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6.1.1 ~Y(L[3l����(℄NAXH Y � X �,?�'�C���� 6.1 S55�u�"�!v$4< Y (kg/mm2) \!v$0�J X(%) U��UMMt+q℄$�o��kx$�LM8��� (xi, yi), i = 1, 2, · · · , n, �9��e_ 6.1. 6 6.1: 7bfHu�7b$�0�~n6�� 0�J X 4< Y �� 0�J X 4< Y

1 0.10 42.0 7 0.16 49.0

2 0.11 43.5 8 0.17 53.0

3 0.12 45.0 9 0.18 50.0

4 0.13 45.5 10 0.20 55.0

5 0.14 45.0 11 0.21 55.0

6 0.15 47.5 12 0.23 60.0y!℄(���oXlD�V6e��t X yF�A� Y y��A�Ol#ZR (xi, yi) y X − Y �A4o,l�6� i = 1, 2, · · · , n, Ne 6.1 ���
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e 6.1: #Z,V6e�rB℄*



6.1 l#*Hd- 29961�o�ÆV6e_Y&�n �6q16lW℄*|C�ÆVotHy Y� X ,'�q1_	*H,�VM:6�℄*,	�	��Bl)J�?~4,�09p,�y�ot�N�Æ?�
Y = β0 + β1X + ε, (6.1)�o� β0 + β1X C� Y : X ,>[V*H>[,Mk� ε 	:r�_�B	�Al)J�?~4�0,����`Jo(Y�[eÆ? ε ∼ N(0, σ2); m9# f(X) = β0 + β1X yl#*Hd-9#� β0 yd-e#� β1 yd-�#�_md-R#�m X yd-
>�
md-~���m Y yd-~>�
m0�>���R (x1, y1), (x2, y2), . . . (xn, yn) 	 (X, Y ) ,l�(Y`�;l#*Hd-aE (the simple linear regression) oC�y

yi = β0 + β1xi + εi i = 1, 2, . . . n, (6.2)�o E(εi) = 0, var(εi) = σ2, i = 1, 2, . . . n.

6.1.2 >+?~f%L5{|YR# β0, β1 ,!� β̂0, β̂1 ,lr℄(/[	h5e 6.1 o,6
(xi, yi) �℄*_,6 (xi, ŷi) ,	�,7,<�M� ŷi = β̂0 + β̂1xi, myd-`mrB`�/

Q(β0, β1) =

n∑

i=1

(yi − β0 − β1xi)
2, (6.3); β0, β1 ,�7Xs!�	b~

Q(β̂0, β̂1) = min
β0,β1

Q(β0, β1)p��I�8o*̂
β1 =

n∑
i=1

(xi − x̄)(yi − ȳ)

n∑
i=1

(xi − x̄)2

=
Sxy

Sxx
, β̂0 = y − β̂1x̄, (6.4)
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x̄ =

1

n

n∑

i=1

xi, Sxx =
n∑

i=1

(xi − x̄)2,

ȳ =
1

n

n∑

i=1

yi, Sxy =

n∑

i=1

(xi − x̄)(yi − ȳ).m β̂0, β̂1 kDy β0 � β1 ,�7Xs!��m
t
Ŷ = β̂0 + β̂1X,yl#d-
ty
mmIdd-
t��[e9

σ̂2 =

n∑
i=1

(
yi − β̂0 − β̂1xi

)2

n − 2
(6.5)yR# σ2 ,!���
imy σ2 ,�7Xs!���otW℄ σ̂2 	 σ2 ,�	!��| Eσ̂2 = σ2.'� β0 � β1 !�,
_y

Var(β0) = σ2

(
1

n
+

x̄2

Sxx

)
, Var(β1) =

σ2

Sxx
. (6.6)N2 σ2 |Y�;� σ̂ Ra σ, *&

sd(β̂0) = σ̂

√
1

n
+

x̄2

Sxx
, sd(β̂1) =

σ̂√
Sxx

. (6.7)m sd(β̂0), sd(β̂1) kDy β0 � β1 ,A�_�
6.1.3 >+�Nf9-PSbÆd-R#,!��� (6.4) oY�6�83toFJl?hY' Y � X	p�*H+','���N2J�6Mr'��iL5*,d}
t;�wz�~��LhRd-
tBG�d�Æ_�_(� β1 	 E(Y ) : X *H>[,>[=�R β1 = 0, ; E(Y ) |�_FJ: X �*H>[�A! β1 6= 0 y�
E(Y ) O: X �*H>[�iA6Myl#*Hd-
tO�wz�~�Æh�dy�

H0 : β1 = 0, H1 : β1 6= 0.
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[�
(1) t �d[�! H0 p�y�_��

T =
β̂1

sd(β̂1)
=

β̂1

√
Sxx

σ̂
∼ t(n − 2), (6.8)R��?,%|H%� α, �d,X`�y

|T | ≥ tα/2(n − 2).

(2) F �d[�! H0 p�y�_��
F =

β̂2
1Sxx

σ̂2
∼ F (1, n − 2), (6.9)R��?,%|H%� α, �d,X`�y

F ≥ Fα(1, n − 2).

(3) +'�#�d[�� R =
Sxy√
SxxSyy

, m R yf1+'�#�R��?,%|H%� α, \+'�#'9`Co* rα(n − 2), ;�d,X`�y
|R| > rα(n − 2). (6.10)!X` H0 y�Hy*Hd-
t	%|,�6 R Q o��*HaE�',9#�� lm() �summary() �anova() �

predict() .��Q �����<
�~�
[��M4�{.�,<
�� 6.2 :B 6.1 $;�O��dC|K$O�J_,�`��� R Q o, lm() otge
<5{d-R# β̂0, β̂1 ��+�,�d�+�, R Q �83tN��
> x<-c(0.10, 0.11, 0.12, 0.13, 0.14, 0.15,

0.16, 0.17, 0.18, 0.20, 0.21, 0.23)

> y<-c(42.0, 43.5, 45.0, 45.5, 45.0, 47.5,

49.0, 53.0, 50.0, 55.0, 55.0, 60.0)
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> lm.sol<-lm(y ~ 1+x)

> summary(lm.sol)

Call:

lm(formula = y ~ 1 + x)

Residuals:

Min 1Q Median 3Q Max

-2.0431 -0.7056 0.1694 0.6633 2.2653

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 28.493 1.580 18.04 5.88e-09 ***

x 130.835 9.683 13.51 9.50e-08 ***

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 1.319 on 10 degrees of freedom

Multiple R-Squared: 0.9481, Adjusted R-squared: 0.9429

F-statistic: 182.6 on 1 and 10 DF, p-value: 9.505e-086_�V�o�4lG	�O
>� x, 4XG	�O~>� y, 4UG9#
lm() C��*HaE��aE�� y ~ 1+x C�,	 y = β0 + β1x + ε, 4+G9# summary() O9aE,�872�6�872,4lMk (call) #{!+�,d-aE,���4XMk
(Residuals:) #{,	T_,�7`6� 1/4 k~6�o~#6� 3/ k 4 ~6���`6�6�872,4UMk (Coefficients:) o� Estimate C�d-
tR#,!��| β̂0, β̂1. Std. Error 1 C�d-R#,A�_�| sd(β̂0), sd(β̂1).

t value y t `�|
T0 =

β̂0

sd(β̂0)
=

β̂0

σ̂
√

1
n

+ x̄2

Sxx

, T1 =
β̂1

sd(β̂1)
=

β̂1

√
Sxx

σ̂
.

