2 6= σ2

0 ,�9fk I: H0 : σ2 ≤ σ2
0 , H1 : σ2 > σ2

0,�9fk II: H0 : σ2 ≥ σ2
0 , H1 : σ2 < σ2

0.℄)\ µ {W�)\ µ �WYpjIlv��)\ µ 0{W"
� H0 
M"
g σ̂2 =
1

n

n∑

i=1

(Xi − µ)2, :�
χ2 =

nσ̂2

σ2
0

∼ χ2(n), (5.12)



254 8�% K?PY��� χ2 Dw1"(�
P�I9fk� χ2 ≥ χ2
α/2(n) C χ2 ≤ χ2

1−α/2(n),�9fk I: χ2 ≥ χ2
α(n),�9fk II: χ2 ≤ χ2
1−α(n).:|
 H0 HlQ��)\ µ 0�W"
� H0 
M"
�

χ2 =
(n − 1)S2

σ2
0

∼ χ2(n − 1), (5.13)��� χ2 Dw1"(�
P�I9fk� χ2 ≥ χ2
α/2(n − 1) C χ2 ≤ χ2

1−α/2(n − 1),�9fk I: χ2 ≥ χ2
α(n − 1),�9fk II: χ2 ≤ χ2
1−α(n − 1).:|
 H0 HlQ��)\fk/|
5X\m~� P− \!�=D7�0b"( H0. � P- \=� α, :"( H0; b:H"( H0. �� P− \!X\SK�)\fk!SK/|��#�+ (5.12) ��+ (5.13) Cz�r)\{W�)\�WYpj?S`fk! R oU (oU�� var.test1.R), 5oUm-� P– \X\oU�

var.test1<-function(x, sigma2=1, mu=Inf, side=0){

source("P_value.R")

n<-length(x)

if (mu<Inf){

S2<-sum((x-mu)^2)/n; df=n

}

else{

S2<-var(x); df=n-1

}

chi2<-df*S2/sigma2;
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P<-P_value(pchisq, chi2, paramet=df, side=side)

data.frame(var=S2, df=df, chisq2=chi2, P_value=P)

}5ÆDoUm
>�\ x 0G#�l!8Z� sigma2 0"`� σ2
0. mu 0)\
� µ {W"
>�/
!\
oUO�
�<
 n ! χ2 fk�b: (v�),oUO�
�<
 n − 1 ! χ2 fk� side 0^I9fk80�9fk�>�

side = 0 (Cv�), oU�I9fk
T09`�
� σ2 6= σ2
0 ; >� side = -1

(C < 0 !\), oU��9fk
T09`�
� σ2 < σ2
0; >� side = 1 (C

> 0 !\), oU��9fk
T09`�
� σ2 > σ2
0 .oU|G#>I+>z
>z!$���S` (var), 
�< (df), }XZ

(chisq2), � P- \�� 5.4 �9Q�g�`QBG�� 20 V
x+	At	(���M�
	ax,)�
136 144 143 157 137 159 135 158 147 165

158 142 159 150 156 152 140 149 148 155j α = 0.05 fK?PY�
(1) H0 : µ = 149, H1 : µ 6= 149;

(2) H0 : σ2 = 75, H1 : σ2 6= 75.[�>�G#
�Æ�:C!oU
�S`{W�S`�Wj?�)\fk
�)\{W�)\�W!j?�S`fk�
#### / scan() ��x��
> X<-scan()

1: 136 144 143 157 137 159 135 158 147 165

11: 158 142 159 150 156 152 140 149 148 155

21:

Read 20 items

#### w/	4�*�� mean.test1

> source("mean.test1.R")
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#### �"{q-3
;	4�*
> mean.test1(X, mu=149, sigma=sqrt(75))

mean df Z P_value

1 149.5 20 0.2581989 0.7962534

#### �"{q#3
;	4�*
> mean.test1(X, mu=149)

mean df T P_value

1 149.5 19 0.2536130 0.8025186

#### w/	4�*�� var.test1

> source("var.test1.R")

#### �"	4-3
;{q�*
> var.test1(X, sigma2=75, mu=149)

var df chisq2 P_value

1 74.1 20 19.76 0.9460601

#### �"	4#3
;{q�*
> var.test1(X, sigma2=75)

var df chisq2 P_value

1 77.73684 19 19.69333 0.8264785�v0�pSK
T P− \)�� 0.79, ���<"`��
2. 	Æ9�RJw� X1, X2, · · · , Xn1 0D
�r X ∼ N(µ1, σ

2
1) !m2
 Y1 , Y2, · · · , Yn2 0D
�r Y ∼ N(µ2, σ

2
2) !m2
eYm29Q�Tfk�q
I9fk� H0 : σ2

1 = σ2
2 , H1 : σ2

1 6= σ2
2 ,�9fk I: H0 : σ2

1 ≤ σ2
2 , H1 : σ2

1 > σ2
2,�9fk II: H0 : σ2

1 ≥ σ2
2 , H1 : σ2

1 < σ2
2.℄)\ µ1, µ2 {W��WYpj?lv�� µ1 � µ2 {W"
g σ̂2

1 =
1

n1

n1∑

i=1

(Xi − µ1)
2, σ̂2

2 =
1

n2

n2∑

i=1

(Yi − µ2)
2, �
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H0 
M"

F =

σ̂2
1

σ̂2
2

∼ F (n1, n2), (5.14)��� F Dw1"(�
P�I9fk� F ≥ Fα/2(n1, n2) C F ≤ F1−α/2(n1, n2),�9fk I: F ≥ Fα(n1, n2),�9fk II: F ≤ F1−α(n1, n2).:|
 H0 HlQ�� µ1 � µ2 �W"
� H0 
M
�
F =

S2
1

S2
2

∼ F (n1 − 1, n2 − 1). (5.15)��� F Dw1"(�
P�I9fk� F ≥ Fα/2(n1 − 1, n2 − 1) C F ≤ F1−α/2(n1 − 1, n2 − 1),�9fk I: F ≥ Fα(n1 − 1, n2 − 1),�9fk II: F ≤ F1−α(n1 − 1, n2 − 1).:|
 H0 HlQ��#�+ (5.14) ��+ (5.15) Cz)\{W�)\�WYpj?S`4fk! R oU	oU�� var.test2.R ��
var.test2<-function(x, y, mu=c(Inf, Inf), side=0){

source("P_value.R")

n1<-length(x); n2<-length(y)

if (all(mu<Inf)){

Sx2<-sum((x-mu[1])^2)/n1; Sy2<-sum((y-mu[2])^2)/n2

df1=n1; df2=n2

}

else{

Sx2<-var(x); Sy2<-var(y); df1=n1-1; df2=n2-1

}
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r<-Sx2/Sy2

P<-P_value(pf, r, paramet=c(df1, df2), side=side)

data.frame(rate=r, df1=df1, df2=df2, F=r, P_value=P)

}5oUm
x, y 0D
Y�r!G#8Z� mu 0)\
�)\{W"
O�
�<
 (n1, n2) ! F− ℄IX\ F \�b:
O�
�<
 (n1 − 1, n2 − 1)! F− ℄IX\ F \� side 0^I9fk80�9fk�� side = 0 �I9fk
T09`�
� σ2
1 6= σ2

2 ; � side < 0 ��9fk
T09`�
�
σ2

1 < σ2
2; � side > 0 ��9fk
T09`�
� σ2

1 > σ2
2.>zO�G#>I+
>z!<Z��S`4 rate, 'u
�< df1, 'I
�< df2, F \� P- \�� 5.5 VL! 5.3 G3axK?PY

H0 : σ2
1 = σ2

2 , H1 : σ2
1 6= σ2

2.[�>zG#
-� var.test2() �G
> X<-c(78.1,72.4,76.2,74.3,77.4,78.4,76.0,75.5,76.7,77.3)

> Y<-c(79.1,81.0,77.3,79.1,80.0,79.1,79.1,77.3,80.2,82.1)

> source("var.test2.R")

> var.test2(X,Y)

rate df1 df2 F P_value

1 1.494481 9 9 1.494481 0.5590224

P− \
 0.559 ≫ 0.05, ��
�K"("`�
|
Y�r!S`0/|!�LqM�5P 5.3 m
`�Y�rS`/|0!L!��Y�rS`4!pd
Xq&�m2!S`fk�
#### w/{qu������ interval_var4

> source("interval_var4.R")

#### ;{qhu����

�	4#3u��
> interval_var4(X, Y)

rate df1 df2 a b

1 1.494481 9 9 0.3712079 6.016771
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X!pd$
��|
S`0/|!�5 R �pm
 var.test() �Gp��S`4!fk�/
!pd
X�p�G!(�|+0
var.test(x, y, ratio = 1,

alternative = c("two.sided", "less", "greater"),

conf.level = 0.95, ...)Tm x,y 0D
Ym2G#�l!8Z
 ratio 0S`4!"`�
v�\

1. alternative 009`�
 two.sided >,I9fk (H1 : σ2

1/σ
2
2 6= ratio),

less >,�9fk (H1 : σ2
1/σ

2
2 < ratio), greater >,�9fk (H1 : σ2

1/σ
2
2 >

ratio).(�� var.test() �GX\P 5.5.