1L� Std. Error B�+���^ÆI����Æ�\
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Pr(>|t|) C� P– `�|�=` P{t > |T |}. `�%|HA���o *** (℄wy%|�** (℄
K%|� * (℄%|� · (℄JD%|�N��=yJ%|�6�872,4+Mko�Residual standard errorC�T_,A�_�|� (6.5) o, σ̂, �
�Ky n−2. Multiple R-Squared y+'�#,�
�|
R2 =

S2
xy

SxxSyy
.

F-statistic C� F _���|
F =

β̂2
1Sxx

σ̂2
,�
�Ky (1, n − 2). p-value y P– `�|�=` P{f > |F |}.Æ�872otg{d-
t[3!d-R#,�d�d-
t,�d�~�*&,d-
t

Ŷ = 28.493 + 130.835X.

6.1.4 ?~ β0 � β1 fLR%L6*& β0 � β1 ,!� β̂0 � β̂1 M��y`LhBQ,7�!��� β0 �
β1 ,_�HloY�

Ti =
β̂i − βi

sd(β̂i)
∼ t(n − 2), i = 0, 1, (6.11)R�?,hB%� 1 − α, ;�

P

{∣∣∣∣∣
β̂i − βi

sd(β̂i)

∣∣∣∣∣ ≤ tα/2(n−2)

}
= α, i = 0, 1. (6.12)~�� βi (i = 0, 1) ,7�!�y

[
β̂i − sd(β̂i) tα/2(n − 2), β̂i + sd(β̂i) tα/2(n − 2)

]
. (6.13)�w&�6 R tOo�*Hd-aE9# lm() � summary() y�QO�!�Lh,`�NR#,!�`�+�,A�_�~��otELv2�8{�

(6.13) �{,7�!�`�:>+�,�8tO (tO_� beta.int.R), FÆh>� fm 	+�,rBaE�



304 43C d-k�
beta.int<-function(fm,alpha=0.05){

A<-summary(fm)$coefficients

df<-fm$df.residual

left<-A[,1]-A[,2]*qt(1-alpha/2, df)

right<-A[,1]+A[,2]*qt(1-alpha/2, df)

rowname<-dimnames(A)[[1]]

colname<-c("Estimate", "Left", "Right")

matrix(c(A[,1], left, right), ncol=3,

dimnames = list(rowname, colname ))

}6tOo�summary 	O9aEB��̂ d`yl#C��o $coefficients	�d-�#�A�_� t `� P– `�p,US�R fm 	� lm �8*&d-aE��o $df.residual yaE,
�K� left � right 	�� (6.13) �87�,��L6�9#,^d`	lUS��#4� β ,!�`�+�,7�!���Xgl����� 6.3 :B 6.2 $n� β0 � β1 $;℄�R (α = 0.05).`� 6�8d-aEM (lm.sol), ;�
:9# beta.int.R, Sot*&+�,7�!��
> source("beta.int.R")

> beta.int(lm.sol)

Estimate Left Right

(Intercept) 28.49282 24.97279 32.01285

x 130.83483 109.25892 152.41074�o Left 	!�,�7�L6� Right 	!�,�7�L6�ÆM���otg{��QJ�ot�� R 9#BG�8�`ot[3 R9#,^d`4�8�*&�Q�Lh=MB��
6.1.5 �B!I3�d�d-
t	�wzy�o�B�!Y�M�(,!Yot��
X,wz�l	!�? X = x0 y�5+��a` E(y0) ,6!���hB%



6.1 l#*Hd- 305�y 1 − α ,7�!��X	R�? X = x0 5 y0 = β̂0 + β̂1x0 ,!Y`{B,�=y 1 − α ,!Y7��R� X = x0, Y = y0 ,hBKy 1 − α ,!Y7�y
[ŷ0 − l, ŷ0 + l], (6.14)�o

l = tα/2(n − 2)σ̂

√

1 +
1

n
+

(x̄ − x0)2

Sxx
. (6.15)|

P {ŷ0 − l < y0 < ŷ0 + l} = 1 − α.6|��Po�!f1L� n E�y�R�6 x̄ |C, x0, ot*&�[,!Y7���y (6.15) �o,��C,.� 1. * tα/2(n − 2) ≈ Zα/2, �	 y0,hBKy 1 − α ,!Y7�C,2.�
[ŷ0 − σ̂Zα/2, ŷ0 + σ̂Zα/2]. (6.16)� 6.4 :B 6.1 $ X = x0 = 0.16 r|K Y $faU 0.95 $as;℄�`��� R Q o, predict() otge
<5{!Y`�!Y7���X	 R Q ,�83t�

> new <- data.frame(x = 0.16)

> lm.pred<-predict(lm.sol, new, interval="prediction", level=0.95)

> lm.pred

fit lwr upr

[1,] 49.42639 46.36621 52.486574lGC��O?,6 x0 = 0.16, �w�|~Sl�6�ihQ�#Z|7��4XG,9# predict() �{+�,!Y`�R# interval="prediction" C�℄yh�{+�,!Y7��R# level=0.95 C�+�,�=y 0.95. M�R#iotJ>�~yB,q>`S	 0.95.��872*&!Y`�+�,!Y7�
Ŷ (0.16) = 49.43, [46.37, 52.49].
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6.1.6 z�d-
t`o��vi�hdl�bA Y �dl
>� X ��*H+''��*q5*!*Hd-
t Ŷ = β̂0 + β̂1X. �m�! Y ∈ (yl, yu) yl�BÆ�iL X �vi6zL_upOqt�= 1 − α 'Wl�BÆ�M<	l�vi�P��o yl, yu 	drA��{,?`�viotgp!Y,℄�P�|h5(℄` Y 6dl7� (yl, yu) p9`y���% X vi6zL_up��� (6.16), �9J.�





ŷ − σ̂Zα/2 = β̂0 + β̂1x − σ̂Zα/2 ≥ yl

ŷ + σ̂Zα/2 = β̂0 + β̂1x + σ̂Zα/2 ≤ yu

(6.17)�J.� (6.17) *& x ,9`_u�yvi X ,_�)�y!'W*&,vi_u�wz� yu � yl E� yu − yl ≥ 2σ̂Zα/2.

6.1.7 L�n�M�� Forbes #Zy��=X?�l#d-aE,�83t�� 6.5 Forbes ~nuq�{V��aqÆ���s5d>!X James D. Forbes, �HA��$Y)3�R�Go<�*�"A�.(Rs#$�.("PW# �Go<�o<lo�.(l&�u�?4d$t,$�*+�M.(�Y)�℄$�o�SWu�r�q��t$.(R|�1���H+M*+�Æ℄8$�>�sJY)kw℄��7|8u. �Ro<$OL�
Forbes u=IR�^M�s5�L��� 3')(�*7+<-�sJ.(MY)�.(�YlP�F0o<�dx�sJr*T.Z\^;.Z�℄$wD�;.(�Y)P.�Z<_z�_q�* 1857 Æ$d\$ =M n = 17u'O$���e_ 6.2 )z� u+�����r�UTh"
H+�>$℄8�.(MY)~O Eo$��'�o~4~U�_q
_x�Z<as.(�O�
�U��O �
1/N�
Forbes ,
�Hy�6(Y`_up�i6��Z`,R#pl℄*����9 10 �yR#,1#��|_�_�k��R#,1	N�'�,����



6.1 l#*Hd- 3076 6.2: �%�0�^I��~f 17 �i��l (oF ) IYE^ (sW".) f
Forbes ~nCB� Y)

(oF )

.(
(J��0)

log

(.()

100 × log

(.()

1 194.5 20.79 1.3179 131.79

2 194.3 20.79 1.3179 131.79

3 197.9 22.40 1.3502 135.02

4 198.4 22.67 1.3555 135.55

5 199.4 23.15 1.3646 136.46

6 199.9 23.35 1.3683 136.83

7 200.9 23.89 1.3782 137.82

8 201.1 23.99 1.3800 138.00

9 201.4 24.02 1.3806 138.06

10 201.3 24.01 1.3805 138.05

11 203.6 25.14 1.4004 140.04

12 204.6 26.57 1.4244 142.44

13 209.5 28.49 1.4547 145.47

14 208.6 27.76 1.4434 144.34

15 210.7 29.04 1.4630 146.30

16 211.9 29.88 1.4754 147.54

17 212.2 30.06 1.4780 147.80($C���℄1f��G��U 1.318, V��,y 1.478, ~�%���Z,R#`st 100, NC 6.2 o4 5 #���M%J�>k�,{hHl,℄y�8V^Pge7,#Æ�K`/N�	�BGd-k�,l��9fN	�Xl�>�R.l>�,V6e�B�q��O�dr'��iq��(℄Mr'�oq	J
!,�6V6eo� X wy
>��M�	 Forbes #Zo,i6� Y wy0�>��M�y
100 × log(�Z).
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X <- matrix(c(

194.5, 20.79, 1.3179, 131.79,

194.3, 20.79, 1.3179, 131.79,

197.9, 22.40, 1.3502, 135.02,

198.4, 22.67, 1.3555, 135.55,

199.4, 23.15, 1.3646, 136.46,

199.9, 23.35, 1.3683, 136.83,

200.9, 23.89, 1.3782, 137.82,

201.1, 23.99, 1.3800, 138.00,

201.4, 24.02, 1.3806, 138.06,

201.3, 24.01, 1.3805, 138.05,

203.6, 25.14, 1.4004, 140.04,

204.6, 26.57, 1.4244, 142.44,

209.5, 28.49, 1.4547, 145.47,

208.6, 27.76, 1.4434, 144.34,

210.7, 29.04, 1.4630, 146.30,

211.9, 29.88, 1.4754, 147.54,

212.2, 30.06, 1.4780, 147.80),

ncol=4, byrow=T,

dimnames = list(1:17, c("F", "h", "log", "log100")))

forbes<-as.data.frame(X)

plot(forbes$F, forbes$log100)

Forbes #Z,V6e,�,�4	�M:6q1_��FJH�2�B6lW℄*_��d-k��
> lm.sol <- lm(log100 ~ F, data=forbes)

> summary(lm.sol)*&
Call:

lm(formula = log100 ~ F, data = forbes)
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Residuals:

Min 1Q Median 3Q Max

-0.32261 -0.14530 -0.06750 0.02111 1.35924

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -42.13087 3.33895 -12.62 2.17e-09 ***

F 0.89546 0.01645 54.45 < 2e-16 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.3789 on 15 degrees of freedom

Multiple R-Squared: 0.995, Adjusted R-squared: 0.9946

F-statistic: 2965 on 1 and 15 DF, p-value: < 2.2e-16��872*&�
β̂0 = −42.13087, β̂1 = 0.89546, sd(β̂0) = 3.33895, sd(β̂1) = 0.01645.R�����#, P– `a < 2.17 × 10−9, 	ge%|,�'�
t,�d�T_,A�_�σ̂ = 0.3789. +'�#,�
�R2 = 0.995,'� F– kK, P– ` < 2.2 × 10−16, i	ge%|,��aEq3 t �d� F �d�~��d!
ty

ŷ = −42.13087 + 0.89546x.�Q%*&,℄*
tX6V6e_�
> abline(lm.sol)*&V6e�+�,d-℄*�Ne 6.2 ����Xk�T_�m

êi = yi − ŷi = yi − β̂0 − β̂1xi, i = 1, 2, · · · , nyd-
t,T_�
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195 200 205 210

13
5

14
0

14
5

forbes$F

fo
rb

es
$l

og
10

0

e 6.2: Forbes #Z,V6e�d-℄*6 R Q o�9# residuals() �8d-
t,T_��8T_�FX{'�T_,V6e�Ne 6.3 ���
> y.res<-residuals(lm.sol);plot(y.res)

> text(12,y.res[12], labels=12,adj=1.2)�o text(12,y.res[12], labels=12,adj=1.2) 	%4 12 =T_6A{�Æe 6.3otg&�4 12�f16oqg��P�B3�A,f16,T_�*T�~y�A6,T_,`R`F7� 0.35, V�6T_,`R`+y 1.3,~��M�6oqJV��mKaE,_ÆhJV��mK	 σ2 J	e#�..��[�LhRM��PBGk� (6MX,d-QOog.�<
k�,
[). M����,�
�6#Zo�;:4 12 =f16�
> i<-1:17; forbes12<-as.data.frame(X[i!=12, ])

> lm12<-lm(log100~F, data=forbes12)

> summary(lm12)

Call:
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5 10 15

0.
0

0.
5

1.
0

Index

y.
re

s

12

e 6.3: Forbes #ZT_,V6e
lm(formula = log100 ~ F, data = forbes12)

Residuals:

Min 1Q Median 3Q Max

-0.21175 -0.06194 0.01590 0.09077 0.13042

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -41.30180 1.00038 -41.29 5.01e-16 ***

F 0.89096 0.00493 180.73 < 2e-16 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.1133 on 14 degrees of freedom

Multiple R-Squared: 0.9996, Adjusted R-squared: 0.9995

F-statistic: 3.266e+04 on 1 and 14 DF, p-value: < 2.2e-16



312 43C d-k�6;:4 12 =f1M�d-
t,�#N�D�,>[���#,A�_�T_,A�_�E�,>[��a!+ 3 -���+'�# R2 i�O
�
6.2 R XX%�?Q)M{'g2�_X(!l#d-
t,
[�6<
T#d-
t[#� ��,<
 RQ o��*HaE�',9#�M:9#,�Mk6#XqI�&3�6MX,T#*Hd-o�iIeg�&�

6.2.1 D11~
��T#*HaE,q19#	 lm(), �;�F�	
fitted.model <- lm(formula, data = data.frame)�o formula yaE��� data.frame y#Z|�^d`y*HaE72,R4�f6 fitted.model o��N
fm2 <- lm(y ~ x1 + x2, data = production)
�� y '� x1 � x2 ,T#d-aE
�7	3\1���l ,F�y
lm(formula, data, subset, weights, na.action,

method = "qr", model = TRUE, x = FALSE,

y = FALSE, qr = TRUE, singular.ok = TRUE,

contrasts = NULL, offset, ...)�o formula yaE��� data y#Z|� subset yoR:3��C�(℄`,�z� weights yoR:3��#ZrB,<s����6*%}�
6.2.2 �M(LK3f�w1~

lm() 9#,^d`myrB72,R4�1l_	l�[���H` lm ,#C�� model �coeffcients �residuals .p%� lm() ,72ge���y!l*�T,B��ot~�R lm() �R4�K�V�,[�9#�M:9#&�
add1 coef effects kappa predict residuals
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alias deviance family labels print step

anova drop1 formula plot proj summary�X��2<
9#,~�
[�
(1) anova() 9#� anova() 9#,~�Æ�y

anova(object,...)�o object 	� lm m glm *&,R4��^d`	aE,
_k�C�
(2) coefficients() 9# (�>F�y coef()). coefficients() 9# (m

coef() 9#) ,~�Æ�y
coefficients(object, ...)

coef(object, ...)�o object 	�aE�p,R4��^d`	aE,�#�
(3) deviance() 9#� deviance() 9#,~�Æ�y

deviance(object, ...)�o object 	�aE�p,R4��^d`	aE,T_�
��
(4) formula() 9#� formula() 9#,~�Æ�y

formula(object, ...)�o object 	�aE�p,R4��^d`	aE���
(5) plot() 9#� plot() 9#,~�Æ�y

plot(object, ...)�o object 	� lm �p,R4�hiaEQO,~reF�%�T_�rB`�l:QO1��
(6) predict() 9#� predict() 9#,~�Æ�y

predict(object, newdata=data.frame)�o object 	� lm �p,R4� newdata 	!Y6,#Z�B�#Z|F��O��^d`	!Y`�!Y7��
(7) print() 9#� print() 9#,~�Æ�y

print(object, ...)�o object 	�aE�p,R4��^d`	%�aErB,72�l J�
print() V℄0��OR4,_m�%��

(8) residuals() 9#� residuals() 9#,~�Æ�y
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residuals(object,

type = c("working", "response", "deviance",

"pearson", "partial"),�o object 	� lm m aov �p,R4� type 	^d`,�E��^d`	aE,T_���,`/F�y resid(object).

(9) step() 9#� step() 9#,~�Æ�y
step(object, ...)�o object 	� lm m glm �p,R4��^d`	zLd-��Z AIC

(Akaike’s An Information Criterion) ,�7`R:aE�
(10) summary() 9#� summary() 9#,~�Æ�y
summary(object, ...)�o object 	� lm �p,R4��^d`	%�.y.�,aErB72�

6.3 }�?Q?,Æ26NT|��Po�0~>� Y ,
>�qqJ
l��[ehy p �����y�[:}�eF,%}��?aE��tAI�lr������?,aE — T#*Hd-aE�
6.3.1 ~Y(Lh>� Y �>� X1, X2, · · ·, Xp ��*H'�

Y = β0 + β1X1 + · · ·+ βpXp + ε, (6.18)�o ε ∼ N(0, σ2), β0, β1, · · · , βp � σ2 	
YR#� p ≥ 2, maE (6.18) yT#*Hd-aE�h (xi1, xi2, · · · , xip, yi), i = 1, 2, · · · , n 	 (X1, X2, · · · , Xp, Y ) , n �G�(Y`�;T#*HaE (6.18) oC�y
yi = β0 + β1xi1 + · · ·+ βpxip + εi, i = 1, 2, · · · , n, (6.19)�o εi ∈ N(0, σ2), *G�℄kK�
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<�eQ�USF��/
y =




y1

y2

...

yn




, β =




β0

β1

...

βp




, X =




1 x11 x12 · · · x1p

1 x21 x22 · · · x2p

...
...

...
...

1 xn1 x2n · · · xnp




, ε =




ε1

ε2

...

εn




.

;T#*HaE (6.19) oC�y
Y = Xβ + ε, (6.20)�o Y 	�0�>��p, n z3�� X 	 n × (p + 1) 2h�US� β 	

p + 1 z3�� ε 	 n z_3��F*E�
E(ε) = 0, Var(ε) = σ2In.

6.3.2 >+5~f%L�,�l#*Hd-�5R# β ,!�` β̂, S	5�7Xs9#
Q(β) = (y − Xβ)T (y − Xβ), (6.21)�&�7, β `�otW℄ β ,�7Xs!�̂

β =
(
XT X

)−1
XT y. (6.22)ÆVo*Idd-
ty

Ŷ = β̂0 + β̂1X1 + · · ·+ β̂pXp.m ε̂ = y − Xβ̂ yT_3��[e9
σ̂2 = ε̂T ε̂/(n − p − 1) (6.23)y σ2 ,!��imy σ2 ,�7Xs!��otW℄�

Eσ̂2 = σ2.



316 43C d-k�otW℄ β ,
_!�y
Var(β) = σ2(XTX)−1.+�, β̂ ,A�_y

sd(β̂i) = σ̂
√

cii, i = 0, 1, · · · , p, (6.24)�o cii 	 C =
(
XT X

)−1 R+*_4 i �#4 2.

6.3.3 9-PSb��6T#*Hd-o�[�eF%}�O E(Y ) 	p: X1, X2, · · · , Xp �*H>[�~V%|H�dS%B*
�sh��d��r�lr	d-�#,%|H�d��>2(�S	�dd�>� Xj ,�#	py 0. .l��d	d-
t,%|H�d���2(�S	�d��#Z	p
��*H
t�d-�
1. >+5~f9-PSb

Hj0 : βj = 0, Hj1 : βj 6= 0, j = 0, 1, · · · , p.3! Hj0 p�y�_��
Tj =

β̂j

σ̂
√

cjj
∼ t(n − p − 1), j = 0, 1, · · · , p.�o cjj 	 C = (XT X)−1 ,R+*_4 j �#4�R��?,%|H%� α, �d,X`�y

|Tj | ≥ tα/2(n − p − 1), j = 0, 1, · · · , p.

2. >+�Nf9-PSb
H0 : β0 = β1 = · · · = βp = 0, H1 : β0, β1, · · · , βp J=y 0.