> var.test(X,Y)

F test to compare two variances

data: X and Y

F = 1.4945, num df = 9, denom df = 9, p-value = 0.559

alternative hypothesis: true ratio of variances is not equal to 1

95 percent confidence interval:

0.3712079 6.0167710

sample estimates:

ratio of variances

1.494481���℄�!X\��0�u/|!�'�8t��Z�� var.test() �I�rS`4!fkCS`4!pd
X�L~P�q(��0|�i|!\��G
var.test() !X\�o�
5.2.3 m?w19�RGbK`℄���!0Sh�r!`�fk�q
LM��WSh�r!fk�q���WSh�r!fk�"D
LM`��I5℄I!`�fk�q�JS�Sh℄I
��q0|��zI5℄I!}XZ�bf	!℄I
�z/
!
X\ ()
X�pd
X), |O/
!`�fkSK�LM����z R �pm��I5℄Ifk�
X!�G binom.test().
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binom.test() �G!(�SK0�
binom.test(x, n, p = 0.5,

alternative = c("two.sided", "less", "greater"),

conf.level = 0.95)Tm x 0l�!�G�C0u~�l�G�  G�l!IÆ8Z� n 06k�G
� x 0IÆ8Z"
�\�?� p 0"`�!rq�� 5.6 ~
yZrI[3�~RT: p0 = 0.85, -o7�� 500 #
zIfBhEjI��


~ 445 #RT�VPYIfBLI[RT:~�;
�[��#q�
bfk!�q
�
H0 : p = p0 = 0.85, H1 : p 6= p0.-� binom.test() �G


> binom.test(445,500,p=0.85)

Exact binomial test

data: 445 and 500

number of successes = 445, number of trials = 500, p-value = 0.01207

alternative hypothesis: true probability of success is not equal to 0.85

95 percent confidence interval:

0.8592342 0.9160509

sample estimates:

probability of success

0.89

P− \ = 0.01207 < 0.05, "("`�
|
pwUBp�Jaq�+|?�
	pd
X\D,
pwU0|pxp�!Jaq���0��VfkDT$Lu�v�(� u~�Vfk!P��� 5.7 xj�oY
?BO%5�q�:
K� 1%, [d��{-,7 400 V?BO
=~ 1 !%5�q�
�l7�?BO%5�q�Rd6�
K
��[��#q�
bfk!�q
�
H0 : p ≥ 0.01, H1 : p < 0.01.-� binom.test() �G
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> binom.test(1, 400, p = 0.01, alternative = "less")

Exact binomial test

data: 1 and 400

number of successes = 1, number of trials = 400, p-value = 0.09048

alternative hypothesis: true probability of success is less than 0.01

95 percent confidence interval:

0.00000000 0.01180430

sample estimates:

probability of success

0.0025

P− \ = 0.09048 > 0.05 = α, CH&|
p&pD�Gy	r�
q$�u"KI�f�
	pd
X\q&M�Lu)
pd
X!Æ�
 0.0118 > 0.01.fup>�SK
> binom.test(c(1, 399), p = 0.01, alternative = "less")$�|m!���

5.3 [�'fSu5�La5}X���qm
��1C`1\�r℄I!$rI+ (�Sh℄I), `0Tm���t�WQG
pE�D
�r℄IBQG�z
XCK
J�pI+!`�fk
LJ��SKj
QGSK��5SD$[�qm
z���B�r!℄IWX��
""B�r!℄II+�zSw!`1
�D`&B�r!℄I�zy�TVH℄I����)Bj℄I#u"K!`1�LpH`1�r℄I!$rI+
�Z	G# (Cm2)2�DB�bPp!F"!}XSKj
WQGSK�B�WQGSK!fk�qj
WQGfkK
d�O!P�"�
LM`&��Rp� R �p��!�5
�Æ|
qp!fkK�
5.3.1 Pearson +'we χ2 K`℄�R���!`�fk�qj
QGfk�q
P.*|
m2℄I$��p^1!I+
FTm!u�QG�W
fk!�=0���~QGy5n1
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T�=H0NB$r!QG
F0NB℄I!JH�P�
{
`1�r℄I$�ShK
: “�r℄I
Sh”Lu�f2�5u1b!(�00z!
���fk�5'�C
��{�ZS�� QQ ���k℄I��r�D�YG#0bf	�p℄I
LM��� �}XSKfk�YG#0bf	�p℄I�5'�C��! W ShKfk� Kolmogorov-Smirnov fk8B�(!�<fk�
1. ��w1$Pk�RJw`��#�Lv�ZM�d`1
�^G<Z
��℄I F , ,B X 
J n��_
��u~m2 X1, X2, · · · , Xn, p#|fk

H0 : X $�℄I F .LM℄x���w^zBQ`�
�0|M
BQ`�0
H1 : X H$�℄I F .2�q!M$��0
Z$YG#�pLvCZMe!�;�m
FH5��|
He!"
 X 0&09!℄I� ���qmH�w=zBQ`�
NF(zu�pK�
xÆ,$�ÆD�q!fkSK0
tGu (−∞,∞) ℄l m ~pd�

I1 = (−∞, a1), I2 = [a1, a2), · · · , Im = [am−1,∞).YL�pd!Lvrq℄?

p1, p2, · · · , pm, pi = P{X ∈ Ii}, i = 1, 2, · · · , m.Y ni 
 X1, X2, · · · , Xn my5pd Ii $!~G
:5"`�lQ(
 ni !Q	\
 npi, ni � npi !`% (i = 1, 2, · · · , m) 05
Lv��_XdBK!$Z
td�!VDIlu~�!^=� m∑

i=1

ci(ni − npi)
2, Tm ci > 0 
1�!
G
{
r ci = 1/npi, ����}XZ

K =
m∑

i=1

(ni − npi)
2

npi

, (5.16)j K 
 Pearson χ2 }XZ�Pearson T�\
5"`�lQ!vp(
� n → ∞"
 K v℄I7U�
�<
 m − 1 ! χ2 ℄I�5L~E}Æ
�
u~�
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K > χ2

α(m − 1) (5.17):"("`��L�0 Neyman-Pearson (!�< χ2 fk�L~�q80|lv��'u�
�+ (5.17), `p K > χ2
α(m− 1), �b1"`�
�0u~''�� χ2

α(m − 1) ! K �u~`t�� χ2
α(m − 1) ! K,���bH|
℄Kb1!L��au��
NÆLu)
5X\z K \'
0X\z P− \


P −\ = P{χ2(m − 1) > K}. (5.18)0t P− \j
b�G#�"`�!S!�<� P− \*�
Ur"`�!T#�*a��1u~+|KKI α, � P− \ < α, �"("`��� 5.8 [8_+=.�-"?T~:8_+L 5 I�ozs3&���
o7��- 1000 VzsB�+f�\VhE,)VY�Jw&2/ 5 I�o3zsx
�
)�_Uo[�, 5 IzsD`a>X A � B � C � D � E ℄\3
5 &>}o73dMkyJ
w&�` 5.1 Rzx\VY.1�2/3xI�ozsB�+3~a`l�Vzx,<axqK8_+L, 5 I�ozs3B�~�U+|q� - 5.1: 5 %714b�!
R6�d&&3o[ A B C D E&a X 210 312 170 85 223[���;\KB 5 pF5>�%��+|`�
��
�0||
%�L
5 pF5>�!zm).℄I
P 5 pF5>���KzG�A 20%. #�`��

H0 : %� 5 p>�!zG℄I).��+ (5.16) �+ (5.17) :CX\�+
� R �pX\�
> X<-c(210, 312, 170, 85, 223)

> n<-sum(X); m<-length(X)

> p<-rep(1/m, m)
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> K<-sum((X-n*p)^2/(n*p));K

[1] 136.49

> Pr<-1-pchisq(K, m-1);Pr

[1] 0

P− \
 0, ��
"("`�
|
;\KB 5 pF5>�!%�0��+`����0|tÆD�o:Clu~oU
JX\
$[Æ
 R �p{�l\�5��
bp�! chisq.test() �G0|S;&�l�5�����`P>�
> chisq.test(X)�0|��

Chi-squared test for given probabilities

data: X

X-squared = 136.49, df = 4, p-value < 2.2e-16

chisq.test() �G!(�|+

chisq.test(x, y = NULL, correct = TRUE,

p = rep(1/length(x), length(x)), rescale.p = FALSE,

simulate.p.value = FALSE, B = 2000)Tm x 0��YG#�l!8ZC�P
 y 0G#8Z (� x 
�P"
 y �?). correct 0xL<Z
>�0b��TVMS
 TRUE(v�\) >,MS

FALSE >,HMS� p 0"`�y5=pd!Lvrq
v�\>,).℄I�
rescale.p 0xL<Z
X9 FALSE(v�\) "
pn>�! p ~� m∑

i=1

pi = 1;X9 TRUE "
CHpnLu)
oUtqDX\ p \� simulate.p.value 0xL<Z (v�\
 FALSE), �
 TRUE, t�TM!SKX\ P− \
�"
 B>,TM!�G�� 5.9 z Pearson d�{G χ2 PYVSPY! 3.6GQB�:Rdf�2v`l�[���℄RJ
J
x'tL�Jv:Cl R oU
JX\�'uJ�*>�G#
LM� scan() �G�'IJ�B 31�Z�lI
J℄�
X\��!EG
Tm A1 = {X < 70},
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A2 = {70 ≤ X < 80}, A3 = {80 ≤ X < 90}, A4 = {90 ≤ X ≤ 100}. LM-�
cut() �G� table() �G
J℄��YG�'�J�X\"`� (Sh℄I) 5�=pd!Lvrq\�*X\Z�lI!)\ (mean) �=�` (sd), 3� pnorm() X\Lvrq�'RJ�� Pearson χ2 fk�-� chisq.test() �G�(�Cz/
! R oU (oU�� exam0509.R)

#### v,n
����
X<-scan()

25 45 50 54 55 61 64 68 72 75 75

78 79 81 83 84 84 84 85 86 86 86

87 89 89 89 90 91 91 92 100

#### vyn
|:���
A<-table(cut(X, br=c(0,69,79,89,100)))

#### v�n
~1
�|m
p<-pnorm(c(70,80,90,100), mean(X), sd(X))

p<-c(p[1], p[2]-p[1], p[3]-p[2], 1-p[3])

#### v�n
;�*
chisq.test(A,p=p)X\���(�

Chi-squared test for given probabilities

data: A

X-squared = 8.334, df = 3, p-value = 0.03959

P− \ = 0.03959 < 0.05, ��|
p
4o!lIHf	Sh℄I�5L~P�m��\Y~�G
u~0 cut() �G
fu~0 table() �G
(�g���LY~�G!�K�
cut() �G0t<Z!p�℄l�t~pd
T(�SK0�
cut(x, breaks, labels = NULL,

include.lowest = FALSE, right = TRUE, dig.lab = 3, ...)
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 breaks(gC
 br) 0b℄pd!=)�l!8Z�
table() �G0X\��!C'!~G
T(�SK0�
table(..., exclude = c(NA, NaN), dnn = list.names(...),

deparse.level = 1)LM�LY~�GX\^G<Zy5�~pd!EG�� 5.10 "�3�\�%��EF3W!uR�E : �E : HE = 9 : 3 : 4. IF�x:� 335 : 125 : 160. VPY�x:Rde��=K?�[��#q�

H0 : p1 =

9

16
, p2 =

3

16
, p3 =

4

16
.-� chisq.test() �G

> chisq.test(c(335, 125, 160), p=c(9,3,4)/16)

Chi-squared test for given probabilities

data: c(335, 125, 160)

X-squared = 1.362, df = 2, p-value = 0.5061

P− \ = 0.5061 > 0.05, �<"`�
P�}�K!℄Ke! 9 : 3 : 4 !4P�� 5.11 �Vr;$_7�[JFOba/3�`�aRdf� Poisson `l
-W<- 42 wax
,` 5.2 qO��ÆLax3`!
�
d"(�[JFOba/3�`�af� Poisson `l (α = 0.1)?- 5.2: ℄-96�'giI)XPR*WI�R6�a/�*�a 0 1 2 3 4 5 6�-3~a 7 10 12 8 3 2 0[�:C/
!X\oU (oU�� exam0511.R)

#### ����
X<-0:6; Y<-c(7, 10, 12, 8, 3, 2, 0)

#### ��
�|m
�5 mean(rep(X,Y)) "+g	4
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q<-ppois(X, mean(rep(X,Y))); n<-length(Y)

p[1]<-q[1]; p[n]<-1-q[n-1]

for (i in 2:(n-1))

p[i]<-q[i]-q[i-1]

#### ;�*
chisq.test(Y, p=p)�X\��>z,�z�
Chi-squared test for given probabilities

data: Y

X-squared = 1.5057, df = 6, p-value = 0.9591

Warning message:

Chi-squared ���z0��l8 in: chisq.test(Y, p = p)
#�>z,Lpj?#�L0�
 Pearson χ2 fkpn5℄�'
��m!EGd�p��#� 5, F'��mz,!EG℄?
 3, 2, 0, )=� 5. �'�q!SK0t'��!lu�
�"!EG
 5, ~�pn�(��z/
! R oU�
#### 6%|:
Z<-c(7, 10, 12, 8, 5)

#### 6%��
�|m
n<-length(Z); p<-p[1:n-1]; p[n]<-1-q[n-1]

#### ;�*
chisq.test(Z, p=p)X\��
Chi-squared test for given probabilities

data: Z

X-squared = 0.5389, df = 4, p-value = 0.9696

P– \ ≫ 0.1, ��
&w|5�?"d$��!(}�Gf	 Poisson ℄I�	P 5.11 !��0|,z
5$q 4.9 m
t5�?"d$��!(}�|
Gf	 Poisson ℄I0!L!�
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2. ��w1j|zZ�Æ)�4�RJw��℄I� F vE� r ~QG θ1, θ2, · · · , θr, p�#m2 X1, X2, · · · , Xn sfk`�

H : X !℄IB� {F (x, θ1, θ2, · · · , θr)}.�'L~�q!Jv0
*{�m2�z (θ1, θ2, · · · , θr) !K�Sx
X
(θ̂1, θ̂2, · · · , θ̂r) 3fk`�

H : X �℄I F (x, θ̂1, θ̂2, · · · , θ̂r).x'3�Lv℄I{W!j?
J�L
bH|!0�+ (5.16) ��!}XZ
K f	
�<
 m − 1 − r ! χ2 ℄I
P
�<i�\ r.

5.3.2 Kolmogorov-Smirnov K`5'�C�DK}Xm
��\ Kolmogorov-Smirnov fk
pfk$[Æ0B�(!�<fk�LM3
zuJ��d!(�SK�
Kolmogorov-Smirnov fk��m2fk�Im2fk
5'�Cm����!�0�m2fk!(�SK�
1. N
#K`{�'�C!��
��W� Kolmogorov-Smirnov fk0{��k℄I�`�℄I!Æw�D�7}XZ!
��LvÆ0|fk{ ℄I
P"`�


H0 : X $�℄I F .

R �pp�\ Kolmogorov-Smirnov fk!�G ks.test(), ���P�
uJM�d!(�SK�� 5.12 L
u?ThEXWPY
G8 10 ���'{fFO
dD�9/"3�Mn/,)� ((��9F)

420 500 920 1380 1510 1650 1760 2100 2300 2350Vz Kolmogorov-Smirnov PYVSPY�?T��'{fFO3`lRdf�
λ = 1/1500 3;a`l�[�>�G#
-� ks.test() �G�
> X<-c(420, 500, 920, 1380, 1510, 1650, 1760, 2100, 2300, 2350)

> ks.test(X, "pexp", 1/1500)
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One-sample Kolmogorov-Smirnov test

data: X

D = 0.3015, p-value = 0.3234

alternative hypothesis: two.sidedT P− \�� 0.05, �K"("`�
��|
��0��F��"d!℄If	 λ = 1/1500 !^G℄I�
2. �
#K``� X1, X2, · · ·, Xn1 
D
℄I
 F (x) �r!m2
e F (x) �W
 Y1,

Y2, · · ·, Yn2 
D
℄I
 G(x) �r!m2
e G(x) �W�`1 F (x) � G(x))
TV℄I�G
fkLY℄I0b/|
P"`�

H0 : F (x) = G(x).� 5.13 K?�`l�a��63 F (x) � G(x) 3_�G`a�� 25 w� 20w�{:3o7\V
	ax|` 5.3 qO�-PY F (x) � G(x) Rd0��- 5.3: B50�w1R�e

0.61 0.29 0.06 0.59 −1.73 −0.74 0.51 −0.56 0.39

F (x) 1.64 0.05 −0.06 0.64 −0.82 0.37 1.77 1.09 −1.28

2.36 1.31 1.05 −0.32 −0.40 1.06 −2.47

2.20 1.66 1.38 0.20 0.36 0.00 0.96 1.56 0.44

G(x) 1.50 −0.30 0.66 2.31 3.29 −0.27 −0.37 0.38 0.70

0.52 −0.71[�:C/
!X\oU (oU�� exam0513.R).

#### ����
X<-scan()

0.61 0.29 0.06 0.59 -1.73 -0.74 0.51 -0.56 0.39

1.64 0.05 -0.06 0.64 -0.82 0.37 1.77 1.09 -1.28

2.36 1.31 1.05 -0.32 -0.40 1.06 -2.47
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Y<-scan()

2.20 1.66 1.38 0.20 0.36 0.00 0.96 1.56 0.44

1.50 -0.30 0.66 2.31 3.29 -0.27 -0.37 0.38 0.70

0.52 -0.71

#### ; K-S �*
ks.test(X, Y)0J'��
Two-sample Kolmogorov-Smirnov test

data: X and Y

D = 0.23, p-value = 0.5286

alternative hypothesis: two.sided

P− \�� 0.05, ��<"`� H0, P|
 F (x) � G(x) Y~℄I�G/|�
Kolmogorov-Smirnov fk� Pearson χ2 fk/4
 Kolmogorov fkHRtm2℄�
�\u~{�K
L0T�)�Tv)0`��5Lv℄I
uÆTV℄Ie℄I�u{W!jI
1��4 Pearson fk=�e�q+,�5

Kolmogorov fk0�!b!(
T�?u"DMt�� Pearson fk�
5.3.3 Æ�-�eRb�RK`�Y~^p<Z X, Y )
K�H!
 X r\� {a1, a2, · · · , aI}, Y !r\� {b1, b2, · · · , bJ}. � (X1, Y1), (X2, Y2), · · · , (Xn, Yn) 
g�m2
Y nij 

(X1, Y1), (X2, Y2), · · · , (Xn, Yn) m#� (ai, bj) !~G
p#�fk`�

H0 : X � Y 9Q�
1. Pearson χ2 K`5n��q"

�G#^
> 5.4!I+
j
^S> (contingency table).Y

pij = P{Xi = ai, Yj = bj},

pi· = P{Xi = ai} =

J∑

j=1

pij, p·j = P{Yj = bj} =

I∑

i=1

pij,
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b1 b2 · · · bJ

∑

a1 n11 n12 · · · n1J n1·

a2 n21 n22 · · · n2J n2·
...