2xb;��ÆGx β0 � β +3 0 �"3Æ��2
 0 e�Æ�\
3Zd+,l�Ii9 β0 +�
Æ�Æ� R P�nsN� β0 +�
0~Æ?sL� j 


0 e�Æ�\
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F =

SSR/p

SSE/(n − p − 1)
∼ F (p, n − p − 1),�o

SSR =

n∑

i=1

(ŷi − ȳ)2 , SSE =

n∑

i=1

(yi − ŷi)
2 ,

ȳ =
1

n

n∑

i=1

yi, ŷi = β̂0 + β̂1xi1 + · · · + β̂pxip.[em SSR yd-�
��m SSE yT_,�
��R��?,%|H%� α, �d,X`�y
F > Fα(p, n − p − 1).+'�#,�
?zy

R2 =
SSR

SST

,�B�G� Y � X1, X2, · · · , Xp [�+',T)tK��o SST y�Q�_�
��| SST =
n∑

i=1

(yi − ȳ)2. F*E�
SST = SSE + SSR.� 6.6 x��,�uH$io|%$80r�$($�(( Y \9) X1(0#),ÆU X2 
&��U��x�LM 13 u�>$���e_ 6.3. �iC Y �W

X1, X2 ${�;�O��`�R Q o, lm() ℄fot5{d-�#�F�+�,�d��X	 R Q ,�83t
> blood<-data.frame(

X1=c(76.0, 91.5, 85.5, 82.5, 79.0, 80.5, 74.5,

79.0, 85.0, 76.5, 82.0, 95.0, 92.5),

X2=c(50, 20, 20, 30, 30, 50, 60, 50, 40, 55,

40, 40, 20),

Y= c(120, 141, 124, 126, 117, 125, 123, 125,



318 (Z� ;�\g6 6.3: ~n6�� X1 X2 Y �� X1 X2 Y

1 76.0 50 120 8 79.0 50 125

2 91.5 20 141 9 85.0 40 132

3 85.5 20 124 10 76.5 55 123

4 82.5 30 126 11 82.0 40 132

5 79.0 30 117 12 95.0 40 155

6 80.5 50 125 13 92.5 20 147

7 74.5 60 123

132, 123, 132, 155, 147)

)

> lm.sol<-lm(Y ~ X1+X2, data=blood)

> summary(lm.sol)

Call:

lm(formula = Y ~ X1 + X2, data = blood)

Residuals:

Min 1Q Median 3Q Max

-4.0404 -1.0183 0.4640 0.6908 4.3274

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -62.96336 16.99976 -3.704 0.004083 **

X1 2.13656 0.17534 12.185 2.53e-07 ***

X2 0.40022 0.08321 4.810 0.000713 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 2.854 on 10 degrees of freedom
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Multiple R-Squared: 0.9461, Adjusted R-squared: 0.9354

F-statistic: 87.84 on 2 and 10 DF, p-value: 4.531e-07Æ�872ot*&�d-�#�d-
t,�dF	%|,�~��d-
ty
Ŷ = −62.96 + 2.136X1 + 0.4002X2.

6.3.4 ?~ β fLR%L�l#d-aElf�M�I�T#d-aER#7�!��� β ,_�HloY�
Ti =

β̂i − βi

sd(β̂i)
∼ t(n − p − 1), i = 0, 1, · · · , p, (6.25)~�� βi (i = 0, 1, · · · , p) ,7�!�y

[
β̂i − sd(β̂i) tα/2(n − p − 1), β̂i + sd(β̂i) tα/2(n − p − 1)

]
. (6.26)M�SJ6�:>+�,57�!�,tO�~y#X:,tO beta.int.R	l[�tO�6M�IBot~��� 6.7 :B 6.6 $n� β $;℄�R (α = 0.05).`� ;OtO beta.int.R, BM58�

> source("beta.int.R")

> beta.int(lm.sol)

Estimate Left Right

(Intercept) -62.9633591 -100.8411862 -25.0855320

x1 2.1365581 1.7458709 2.5272454

x2 0.4002162 0.2148077 0.5856246

6.3.5 �B!T#*Hd-
tI3�d	%|,�*�oOl��#a%|Jy 0y�o��
t�!Y��? X = x0 = (x01, x02, · · · , x0p)
T , %��Od-
t�*&

ŷ0 = β̂0 + β̂1x01 + · · · + β̂px0p.



320 43C d-k�R� X = x0, Y = ŷ0 ,hBKy 1 − α ,!Y7�y
(ŷ0 − l, ŷ0 + l), (6.27)�o

l = tα/2(n − p − 1)σ̂

√
1 + xT

0 (XT X)−1 x0. (6.28)� 6.8 :B 6.6 $ X = x0 = (80, 40)T r|K Y $faU 0.95 $as;℄�`��l#d-lf� R Q o, predict() 9#5T#d-!Yi	E
<,��X	 R Q ,`/
> new <- data.frame(x1 = 80, x2 = 40)

> lm.pred<-predict(lm.sol, new, interval="prediction", level=0.95)

> lm.pred

fit lwr upr

[1,] 123.9699 117.2889 130.6509�Q 5*�ŷ0 = 123.97,+�, Y ,�=y 0.95,!Y7�y [117.29, 130.65].

6.3.6 R�07(L6npaE,�8M��y`Lh�Z|��P,,J�RaEBG
!,JV�N=�?,
>��mR0�>� Y 9R#mf
18.�6 R Q o�9# update() 	l�ge
<JVaE,9#��9#ot6$aE,q}_�[3�Om;:d:1�*&?aE�B	F�	
new.model <- update(old.model, new.formula)6 new.formula o��+�,_Æ�6 ‘.’ �p�ot0��C��RaE��o+�,Mk���N�
fm5 <- lm(y ~ x1 + x2 + x3 + x4 + x5, data = production)

fm6 <- update(fm5, . ~ . + x6)

smf6 <- update(fm6, sqrt(.) ~ .)C���>�,T#d-�#Z,|�	 production, rBl�|�,aE�M�aEo&743�>��rBJ℄,aE�6aEo0�>�~�!�
�>a�



6.3 T#*Hd-k� 321KD�w�N2 data= argument 	lr'�$;�aErB9#�M�B�	[3rBaER4& update() �B,℄��5,�aEo,���oq�6�B,9#o��B�`sJ℄,w)��N
fmfull <- lm(y ~ . , data = production)rBl�aE��0�>� y �d-~�>��6#Z7�!Yo�B>���B9#�NH>z"=fO#aE	 add1() � drop1() � step(). BQ,_ÆqE<2C℄M:9#,g,�R��.�,
"otg6*%}�

6.3.7 L�n�� 6.9 ���)p v,5UMy�'L|x��y�U�'
>+��}�6|<2:��ipx��y.u���}�kx$)p��J\��\s�
qFP%�℄$�o��Gas�ufB\s�
qZPr��J�UÆ���i+$+�He�LM�? 30 u��*' (ou��*'U 4 *) }�kx$)p$��J���\s�FP$
qZP�?M*')*|XkxB<)p$�y!���\s�O_ 6.4 )z��x�����iC8u�!~��\g)p��J\)*E�$�o�U 4\sq
�
qFPq
7|�J:��6 6.4: _�Ey��EyQ��)��wh~n�� }��� )*|X! \sw 
qZP ��J*' \s (b) �\s (b) (b) (JPb) (JP�)

1 3.85 3.80 −0.05 5.50 7.38

2 3.75 4.00 0.25 6.75 8.51

3 3.70 4.30 0.60 7.25 9.52

4 3.70 3.70 0.00 5.50 7.50

5 3.60 3.85 0.25 7.00 9.33

6 3.60 3.80 0.20 6.50 8.28

7 3.60 3.75 0.15 6.75 8.75

8 3.80 3.85 0.05 5.25 7.87

9 3.80 3.65 −0.15 5.25 7.10

10 3.85 4.00 0.15 6.00 8.00



322 43C d-k�6 6.4(V) �_�Ey��EyQ��)��wh~n�� }��� )*|X! \sw 
qZP ��J*' \s (b) �\s (b) (b) (JPb) (JP�)