...
...

...
...

aI nI1 nI2 · · · nIJ nI·
∑

n·1 n·2 · · · n·J:`� H 0>,

H : pij = pi· · p·j, i = 1, 2, · · · , I, j = 1, 2, · · · , J. (5.19)LM`W� pi·, p·j ≥ 0,

I∑
i=1

pi· = 1,
J∑

j=1

p·j = 1, FTdj?�W
b|L0u~�QG pi·, (i = 1, 2, · · · , I), p·j, (j = 1, 2, · · · , J) !(!�<fk�q���
Pp*�K�Sx
XD
X pi·, p·j, ��
p̂i· =

ni·
n

, i = 1, 2, · · · , I,

p̂·j =
n·j
n

, j = 1, 2, · · · , J,Tm ni· =
J∑

j=1

nij, n·j =
I∑

i=1

nij . Lm�0|X\ Pearson χ2 }XZ
K =

I∑

i=1

J∑

j=1

[
nij − n

(
ni·

n

) (n
·j

n

)]2

n
(

ni·

n

) (n
·j

n

) =

I∑

i=1

J∑

j=1

[n · nij − ni· · n·j]
2

n · ni· · n·j
. (5.20)x'3X\
�<� (X, Y ) !\�u�2℄l IJ ~N!
�
X\u��WQG��� I∑

i=1

pi· = 1, pi·(i = 1, 2, · · · , I) m�WQG`� I − 1 ~
|L

p·j(j = 1, 2, · · · , J) m�WQG`� J − 1 ~
��� I + J − 2 ~�WQG
F
K !
�<�


IJ − 1 − (I + J − 2) = (I − 1)(J − 1).Lm5X\z K \'
T"(�

K > χ2

α((I − 1)(J − 1)).
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P −\ = P{χ2((I − 1)(J − 1)) > K}.� I = J = 2 "
^S>m`� 4 ~|�
j
 “R|>”, L"+ (5.20) g�3


K =
n(n11n22 − n12n21)

2

n1·n2·n·1n·2
,
�<
 1.

chisq.test() �Gq0|�9QKfk
`Pt^S>G#Cl�PI+P0�� 5.14 �-Vr#URd�)^A~�
L 63 �^A)+= 43 VZ^A)+ (L*
) =z-	G3#U&a
2/ 2 × 2 /%`
,` 5.5 qO�- 5.5: Æ�-�e)^A �)^A �C#U 60 32 92k#U 3 11 14�C 63 43 106[�>�G#
� chisq.test() �fk�
> x<-c(60, 3, 32, 11)

> dim(x)<-c(2,2)

> chisq.test(x,correct = FALSE)

Pearson’s Chi-squared test

data: x

X-squared = 9.6636, df = 1, p-value = 0.001880C�TV>S�
> chisq.test(x)

Pearson’s Chi-squared test with

Yates’ continuity correction

data: x

X-squared = 7.9327, df = 1, p-value = 0.004855
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T P− \)=� 0.05, ��"("`�
q�0M!
�;Z����� 5.15 �
�>.=zG
j�|VN=z-_� 901 &3gW-=L{f3Bm�G
	GgW- A `�9� 6000 
� 6000 
? 15000 
� 15000 
? 25000 
=�Æ 25000 
h-�L{f3Bm�G B `��kBm�_kBm�6VBm��Bmh-�=z

z 4 × 4 /%``O
,` 5.6 qO�- 5.6: �>�nAe{-xWÆ�-�kBm _kBm 6VBm �Bm �C
< 6000 20 24 80 82 206

6000 ∼ 15000 22 38 104 125 289

15000 ∼ 25000 13 28 81 113 235

> 25000 7 18 54 92 171�C 62 108 319 412 901[�>�G#
� chisq.test() �fk�
x<-scan()

20 24 80 82 22 38 104 125

13 28 81 113 7 18 54 92

dim(x)<-c(4,4)

chisq.test(x)

Pearson’s Chi-squared test

data: x

X-squared = 11.9886, df = 9, p-value = 0.2140T P− \)�� 0.05, �<"`�
P��!~�o<�,7����5� chisq.test() �G�X\"
p���!!Q	EG�����6�! (b��!EG8H

), Ceb��!!Q	EG��#� 5, �� Pearson

χ2 fk0!L!�b:X\G>+,�zF"���G#H~� χ2 fk!vp"

(� Fisher �wfk�
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2. Fisher _RRb�K`5m2|=" (�!!Q	EG=� 4), Pp� Fisher �wfkD�9QKfk�
Fisher �wfk�y0NB 2 × 2 Lpn=!^S>pz!�� χ2 fk!vpH~�"
L~�wfk0W
��!� Fisher fk0sQ5fR ℄I!E}Æ
B��!EG=!>DM
n?1!�LMH3��/�!}XZ
F0Z�?z R �p�� Fisher �wfk!SK�� 5.16 [dD�VriqPl�+G�WtO~br% HBV 3;

Y 33! HBsAg ZF�ko7`��WR=
�L*



|` 5.7 qO��*
?BO3 HBV _�r%:~�|a�- 5.7: 	;Kel HBV 
T�R%V
a ZF sF �C r%: (%)�WR=
 4 18 22 18.18L*
 5 6 11 45.45�C 9 24 33 27.27[��u~�!EG=� 5, 
p� Fisher �wrqfk�5 R �pm
�G fisher.test() ��wrqfk�T(�SK0
fisher.test(x, y = NULL, workspace = 200000, hybrid = FALSE,

control = list(), or = 1, alternative = "two.sided",

conf.int = TRUE, conf.level = 0.95)Tm x0$�IÆ^S>I+!�PC0����l!B9�y 0����l!B9
� x0�P"
�\�?�workspace !>�\0uRG
TRG>,���z\K��6d!�=�hybrid 
xL<Z
FALSE(v�\) >,�wX\rq
TRUE >,��!\KX\rq� alternative 
09
� "two.sided"(v�\) I9
 "less" �9=�
 "greater" �9��� conf.int xL<Z
� conf.int=TRUE(v�\), �zpd
X� conf.level 
fFKI
v�\
 0.95. T�QGl5.M��
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"`� “Y<Z��” #a�;q4 (odds rate) #� 1.>�G#
CX\ Fisher fk
> x<-c(4,5,18,6); dim(x)<-c(2,2)

> fisher.test(x)

Fisher’s Exact Test for Count Data

data: x

p-value = 0.1210

alternative hypothesis: true odds ratio is not equal to 1

95 percent confidence interval:

0.03974151 1.76726409

sample estimates:

odds ratio

0.2791061�
 P− \ = 0.1210 > 0.05, epd
X��!pd)�� 1, ��M�Y<Z09Q!
P|
Y�D�G! HBV �ruyq�`?���� Pearson χ2 fk (chisq.test() �G) BL�G#�fk"
*>J,X\G5����!|"
�z�z
|
TX\\0&���� Fisher �wfk (fisher.test() �G), BP 5.14 !G#�fk
��
> x<-c(60, 3, 32, 11); dim(x)<-c(2,2)

> fisher.test(x)

Fisher’s Exact Test for Count Data

data: x

p-value = 0.002820

alternative hypothesis: true odds ratio is not equal to 1

95 percent confidence interval:

1.626301 40.358904

sample estimates:

odds ratio

6.74691T P− \=� 0.05, ��"("`�
P|
!
�;Z������;q4�� 1, ��80S/�
q�0M
!
*D
;Z�!0&Kq�*��
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3. McNemar K`
McNemar fk℄xH09QKfk
�d0��^S>G#!fk
b|V5LMD�L�
McNemar fk05/|~rÆ!Y�fk
fkY�G#!Y~/�℄I!EG4<3!+|K����
m2!u=~r℄?5�u"dd}CH|vp(�Y�e�
4�0��I!nQ!a<
��w1e�!H309Q!m2
F0/�m2��~6k�!0p�uBG#�	'u��'I�e�m
YpX9!EG4q�CDC�!q<� McNemar fk0fkL~<3a<
d&|�w&�W5'u��'I�e�Xd�D�~r	LuJ<lfuJ���0|�z$�'u�e�2℄z!YJ�'I�e�2℄z!YJ!^S>
�� 5.8 b,�- 5.8: 0�roR\aZ�e� IIe� I