11 3.90 4.10 0.20 6.50 7.89

12 3.90 4.00 0.10 6.25 8.15

13 3.70 4.10 0.40 7.00 9.10

14 3.75 4.20 0.45 6.90 8.86

15 3.75 4.10 0.35 6.80 8.90

16 3.80 4.10 0.30 6.80 8.87

17 3.70 4.20 0.50 7.10 9.26

18 3.80 4.30 0.50 7.00 9.00

19 3.70 4.10 0.40 6.80 8.75

20 3.80 3.75 −0.05 6.50 7.95

21 3.80 3.75 −0.05 6.25 7.65

22 3.75 3.65 −0.10 6.00 7.27

23 3.70 3.90 0.20 6.50 8.00

24 3.55 3.65 0.10 7.00 8.50

25 3.60 4.10 0.50 6.80 8.75

26 3.65 4.25 0.60 6.80 9.21

27 3.70 3.65 -0.05 6.50 8.27

28 3.75 3.75 0.00 5.75 7.67

29 3.80 3.85 0.05 5.80 7.93

30 3.70 4.25 0.55 6.80 9.26
1��[�	oj6L
�R��T#$r�(�6�D℄�a
,[�y��T2g'AJ℄
�[�,�Æ_�VJ	BQ,�Æ1j�~��6^P��~4R5��,�0y���Æ_�R�*5��Æ��Ag��a�Æ�yB
�(LfY��K`



6.3 Eb{�;�\g 323�[�5��y Y , �Æ_y X1, �*,+�jy X2, Æhq1aEy*HaE
Y = β0 + β1X1 + β2X2 + ε.�O#Z�;� R Q o, lm() 9#58�F� summary() %��872 (tO_� exam0609.R).

> toothpaste<-data.frame(

X1=c(-0.05, 0.25,0.60,0, 0.25,0.20, 0.15,0.05,-0.15, 0.15,

0.20, 0.10,0.40,0.45,0.35,0.30, 0.50,0.50, 0.40,-0.05,

-0.05,-0.10,0.20,0.10,0.50,0.60,-0.05,0, 0.05, 0.55),

X2=c( 5.50,6.75,7.25,5.50,7.00,6.50,6.75,5.25,5.25,6.00,

6.50,6.25,7.00,6.90,6.80,6.80,7.10,7.00,6.80,6.50,

6.25,6.00,6.50,7.00,6.80,6.80,6.50,5.75,5.80,6.80),

Y =c( 7.38,8.51,9.52,7.50,9.33,8.28,8.75,7.87,7.10,8.00,

7.89,8.15,9.10,8.86,8.90,8.87,9.26,9.00,8.75,7.95,

7.65,7.27,8.00,8.50,8.75,9.21,8.27,7.67,7.93,9.26)

)

> lm.sol<-lm(Y~X1+X2, data=toothpaste)

> summary(lm.sol)

Call:

lm(formula = Y ~ X1 + X2)

Residuals:

Min 1Q Median 3Q Max

-0.497785 -0.120312 -0.008672 0.110844 0.581059

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.4075 0.7223 6.102 1.62e-06 ***

X1 1.5883 0.2994 5.304 1.35e-05 ***
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X2 0.5635 0.1191 4.733 6.25e-05 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.2383 on 27 degrees of freedom

Multiple R-Squared: 0.886, Adjusted R-squared: 0.8776

F-statistic: 105 on 2 and 27 DF, p-value: 1.845e-13�872[3d-�#�d�d-
t�d���*&5����Æ_�+�j[�,'�y
Y = 4.4075 + 1.5883X1 + 0.5635X2.(Lfdg<
1yBlLk�d-aE��QX{ y � x1 � y � x2 V6e�ÆV6e_otg{�R� y � x1, �℄*rB.<�VR� y � x2, ;�X�8*rB.<�Ne 6.4 ���

0.0 0.2 0.4 0.6

7.
5

8.
0

8.
5

9.
0

9.
5

X1

Y

5.5 6.0 6.5 7.0

7.
5

8.
0

8.
5

9.
0

9.
5

X2

Y

(a) x1 ∼ y (b) x2 ∼ ye 6.4: x1, x2 � y ,V6e�rB8*h{e 6.4 , R `/N��
#### | x1 R y f�g5w{sZ>
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> attach(toothpaste)

> plot(Y~X1); abline(lm(Y~X1))

#### | x2 R y f�g5w{s�>
> lm2.sol<-lm(Y~X2+I(X2^2))

> x<-seq(min(X2), max(X2), len=200)

> y<-predict(lm2.sol, data.frame(X2=x))

> plot(Y~X2); lines(x,y)�o I(X2^2) C�aEo X2 ,�
1�| X2
2 .Æe 6.4 g{�%5��aE�y

y = β0 + β1X1 + β2X2 + β3X
2
2 + ε,O�B
��Q�+�,d-k��

> lm.new<-update(lm.sol, .~.+I(X2^2))

> summary(lm.new)

Call:

lm(formula = Y ~ X1 + X2 + I(X2^2), data = toothpaste)

Residuals:

Min 1Q Median 3Q Max

-0.40330 -0.14509 -0.03035 0.15488 0.46602

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 17.3244 5.6415 3.071 0.004951 **

X1 1.3070 0.3036 4.305 0.000210 ***

X2 -3.6956 1.8503 -1.997 0.056355 .

I(X2^2) 0.3486 0.1512 2.306 0.029341 *

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.2213 on 26 degrees of freedom
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Multiple R-Squared: 0.9054, Adjusted R-squared: 0.8945

F-statistic: 82.94 on 3 and 26 DF, p-value: 1.944e-13�y��QY&�aET_,A�_ σ̂ ���)�+'�#,�
 R2 ��_p�M(℄aEJV	B
,��Mi{&l��P�S	R�� β2 , P– `
> 0.05. yBlLk��� β ,7�!��
> source("beta.int.R")

> beta.int(lm.new)

Estimate Left Right

(Intercept) 17.3243685 5.72818421 28.9205529

X1 1.3069887 0.68290927 1.9310682

X2 -3.6955867 -7.49886317 0.1076898

I(X2^2) 0.3486117 0.03786354 0.6593598

β2 ,7�!�	 [−7.49886317, 0.1076898], B&7! 0, iS	(� β2 ,`oqgy 0.;: X2 ,l�1�4BGk��
> lm2.new<-update(lm.new, .~.-X2)

> summary(lm2.new)

Call:

lm(formula = Y ~ X1 + I(X2^2), data = toothpaste)

Residuals:

Min 1Q Median 3Q Max

-0.485943 -0.114094 -0.004604 0.105342 0.559195

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 6.07667 0.35531 17.102 5.17e-16 ***

X1 1.52498 0.29859 5.107 2.28e-05 ***

I(X2^2) 0.04720 0.00952 4.958 3.41e-05 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1
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Residual standard error: 0.2332 on 27 degrees of freedom

Multiple R-Squared: 0.8909, Adjusted R-squared: 0.8828

F-statistic: 110.2 on 2 and 27 DF, p-value: 1.028e-13�aE9B[3! F �d� T �d���_laER3�g� σ̂ _p�R2�)�M�	�aE,J�[��4�BlL,JV�j: x1 � x2 *T���|aEy
Y = β0 + β1X1 + β2X2 + β3X

2
2 + β4X1X2 + ε.