+ −
!X

+ a b a + b

− c d c + d!X a + c b + d a + b + c + d�q!"`�

H0 : 5L~�rmY�e�!EG��p?�"`�>,EG b � c `>,5L~m2m!^G<`�5 R �pm
 mcnemar.test() �G�z\ McNemar fk
T$r!(�SK0

mcnemar.test(x, y = NULL, correct = TRUE)Tm x 0$�IÆ^S>I+!�PC0����l!B9� y 0����l!B9
� x 0�P"
�\�?� correct 0xL<Z
 TRUE (v�\) >,5X\fk}XZ"�TVMS
 FALSE 0H�MS�� 5.17 [H�d��FzJ�i*IVSx? 202 aw_VG3�mp�


,` 5.9 qO��J�i*S3P�:~�|a�



5.3 0oJ^3ZsaPY 277- 5.9: F�l	oK7�,##Rj�	iZ�i SJS
+ −

�C
+ 49 25 74

− 21 107 128�C 70 132 202[�>�G#
-� mcnemar.test() �G� McNemar fk�
> X<-c(49, 21, 25, 107); dim(X)<-c(2,2)

> mcnemar.test(X,correct=FALSE)

McNemar’s Chi-squared test

data: X

McNemar’s chi-squared = 0.3478, df = 1, p-value = 0.5553T}XZ
 0.3478, P− \
 0.5553 > 0.05, ��
H&|1YpfYSK!fzq�`��
5.3.4 }"K`

1. K`hÆ
#u{{5'Æ9�`��~�r!m�G
 M0, ��m2m�G M = M0, ����<m2D
�~�r!`��T$r!fkSK0Lm!�:*	�~m2�_\mis�rm�G M0, �z!S�m`E�S (+) �m (−) �_|>,����rm�G#�m2m�G
P M = M0, ��
m2�_\5m�GÆ�(!G�
�Au%
�,"z,S�Cm�!rq
�A 1/2. �m2�Z
 n, �0|�I5℄I B(n, 1/2) DX\z,m� (CS�) ~G!rq
	F�#u1!+|KKI α, �z0b�<"`� H0 : M = M0 !71�� 5.18 %��&��Pe: 66 w"�T3B1�_;a (jj�T 1996 g
12 �� 100) D\9?"3�Mn/,) (,�Sm3;a� 99) �

66 75 78 80 81 81 82 83 83 83 83

84 85 85 86 86 86 86 87 87 88 88
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88 88 88 89 89 89 89 90 90 91 91

91 91 92 93 93 96 96 96 97 99 100

101 102 103 103 104 104 104 105 106 109 109

110 110 110 111 113 115 116 117 118 155 192K?,w\VR�PeLM"�TGo7�\2/3�Vze�PY`!
SmR�G�a7:
(R�G�a7)�[�m2!m�G (M) �
k3�AKI!md\
��Ppfk�
H0 : M ≥ 99, H1 : M < 99.>�G#
�I5fk�

> X<-scan()

1: 66 75 78 80 81 81 82 83 83 83 83

12: 84 85 85 86 86 86 86 87 87 88 88

23: 88 88 88 89 89 89 89 90 90 91 91

34: 91 91 92 93 93 96 96 96 97 99 100

45: 101 102 103 103 104 104 104 105 106 109 109

56: 110 110 110 111 113 115 116 117 118 155 192

67:

Read 66 items

> binom.test(sum(X>99), length(X), al="l")

Exact binomial test

data: sum(X > 99) and length(X)

number of successes = 23, number of trials = 66, p-value = 0.009329

alternative hypothesis: true probability of success is less than 0.5

95 percent confidence interval:

0.0000000 0.4563087

sample estimates:

probability of success

0.34848485oUm
 sum(X>99) >,m2m�� 99 !~G� al 0 alternative !`C
"l" 0 "less" !`C�X\z! P−\=� 0.05,"("`�
q�0M
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�Vpd
X!Æ�
 0.4563, $�
0.5, b�!�v80"("`��

2. u?h
#{K`	Æ9�Iu{J�7+;pe�fkKq0��|lB^Gm2�_\DfkY~�rXd0b�5+|`����Y~�r�+K`�
:Y~lB^Gm2�_\S�m`E!~G
�r/#�`1 xi − yi > 0 �S�>,
 xi − yi < 0 �m�>,
:��Y~�r�++|`�
��z,S��m�!rq�A 1/2. �Æ�fkm20bD
�~�rum
0�I5℄I B(n, 1/2), �#u1!+|KKI�S� (Cm�) !~G
�z�<C"(Y~�r�+|`�!7��� 5.19 z*Ik�3j.[O
	#J��,` 5.10 qO� V`!*Ij.- 5.10: 0�

b)R	&JwL[� 1 2 3 4 5 6 7 8 9 10 11 12 13 14j. X 25 30 28 23 27 35 30 28 32 29 30 30 31 16j. Y 19 32 21 19 25 31 31 26 30 25 28 31 25 25[O~�+P|q�[�O�lBe�fk�>�G#
-� binom.test() �fk�
> x<-scan()

1: 25 30 28 23 27 35 30 28 32 29 30 30 31 16

15:

Read 14 items

> y<-scan()

1: 19 32 21 19 25 31 31 26 30 25 28 31 25 25

15:

Read 14 items

> binom.test(sum(x<y), length(x))

Exact binomial test

data: sum(x < y) and length(x)

number of successes = 4, number of trials = 14, p-value = 0.1796
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alternative hypothesis: true probability of success is not equal to 0.5

95 percent confidence interval:

0.08388932 0.58103526

sample estimates:

probability of success

0.2857143

sum(x < y) >,m2 X =�m2 Y !~G�X\z! P− \�� 0.05, �K"("`�
0||
YpT℄lx�+|`��X\z!pd
X)� 0.5, q�0M
0||
 X < Y � X ≥ Y !rq�A 1/2, ��!�vqH�K"("`�
YpT℄lx�+|`��5z�!�
�Am


��""�G\wd>,!�q
Fe�fkKq0��LJ�q!e�
P���p\�;\K0%6*X
80%6 ℄�B�LuJ!�q�;\K""� 5 >,B*X!��
CK� 8 >,B ℄!��
u"`&>,�;\KB*X!��f� ℄
CKB ℄!��f�*X
CKYK|m����F��0|�e�fkKDe�LuJ!,9�, PM�L~fkSK!$r
��� 5.20 [t.<�-d��Lt.3B���
h
mmhrL3{f
L��&&�[(R&&_y
4+*+�\B�hE-=z�l<�[*o77��- 13 V��hE-=z
��&&�[�Æ_yz2�`O
&&_y�Æ�[zj�`O
*+�\B�z 0 `O�-Y=z3

/�` 5.11 G� V- 5.11: 0��mR�!Jw��[� 1 2 3 4 5 6 7 8 9 10 11 12 13&&�[ 1 1 1 1 0 1 1 1 1 1&&_y 1 1 1`!��R&&�[(R&&_y�[��#q�0fk�(`��
H0 : 
3%6*X#�%6 ℄� H1 : 
3%6*Xf� ℄�|Æ
℄m� 1 z (P 6 �
3) >,B*X� ℄�|m��
� 0 >,
�F5m2�ZmH_X\
b|$[Æ n = 12. �� H0 `�
M
P
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3B*X� ℄|m��
��>z, x − y < 0, Pm�!rq
 1/2, b|z,m�!~Gf	I5℄I
 B(12, 1/2). m�~G��
M�
3%6*Xf� ℄!zG�D
m�~G��u1o<�p�L H0 `�
F�< H1 `�
P
3%6*Xf�%6 ℄�b|2PB��909`�fk�� R �p
JX\
+|KKIr α = 0.10,

> binom.test(3,12,p=1/2, al="l", conf.level = 0.90)

Exact binomial test

data: 3 and 12

number of successes = 3, number of trials = 12, p-value = 0.073

alternative hypothesis: true probability of success is less than 0.5

90 percent confidence interval:

0.0000000 0.4752663

sample estimates:

probability of success

0.25

P− \ = 0.073 < 0.10, dVpd
X
 [0, 0.475], ��"("`�
|
%6*X!zf�%6 ℄!z���+|KKI15 α = 0.05 "
:H&"("`�
`&|
%6*X� ℄!zumD�u"DM
e�fk4QG}X t fkK!?&$
n?0S�me�b�>!`E!(B\4|�"
>,!�
�+�5e�fkKm
`X\e�!~G
FH-o�~e�`mb)�!(B\!�=�
\�GLuv)
b|5WQG}Xm8p(�T
!fkSK�
5.3.5  �B
℄���\e�fk
(���fumfkSK — ifk�5��ifkX℄
*���ifk��!r- — i}XZ (rank statistics).i}XZ05WQGfkm��R
�!}XZ
d!u~qp!nK0℄I��K (distribution-freeness)._o 5.2 ? X1, X2, · · · , Xn �

\V (kZ�\�
_�), Y X1, X2, · · · , Xn�9/"n�
/
z Ri E� Xi �:_n/G3�A�
 i = 1, 2, · · · , n. �
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R1, R2, · · · , Rn �\V X1, X2, · · · , Xn }B3D
C+ (rank statistics).� 5.21 ~)/

\V

x1 x2 x3 x4 x5

1.2 0.8 −3.1 2.0 1.2[���a�!i}XZ R 

R1 R2 R3 R4 R5

3 2 1 5 4���5ÆDG#m x1 = x5, L"��
xLUt x1 45 x5 ℄��5 R �pm
�G rank() 0|X\i}XZ��Æ�!P�

> x<-c(1.2, 0.8, -3.1, 2.0, 1.2)

> rank(x)

[1] 3.5 2.0 1.0 5.0 3.5LMCH9z
4U�m
'u�z,!45℄�
F0|#�L
TLU)

3.5. Lpj?5X\}XZ"
�"oU>�z�z���#	��z
�1!4^�U
t'I�z,!\ (x5) <_u~"=!\��

> x<-c(1.2, 0.8, -3.1, 2.0, 1.2+1e-5)

> rank(x)

[1] 3 2 1 5 4L�z�X\!��/|�+x
�m2 X1, X2, · · · , Xn0r
TV℄I�r!9Q|℄Im2
:}XZ R1, R2, · · · , Rn !℄I0Bj#rq!
PB 1, 2, · · · , n!{u4^ i1, i2, · · · , in�
P{R1 = i1, R2 = i2, · · · , Rn = in} =

1

n!
, (5.21)L"
 R1, R2, · · · , Rn !℄I��r℄I���

5.3.6  ;�K`i/�fk0ifk!u~qp
��5'�C
����\ Pearson /�fk
d$[
�5Sh℄I�r!G#
LM��!i/�fkCHpnbfk!G#D
Sh℄I!�r�
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1. Spearman  ;�K`� (X1, Y1), (X2, Y2), · · · , (Xn, Yn) 
r
�~I!�r!9Qm2
pfk<Z X �<Z Y 0b/��{
| “X � Y /-9Q (H/�)” 
"`�

“X � Y /�” 
09`��� r1, r2, · · · , rn 
� X1, X2, · · · , Xn a�!i}XZ
 R1, R2, · · · , Rn 
�
Y1, Y2, · · · , Yn a�!i}XZ
:�

r =
1

n

n∑

i=1

ri =
n + 1

2
= R =

1

n

n∑

i=1

Ri,

1

n

n∑

i=1

(ri − r)2 =
n2 − 1

12
=

1

n

n∑

i=1

(Ri − R)2._o 5.3 �
rs =

[
1

n

n∑

i=1

riRi −
(

n + 1

2

)2
]/(

n2 − 1

12

)� Spearman	f{PC�D0�'a�� X � Y /-9Q"
 (r1, r2, · · · , rn) � (R1, R2, · · · , Rn) /-9Q"

E(rs) = 0. � X � Y S/�"
 rs h8�rS\�� X � Y m/�"
 rsh8�rm\�Lm�0|�� rs !℄IDfk X � Y 0b9Q�0|T��� n |�"
 √

n − 1 rs !ÆS℄I
 N(0, 1). ��0|�7"(��X\/
! P− \
� P− \=��u+|KKI α "
:"("`����0|�#�q�7�9fkCI9fk�
R �pm!fk�G cor.test() 0|
J Spearman i/�fk
T(�SK

cor.test(x, y,

alternative = c("two.sided", "less", "greater"),

method = "spearman", conf.level = 0.95, ...)� 5.22 
3~6w&sI`X3q2
~*&hE�?
�?

z` 5.12 qO
 Vz Spearman D0�PYVSPY,*w�?�L5��?~�0��'�[�>�G#
�fk
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R:_?9sI+[� 1 2 3 4 5 6J3!` (X) 1 2 3 4 5 6i3!` (Y ) 6 5 4 3 2 1

> x<-c(1,2,3,4,5,6); y<-c(6,5,4,3,2,1)

> cor.test(x, y, method = "spearman")

Spearman’s rank correlation rho

data: x and y

S = 70, p-value = 0.002778

alternative hypothesis: true rho is not equal to 0

sample estimates:

rho

-1��X\z! P− \=� 0.05, ��"("`�
|
<Z X � Y /��.$Æ
��X\z! rs = −1, >,LY~Z0�um/�
PYz!�v��&
��u/N�
2. Kendall ;�K`LM	fu~�)D,/��q�|m-o"`� H0 : <Z X � Y H/�
��~09`�

H1 : SCm/� (CK) S/� (CK) m/��
A|!r-���nH (Xj − Xi)(Yj − Yi) > 0, :jB� (Xi, Yi) O
(Xj, Yj) 0A|! (concordant) CKM
d��|m!h8�NX
��nH
(Xj − Xi)(Yj − Yi) < 0, :jpB�0HA|! (disconcordant) �g

Ψ(Xi, Xj, Yi, Yj) =






1, �� (Xj − Xi)(Yj − Yi) > 0,

0, �� (Xj − Xi)(Yj − Yi) = 0,

−1, �� (Xj − Xi)(Yj − Yi) < 0.

(5.22)



5.3 0oJ^3ZsaPY 2851� Kendall (5
H) τ /�&G
τ̂ =

∑

1≤i<j≤n

Ψ(Xi, Xj , Yi, Yj) =
K

C2
n

=
nd − nc

C2
n

, (5.23)Tm nc 0A|B�!G�
 nd 0HA|B�!G��+x

K ≡

∑
Ψ = nc − nd = 2nc − C2

n. (5.24)Æ�1�! τ̂ 
rq`
τ = P{(Xj − Xi)(Yj − Yi) > 0} − P{(Xj − Xi)(Yj − Yi) < 0}!u~
X��~,z
 −1 ≤ τ̂ ≤ 1. .$Æ
�b�B�80A|!
:

K = C2
n, �"
 τ̂ = 1. �b�B�80HA|!
: K = −C2

n, �"
 τ̂ = −1.� r1, r2, · · · , rn 
� X1, X2, · · · , Xn a�!i}XZ
 R1, R2, · · · , Rn 
�
Y1, Y2, · · · , Yn a�!i}XZ
0|T�

K =
∑

1≤i<j≤n

sign(ri − rj) · sign(Ri − Rj). (5.25)�!+ (5.25) �+ (5.23), 0|X\z
X\ τ̂ , Lm�0|O� τ̂ \�fk�� τ̂ �Æ� 0 "
>,Y<Z9Q�� τ̂ ���u\"
>,Y<Z/�
(SG>,S/�
mG>,m/�).5 R �pm
Kendall /�fk~��G cor.test() X\
TX\SK�
Spearman i/�fk/|
`PtQG method ql method = "kendall".� 5.23 [�O�L 9 LbOt3C$hEPY
dDH`B!`�-YY.,` 5.13 qO� Vz Kendall 0�PYVSPYbOt3C$Rd0��- 5.13: 9 h�!�RQwJwbOtL3[� 1 2 3 4 5 6 7 8 9*�B3O	 (X) 86 77 68 91 70 71 85 87 63��B3O	 (Y ) 88 76 64 96 65 80 81 72 60[�>�G#
�fk
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> X<-c(86, 77, 68, 91, 70, 71, 85, 87, 63)

> Y<-c(88, 76, 64, 96, 65, 80, 81, 72, 60)

> cor.test(X, Y, method = "kendall")

Kendall’s rank correlation tau

data: X and Y

T = 31, p-value = 0.005886

alternative hypothesis: true tau is not equal to 0

sample estimates:

tau

0.7222222

P− \=� 0.05, "("`�
|
I(e!hR0/�!
Fe0S/�!�
5.3.7 Wilcoxon  K`

1. h{5hÆ9�
#RK`e�fkO�\�Y\�"`�!mE�fX`!e�D
Jfk
�0dC��O�L�`!�= (r,�`!(B\!�=) b)�!F"
H|!e��>\mE�f!�u9
F`!(B\!i!�=�>%mE�f!'Æ���tYK�!VD

x4��O�e���?�Lq0(�p��!
Wilcoxon(
H/1`) e�ifk (Wilcoxon signed-rank test) !�a�
\�Ge�fkKXH�
5LMt��up5u1o<Æ-o�m2�_\��rm�GXd!`E
P |xi − M0|(Tm i = 1, 2, · · · , n) !�=!fkSK�5LM`1� (1) �r℄I0TV!� (2) �rBTm�G0Bj!�Lm
t|Æ |xi − M0| ��!`E
�(<�U4^
C+#`E!�U�z/
!i� Ri, �`E(B\�=K�|i� 1, �=K�|i� 2, · · · , · · ·, ��\�|i� n. 3� xi − M0 > 0 
Si�
 xi − M0 < 0 
mi��x'�HSi��
Jfk
L�0iU�fk�LpSK:*� Wilcoxon pz!
b|j
 Wilcoxon e�ifk�

Wilcoxon fkH�-o��~�_\4�rm�G M0 �80=
Fe5u1o<Æq-o\�D�
=D��5
Jfk"
���_\��rm�G!`E!(B\/#"
�p�I)i�D�s�P�
 |xi −M0| = |xj −M0| =
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|xk −M0|, :*
�|/
!i�
 4 � 5 � 6, TI)\
 5 (R �p|I)\1�/|\!i�
�~G#!i�)0 5). ��
�� xi − M0 = 0, �t xi	�_G#ms,���"�_\!G�
 n′, is`E
 0 !�_G#'
Tm2G
 n. �
R

(+)
i >,Si�
 W >,Si�!�
: Wilcoxon }XZ


W =

n∑

i=1

R
(+)
i . (5.26)�
 n ~RG 1, 2, · · · , n !��� n(n + 1)