> lm3.new<-update(lm.new, .~.+X1*X2)

> summary(lm3.new)

Call:

lm(formula = Y ~ X1 + X2 + I(X2^2) + X1:X2, data = toothpaste)

Residuals:

Min 1Q Median 3Q Max

-0.437250 -0.117540 0.004895 0.122634 0.384097

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 29.1133 7.4832 3.890 0.000656 ***

X1 11.1342 4.4459 2.504 0.019153 *

X2 -7.6080 2.4691 -3.081 0.004963 **

I(X2^2) 0.6712 0.2027 3.312 0.002824 **

X1:X2 -1.4777 0.6672 -2.215 0.036105 *

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.2063 on 25 degrees of freedom

Multiple R-Squared: 0.9209, Adjusted R-squared: 0.9083

F-statistic: 72.78 on 4 and 25 DF, p-value: 2.107e-13



328 43C d-k�aE[3 t �d� F �d�F* σ̂ �a� R2 =��~���qaERy
Y = 29.1133 + 11.1342X1 − 7.6080X2 + 0.6712X2

2 − 1.4777X1X2 + ε.

6.4 *=?,
6.4.1 �:y�>+�NfX�6|��Po��0~>� y ,~4ET�EQotÆoVRR��>�#�d-
t�M<f{>�R:,�P�l �(�N26l�d-
toP>!R Y �%|�0,
>��iL�#�,
t6�|��.�,	���>�R*3T�~�SJ
<�KD!
to7�R Y �0J�,>�y�oq~y SSE ,
�K,�7V~ σ2 ,!�=��ÆV�0~�d-
t�!Y,HK�~�
!2R:>�t#�l�����,d-
t	wksh,�zL	����d-
to�R�M��P�NTJ℄,�;�6J℄,�;�����d-
tioqJ℄�M�(,����	bÆo�R:,��>�oR{R Y �%|�0,>�#�
t�*6
toJ7R Y �%|�0,>��6_�wz��ot�Tr
[�l*����d-
t�N�l)�zd-[���#B[���Mj[���zLd-[�.��o�zLd-[����8rtO�<�~V~�.y�?�
6.4.2 )<>+fL�

R Q O�!.y
<,�zLd-��89# step(), B	t AIC B�_��y�;�[3R:�7, AIC B�_�����&Z|m=�>�,g,�
step() 9#,~�Æ�y

step(object, scope, scale = 0,

direction = c("both", "backward", "forward"),

trace = 1, keep = NULL, steps = 1000, k = 2, ...)



6.4 -h;� 329�o object 	d-aE� scope 	�?zL0>,7�� scale �� AIC _��� direction �?zL0>,
3�>q`y "both" 	�l)�zd-[��"backward" 	Mj[��"forward" 	�#B[���AR#�6*%}�6M�J[Q<
[e�=_�-m�_,zLd-�8���V	[3l���,���<
NA~� R Q �npzLd-,3t�ÆV�&R:����
t,g,�� 6.10 �'��u��rS�$GJ Y
� / #�\��$�'1!�\ X1,

X2, X3, X4 U��xs# 13 E���O_ 6.5 )z�lR�$ �.2$℄J�iC Y �W+q${�;�O��6 6.5: ~n6�� X1 X2 X3 X4 Y �� X1 X2 X3 X4 Y

1 7 26 6 60 78.5 8 1 31 22 44 72.5

2 1 29 15 52 74.3 9 2 54 18 22 93.1

3 11 56 8 20 104.3 10 21 47 4 26 115.9

4 11 31 8 47 87.6 11 1 40 23 34 83.8

5 7 52 6 33 95.9 12 11 66 9 12 113.3

6 11 55 9 22 109.2 13 10 68 8 12 109.4

7 3 71 17 6 102.7`�� �T#*Hd-
t
> cement<-data.frame(

X1=c( 7, 1, 11, 11, 7, 11, 3, 1, 2, 21, 1, 11, 10),

X2=c(26, 29, 56, 31, 52, 55, 71, 31, 54, 47, 40, 66, 68),

X3=c( 6, 15, 8, 8, 6, 9, 17, 22, 18, 4, 23, 9, 8),

X4=c(60, 52, 20, 47, 33, 22, 6, 44, 22, 26, 34, 12, 12),

Y =c(78.5, 74.3, 104.3, 87.6, 95.9, 109.2, 102.7, 72.5,

93.1,115.9, 83.8, 113.3, 109.4)

)

> lm.sol<-lm(Y ~ X1+X2+X3+X4, data=cement)
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> summary(lm.sol)

Call:

lm(formula = Y ~ X1 + X2 + X3 + X4, data = cement)

Residuals:

Min 1Q Median 3Q Max

-3.1750 -1.6709 0.2508 1.3783 3.9254

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 62.4054 70.0710 0.891 0.3991

X1 1.5511 0.7448 2.083 0.0708 .

X2 0.5102 0.7238 0.705 0.5009

X3 0.1019 0.7547 0.135 0.8959

X4 -0.1441 0.7091 -0.203 0.8441

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 2.446 on 8 degrees of freedom

Multiple R-Squared: 0.9824, Adjusted R-squared: 0.9736

F-statistic: 111.5 on 4 and 8 DF, p-value: 4.756e-07Æ_��8ootg&�N2R:=M>��d-
t�92	J<,�~yd-
t,�#=MFN�[3�d��X�9# step() �zLd-�
> lm.step<-step(lm.sol)

Start: AIC= 26.94

Y ~ X1 + X2 + X3 + X4

Df Sum of Sq RSS AIC

- X3 1 0.109 47.973 24.974

- X4 1 0.247 48.111 25.011
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- X2 1 2.972 50.836 25.728

<none> 47.864 26.944

- X1 1 25.951 73.815 30.576

Step: AIC= 24.97

Y ~ X1 + X2 + X4

Df Sum of Sq RSS AIC

<none> 47.97 24.97

- X4 1 9.93 57.90 25.42

- X2 1 26.79 74.76 28.74

- X1 1 820.91 868.88 60.63ÆtO1G72otg&��=M>��d-
ty� AIC `y 26.94. 0��%�,#ZC�6s�N2;:>� X3, *&d-
t, AIC `y 24.974.N2;:>� X4, *&d-
t, AIC `y 25.011. MX,�h���;:>� X3 ot~ AIC �&�7�~��R Q 
B;:>� X3, BG�l?�8�6�l?�8o���;:hl�>�� AIC `agp
�~� R Q q
�8�*&����,d-
t��Xk�l��872��9# summary() O9+'B��
> summary(lm.step)

Call:

lm(formula = Y ~ X1 + X2 + X4, data = cement)

Residuals:

Min 1Q Median 3Q Max

-3.0919 -1.8016 0.2562 1.2818 3.8982

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 71.6483 14.1424 5.066 0.000675 ***

X1 1.4519 0.1170 12.410 5.78e-07 ***
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X2 0.4161 0.1856 2.242 0.051687 .