2
X\
FSi���0|5pd (

0,
n(n + 1)

2

) $<4
���_\D
m�G
 M0 !�~�r!`�
M
�� Wilcoxon fk}XZ!r\t0i��!I)G
P µW =
n(n + 1)

4!��<4���p`�HlQ
: W !r\t8i��!Y�!G\.Æ�Lm
5u1!+|KKI
;0
Jfk\�
R �pm! wilcox.tets() �G0|� Wilcoxon e�ifk
TE2|+
�
wilcox.test(x, y = NULL,

alternative = c("two.sided", "less", "greater"),

mu = 0, paired = FALSE, exact = NULL, correct = TRUE,

conf.int = FALSE, conf.level = 0.95, ...)Tm x,y 0�_G#�l!G#8Z� alternative 009`�
��Vfk�IVfk� mu �fQG
�m�G M0. paired 0xL<Z
M�<Z x, y0b
lBG#� exact 0xL<Z
M�0b�wX\ P− \
�m2Z|="
�QGV��
�m2Z|�"
�pO�Sh℄IÆSX\ P− \�
correct 0xL<Z
M�0bB P− \!X\O�TVKMS� conf.int 0xL<Z
M�0b�z/
!fFpd�� 5.24 K?[;Æ�O�l�B}3[IC�;ÆXW3G�a� 140 Cu9F��-PYl�B}3;ÆRde�	
?3_%
-�?iB}3
y;ÆG�� 20 wo7\V
dL, 20 w;Æ3XWhE-xV
	

,) ((��Cu9F) �

137.0 140.0 138.3 139.0 144.3 139.1 141.7 137.3 133.5 138.2
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141.1 139.2 136.5 136.5 135.6 138.0 140.9 140.6 136.3 134.1Vz Wilcoxon e�DPY`!l�B}3;ÆRde�	_W�[��#q���(`��

H0 : +sm�G M ≥ 140 �:="�
H1 : +sm�G M < 140 �:="�>�G#
-� wilcox.test() �G


> X<-scan()

1: 137.0 140.0 138.3 139.0 144.3 139.1 141.7 137.3 133.5 138.2

11: 141.1 139.2 136.5 136.5 135.6 138.0 140.9 140.6 136.3 134.1

21:

Read 20 items

> wilcox.test(X, mu=140, alternative="less",

exact=FALSE, correct=FALSE, conf.int=TRUE)

Wilcoxon signed rank test

data: X

V = 34, p-value = 0.007034

alternative hypothesis: true mu is less than 140

95 percent confidence interval:

-Inf 139.2000

sample estimates:

(pseudo)median

138.2000LM V = 34 0 Wilcoxon }XZ
 P− \ 0.007034 < 0.05, "("`�
Pm�
H� 140 �:="�	/
!pd
Xq&��/
!�v�Æ���\� Wilcoxon e�ifkSKfku~m20bD
�~�r!$��|m
L~SKq0��lBm2!fk
	FM�Y~�r0b�5+|`��� 5.25 �-PY
I?3h�℄�Æ�Kz3℄.0WRd+P7}t-9�3}+
�
wk~GP!- 10 ��7
J�5`�*n`
	G';?
n`Kz?3h�℄.
3
n`KzÆ℄.�9��\��2xn`9�}+,` 5.14 qO� Vz Wilcoxon e�PYSPY?h�℄Rd.+P}t9�3
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Jw6E�R<
 (N*�Bl)� � 1 2 3 4 5 6 7 8 9 10?h�℄ 459 367 303 392 310 342 421 446 430 412Æ℄. 414 306 321 443 281 301 353 391 405 390}+
d�e�PYfW_ (α = 0.05).[��#q���(`��
H0 : Dk!Y!aZ�"Y℄!aZ/|

H1 : Dk!Y!aZx�"Y℄!aZ�>�G#
-� wilcox.test() �G


> x<-c(459, 367, 303, 392, 310, 342, 421, 446, 430, 412)

> y<-c(414, 306, 321, 443, 281, 301, 353, 391, 405, 390)

> wilcox.test(x, y, alternative = "greater", paired = TRUE)

Wilcoxon signed rank test

data: x and y

V = 47, p-value = 0.02441

alternative hypothesis: true mu is greater than 0

P− \ 0.02441 < 0.05, "("`�
PDk!Y&	+|px=}!aZ��(D�g
> wilcox.test(x-y, alternative = "greater")$�/|!?���e�fkX\
> binom.test(sum(x>y), length(x), alternative = "greater")

Exact binomial test

data: sum(x > y) and length(x)

number of successes = 8, number of trials = 10, p-value = 0.05469

alternative hypothesis: true probability of success is greater than 0.5

95 percent confidence interval:

0.4930987 1.0000000

sample estimates:
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probability of success

0.8

P− \ 0.05469 > 0.05, �K"("`�����>�
5 α = 0.05 !KI(
�b�G#Ff
e�fk8H�|p℄YpY℄Bpx=}!aZa�`��4|Y~X\��
0|J,
 Wilcoxon e�fk4e�fk5kY`�KS���?�
2. t?h
#R I$K``1Y~WlBm2!�_\
 X1, X2, · · · , Xn1 � Y1, Y2, · · · , Yn2, Tm2�Z℄?
 n1 � n2. ,pfkY~^Gm2D
Y~�r!m�G0b/#

(��m�G/#
:|
Y~�r�`�).tm2!�_\45uV
X1 , X2, · · · , Xn1 , Y1, Y2, · · · , Yn2,~� r1, r2, · · · , rn1
� X1, X2, · · · , Xn1 a�!i}XZ
R1 , R2, · · · , Rn2 
� Y1, Y2, · · · , Yn2 a�!i}XZ
: Wilcoxon-Mann-Whitney }XZ1�

U = n1n2 +

n2(n2 + 1)

2
−

n2∑

i=1

Ri. (5.27)JS�u�r! Wilcoxon e�fkum
0|{�}XZ U 
Jfk
pfkj
 Wilcoxon i�fk�
R �pm
~x0� wilcox.test() �l Wilcoxon i�fk�� 5.26 gx2 10 VZ�f`{&� 7 V�f`{&3R�:
,` 5.15 qO� Vz Wilcoxon D�PY`!*
{&R�:~�|q�- 5.15: 	;�URZA� (N*� 10−6mmol/L)Z�f`
 24 26 29 34 43 58 63 72 87 101�f`
 82 87 97 121 164 208 213[��#q���(`��
H0 : Y��z[Z�`�
 H1 : Z�s�[Zx�WZ�s��>�G#
-� wilcox.test() �G


> x<-c(24, 26, 29, 34, 43, 58, 63, 72, 87, 101)

> y<-c(82, 87, 97, 121, 164, 208, 213)
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#### lo/�(&2
> wilcox.test(x,y,alternative="less",exact=FALSE,correct=FALSE)

Wilcoxon rank sum test

data: x and y

W = 4.5, p-value = 0.001449

alternative hypothesis: true mu is less than 0

#### o/�(&2
> wilcox.test(x, y, alternative="less", exact=FALSE)

Wilcoxon rank sum test with continuity correction

data: x and y

W = 4.5, p-value = 0.001698

alternative hypothesis: true mu is less than 0

W = 4.5 0 Wilcoxon-Mann-Whitney }XZ�5ÆDX\m
�vO�TVMS
p80HO�TVMS
T P− \)=� 0.05, ��"("`�
PZ�s��z[Z\x�WZ�s�!�z�� 5.27 �--d?3aQ^QVS3;
RdWÆ�VS3;
~q}t
�
�0,3 10 VQBGo77xP 5 VaY?VS�ÆVS3^QVY��`�
JFO�
|SH�ÆxIVN (,�V}�5) L 10 VQB3aQ
$�j^��� (�}4�T
K?SHLxwQB^�℄

dk61), dD	aQ
$|1/�nM


,` 5.16 qO� L α = 0.05, PY?VSRdW- 5.16: We�W*�0UZ� (1)?VS 3 5 7 9 10ÆVS 1 2 4 6 8ÆVS+P7}t-^Q;
�0nM

,` 5.17 qO
 ���,��- 5.17: We�W*�0UZ� (2)?VS 4 6 7 9 10ÆVS 1 2 3 5 8
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 Wilcoxon i�fk2j`P4zm2!i�
Feq�m!G#2��0u~4U
��0Z�(��
> x<-c(3, 5, 7, 9, 10); y<-c(1, 2, 4, 6, 8)

> wilcox.test(x, y, alternative="greater")

Wilcoxon rank sum test

data: x and y

W = 19, p-value = 0.1111

alternative hypothesis: true mu is greater than 0

P− \ = 0.1111 > 0.05, �K"("`�
P|
D!{Z?�CH+|��"SK�B�'Ipj?

> X<-c(4, 6, 7, 9, 10); Y<-c(1, 2, 3, 5, 8)

> wilcox.test(X, Y, alternative="greater")

Wilcoxon rank sum test

data: X and Y

W = 21, p-value = 0.04762

alternative hypothesis: true mu is greater than 0

P− \ = 0.04762 < 0.05, "("`�
P|
D!{Z?�+|��"SK�� 5.28 [d�z[I℄�F,*CDF5��W)+� 216 !
,;|` 5.18qO� V`!l℄�L*CDF5��W3F,Rd0��- 5.18: '%d0"�	O�R���_�FZ�,; ÆB +; hm �;(�C 62 41 14 11�$C 20 37 16 15[���29�Bz![?� 4 ~H|!\>, (1 >,��
4 >,�`),Lm�0|
L 216 �Bz4U
��
0� Wilcoxon i�fkD℄��q�
> x<-rep(1:4, c(62, 41, 14,11)); y<-rep(1:4, c(20, 37, 16, 15))

> wilcox.test(x, y, exact=FALSE)
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Wilcoxon rank sum test with continuity correction

data: x and y

W = 3994, p-value = 0.0001242

alternative hypothesis: true mu is not equal to 0

P− \ = 0.0001242 < 0.05, "("`�
P|
pn�BYH�KUX�h!k[0H/|!��
G#��)�5
��K�wX\ P− \
TQG

exact=FALSE.2���\u�qp!WQGfkSK
 R �p8p�\f�u�WQGfkSK
LM�Huu^ \��
E�\{�!SK
3Z$T
SK�H�"\
(�"0{�5.'}\�TE2!(�SK�4�/
5.1 2�`[R9LCa~:� 225 × 109/L, gx2 20 V`F}�f`{&3R9LCa: ((�� 109/L)

220 188 162 230 145 160 238 188 247 113

126 245 164 231 256 183 190 158 224 175�}�{&3R9LCa�2��g`[~�|q�
5.2 h6[I4tXWf�2v`l
�[B�qB}3l4tGo7�� 10=
x2	XW ((��9F) �

1067 919 1196 785 1126 936 918 1156 920 948�,wB�B}�34t
Kz 1000 9Fj:3n:�
5.3 �Vr[�BF,�tHF,v[F!�F�R3;

Y 16 V)+Dg2��J�
��
�0i3Æ"w� 8 L
`aKztH,S�j��BF,3VS
 3 w��x2*I)+R�+G,` 5.19 qO
�*IVSF,�3- 5.19: �A$rj	%ro"�)/
Z(O�� (g/L)�BF,
 113 120 138 120 100 118 138 123tHF,
 138 116 125 136 110 132 130 110
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5.4 �Vr�}h�?℄��fz[a;

[d�z 40 V II Czh

&hE��o7L*IY�VY+Y,<
&o75`/VY
 (��fz[a
)�L*
 (Iy�[a
), `ax2VY�M�� 8 K�
iRz
n2
iRz)Z:
,` 5.20 qO� 
d(��}h�?℄��fz[a�Iy�[a- 5.20: w`;{h�;o�FZ�6S� (mmol/L)VY
 -0.70 -5.60 2.00 2.80 0.70 3.50 4.00 5.80 7.10 -0.50

(n1 = 20) 2.50 -1.60 1.70 3.00 0.40 4.50 4.60 2.50 6.00 -1.40L*
 3.70 6.50 5.00 5.20 0.80 0.20 0.60 3.40 6.60 -1.10

(n2 = 20) 6.00 3.80 2.00 1.60 2.00 2.20 1.20 3.10 1.70 -2.00L
iRz3Zz;
k��
(1) PYVY
�L*
33axRd�\2v`l
qz2vF W PYVS (T83%) � Kolmogorov-Smirnov PYVS� Pearson d�{G χ2 PY�
(2) z t− PY*
ax~:Rd~|q
`azV|0�XC�V|k�XC��L t− PYXC�
(3) PYVY
�L*
3V|Rd0��

5.5 �Vr[I?℄L�iRI1$3w2
o7Cn?℄

& 12 !
L*

& 10 !
`ax?	�iRI1$ ((�� mm3), 	

,)�?℄
� 126 125 136 128 123 138 142 116 110 108 115 140L*
� 162 172 177 170 175 152 157 159 160 162V`!?℄
�L*

&3�iRI1$~�|a (α = 0.05).

(1) PY*
axRdf�2v`l�
(2) PY*
\VV|Rd0��
(3) P!d�S3PYVSPY?℄
�L*

&3�iRI1$~�|a�

5.6 
3=z+O[�T�g&�WJ� 14.7%. lT�gVr=.�-PY
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o7�P- 400 VuT
R-	G~ 57 &R�g&��=z

Rd5
lT�g&�WJ� 14.7% 3�S (α = 0.05).

5.7 fFaÆBVY
o[I���
�R�9 328 =
	G}� 150 =
\� 178 =
V�,I��
d#I\�3W!� (FaWu� 1 : 1).

5.8 Mendel z�B3*L0LFUhE�\IY
+5� I[�;5MpI3�B�\�
8Q%zx\|
�
9
�=`�W�+� : +M : ;� : ;M =
9

16
:

3

16
:

3

16
:

1

16IFIY:��+� 15 #
+M 101 #
;� 108 #
;M 32 #
� 556 #
��

Rde�\|
�
9�
5.9 �{J`Hh-[9<3&a X, '� 200 `H
q2ax,)��&a 0 1 2 3 4 5~a 92 68 28 11 1 0V`!

d(�J`H��a X f� Poisson `l (α = 0.1).

5.10 �{2*\V:,)
I 2.36 3.14 7.52 3.48 2.76 5.43 6.54 7.41

II 4.38 4.25 6.53 3.28 7.21 6.55V`!
*\VRd�\�
_� (α = 0.05).

5.11 �Vr`QÆ�GKztO;[NxgL�i}:~�w2
L 5824 !`Q3o}khE,�F=z


,` 5.21 qO
VhE`!�- 5.21: 5824 �`<�0�R^9Z�tO;[Nxg�i} Kz �Kz �CR 358 229 587d 2492 2745 5237�C 2850 2974 5824
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5.12 �tG
g�`BG�� 300 V�{	*w^F� B R 1500 M�s


C RJ��~I(FO
2/ 4 × 3 /%`
,` 5.22 qO� VL α = 0.05,- 5.22: 300 "�#We�~f�Rk:Z�
1500 M I(FO�sE8 2 9Fj: 1 ∼ 2 9F 1 9Fj) �C

5′′01′ ∼ 5′′30′ 45 12 10 67

5′′31′ ∼ 6′′00′ 46 20 28 94

6′′01′ ∼ 6′′30′ 28 23 30 81

6′′31′ ∼ 7′′00′ 11 12 35 58�C 130 67 103 300PY B � C RdE"�
5.13 �W_*I{kL}�3E+Rd~w2
L	}�hE�\Pz
	

,` 5.23 qO� VhE`!�- 5.23: 	%�m6<7!
RB9Z��u k�u �C{k
 3 4 7{kQ 6 4 10�C 9 8 17

5.14 uz�lS�LWSPx 147 !��
)+��Wp��3e���
	

,` 5.24 qO� V`!,*IVSx?

Rd0��
5.15 �[[�xG
zxÆ�oY
�3�G3G�a� 14.6cm, -L�xG�3�GhE
��x
o77��xG�� 10 ���G,)�

13.32 13.06 14.02 11.86 13.58 13.77 13.51 14.42 14.44 15.43YsLf�
w\VhEPY�V`!
l�xG�3�GR�G�a7:
(R�G�a7)�
(1) ze�PY`!�



%~� 297- 5.24: 	oK9v&x��aR}'Jw� l SLWS 2� R1 q� �C2� 58 2 3 63R1 1 42 7 50q� 8 9 17 34�C 67 53 27 147

(2) z Wilcoxon e�DPY�
5.16 z*Ik�3x?VS
x?�
IGu℄3~;�`
�Jh 20 �
2/IY

,` 5.25 qO�- 5.25: 	%0�R7_roQPRZ�VS 48.0 33.0 37.5 48.0 42.5 40.0 42.0 36.0 11.3 22.0

A 36.0 27.3 14.2 32.1 52.0 38.0 17.3 20.0 21.0 46.1VS 37.0 41.0 23.4 17.0 31.5 40.0 31.0 36.0 5.7 11.5

B 21.0 6.1 26.5 21.3 44.5 28.0 22.6 20.0 11.0 22.3

(1) Vze�PYSPY*x?~�+P|q�
(2) Vz Wilcoxon e�DPYSPY*x?~�+P|q�
(3) Vz Wilcoxon D�PYSPY*x?~�+P|q�
(4) Laxf2vF�V|
FPY
laxRdf t− PY
,


�f t− PY�
(5) `!xI3PYVS
VeU℄IPYS;
d��

5.17 =z["QQBJKQ%FO�2`3�~5�7O3�'
-�z 10wQB3Y.,`)�Q%FO 24 17 20 41 52 23 46 18 15 29Q%5� 8 1 4 7 9 5 10 3 2 6
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1 `Od|�VzD0�PY (Spearman PY� KendallPY) `!Q%5��Q%�:~��'�
5.18 �W_
I?,SL[I>
3F,;

Y 40V)+o77`�*

J
 20 &


qz?,S
3

zÆ_W,S�oÆ
JFO3F,�
LJw)+3,;fZ(3��
d"`�|�_|�
K�_����w5��*
G��k�5�3)+&a,` 5.26 qO� V`!
|�


d(�?- 5.26: 0�ro"�)RZ�5� | _| 
K _� �?,S
 0 1 9 7 3Æ,S
 2 2 11 4 1VS3,;+P7{�Æ,S (α = 0.05).