X4 -0.2365 0.1733 -1.365 0.205395

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 2.309 on 9 degrees of freedom

Multiple R-Squared: 0.9823, Adjusted R-squared: 0.9764

F-statistic: 166.8 on 3 and 9 DF, p-value: 3.323e-08�%�72g&�d-�#�d,%|H%��E�O
��>� X2, X4�#�d,%|H%�IJ
/��XNA�
o�6 R Q o�`���9#ot���zLd-�M��9#	 add1() �
drop1(). BQ,~�Æ�y

add1(object, scope, ...)

drop1(object, scope, ...)

add1(object, scope, scale=0, test=c("none", "Chisq"),

k=2, trace=FALSE, ...)

drop1(object, scope, scale=0, test=c("none", "Chisq"),

k=2, trace=FALSE, ...)

add1(object, scope, scale=0, test=c("none", "Chisq", "F"),

x=NULL, k=2, ...)

drop1(object, scope, scale=0, all.cols=TRUE,

test=c("none", "Chisq", "F"), k=2, ...)�o object 	�rBaE�p,R4� scope 	aEj:=�m;:1�p,��� scale 	���8 Cp ,T_,a
!�`�>q`y 0 m NULL. �A�6*%}��X� drop1() �8�
> drop1(lm.step)

Single term deletions
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Model:

Y ~ X1 + X2 + X4

Df Sum of Sq RSS AIC

<none> 47.97 24.97

X1 1 820.91 868.88 60.63

X2 1 26.79 74.76 28.74

X4 1 9.93 57.90 25.42Æ1872�g�N2;:>� x4, AIC `gÆ 24.97 =�, 25.42, 	=�,�a,�.m�| AIC �;m�T_,�
�i	zLd-,shbA[l�Æ℄(�g�rB,<,
t�T_,�
��,7�;:>� X4, T_,�
�_p 9.93, i	�a,�~��ÆM�1bA�g���4;:>� X4.

> lm.opt<-lm(Y ~ X1+X2, data=cement); summary(lm.opt)

Call:

lm(formula = Y ~ X1 + X2, data = cement)

Residuals:

Min 1Q Median 3Q Max

-2.893 -1.574 -1.302 1.362 4.048

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 52.57735 2.28617 23.00 5.46e-10 ***

X1 1.46831 0.12130 12.11 2.69e-07 ***

X2 0.66225 0.04585 14.44 5.03e-08 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 2.406 on 10 degrees of freedom

Multiple R-Squared: 0.9787, Adjusted R-squared: 0.9744

F-statistic: 229.5 on 2 and 10 DF, p-value: 4.407e-09M�72��`	Ew,�~y��,�da	%|,��M*&����
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ty
Ŷ = 52.58 + 1.468X1 + 0.6622X2.

6.5 ?,�x
6.5.1 m!s>+�w6#X��Q�{!��zLd-�R:R~>� Y �0�%|,
>�BOd-
t,
[�F*`ot�� AIC �;m�A�;�R:�
d-aE��	M:d	ÆR:
>�_�^P�VN�Rd-aE,l:KH��BlL,^P�F*N�^Pl��|ef
�P�|ef
,�6qqg�d-aE��J�?�y��EQO{��d-QO,�P (regression diagnostics),�{hpL��
(1) '��_1	pE�

(a) G�H�
(b) .
_H�
(c) VEH�

(2) R:*HaE	pB
�
(3) 	p�6|ef1�
(4) d-k�,72	pRd:f1,n�3s�iS	(�d-aE	p[.�?H�
(5) 
>�[�	p�6
K+'�|	p�Ts�*H�P�6��X,��xk(℄!d-QO,shH�� 6.11 #fzwP (Anscomber, 1973)_ 6.6 w�$�EHv��� oE��LS 11 C) (xi, yi) E���!Wa�{�~�

yi = β0 + β1xi + εi.�\g�E��~_A�;�O�$_,�dPH�\goE��$EX80�`��O#Z��d-k� (tO_� exam0611.R).

Anscombe<-data.frame(

X=c(10.0, 8.0, 13.0, 9.0, 11.0, 14.0, 6.0, 4.0, 12.0, 7.0, 5.0),



6.5 d-QO 3356 6.6: Anscomber ~n� � E ���
1–3 1 2 3 4 4�
X Y Y Y X Y

1 10.0 8.04 9.14 7.46 8.0 6.58

2 8.0 6.95 8.14 6.77 8.0 5.76

3 13.0 7.58 8.74 12.74 8.0 7.71

4 9.0 8.81 8.77 7.11 8.0 8.84

5 11.0 8.33 9.26 7.81 8.0 8.47

6 14.0 9.96 8.10 8.84 8.0 7.04

7 6.0 7.24 6.13 6.08 8.0 5.25

8 4.0 4.26 3.10 5.39 19.0 12.50

9 12.0 10.84 9.13 8.15 8.0 5.56

10 7.0 4.82 7.26 6.44 8.0 7.91

11 5.0 5.68 4.74 5.73 8.0 6.89

Y1=c(8.04,6.95, 7.58,8.81,8.33,9.96,7.24,4.26,10.84,4.82,5.68),

Y2=c(9.14,8.14, 8.74,8.77,9.26,8.10,6.13,3.10, 9.13,7.26,4.74),

Y3=c(7.46,6.77,12.74,7.11,7.81,8.84,6.08,5.39, 8.15,6.44,5.73),

X4=c(rep(8,7), 19, rep(8,3)),

Y4=c(6.58,5.76,7.71,8.84,8.47,7.04,5.25,12.50, 5.56,7.91,6.89)

)

summary(lm(Y1~X, data=Anscombe))

summary(lm(Y2~X, data=Anscombe))

summary(lm(Y3~X, data=Anscombe))

summary(lm(Y4~X4,data=Anscombe))M+�#Z,�872�C 6.7 �� (�T� 0.01 ,�_). ÆC 6.7 �#72�ot(℄�M+�#Z=Mq[3aE�d�
t,�#�d���O�#Zz*&,�r_��,`	+℄,�~��oqgHyO�#ZzBR�*HaEg℄.,
����|�gN��



336 43C d-k�6 6.7: �9~nfL�_.�# !�` A�_ t– ` P– `
β0 3.0 1.125 2.67 0.026

β1 0.5 0.118 4.24 0.0022
t σ̂ = 1.24, R2 = 0.667, F = 17.99, P = 0.002�QX{+�#Z,V6e�+�,d-℄*�Ne 6.5 ���ÆeF�g�M+�#Z	n=J℄,�4l�#ZzB��e 6.5(a). N2��*Hd-aEB
,\�MS	�Q�rg&,#ZzB�e 6.5(b) �{4X�#ZzB�B�{l�J℄,7��|q���*Hd-k�	JV�,�VlW*W8*�oq	X�T1��ott.7,r�>|rB#Z�
> lm2.sol<-lm(Y2~X+I(X^2), data=Anscombe); summary(lm2.sol)

Call:

lm(formula = Y2 ~ X + I(X^2), data = Anscombe)

Residuals:

Min 1Q Median 3Q Max

-0.0013287 -0.0011888 -0.0006294 0.0008741 0.0023776

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -5.9957343 0.0043299 -1385 <2e-16 ***

X 2.7808392 0.0010401 2674 <2e-16 ***

I(X^2) -0.1267133 0.0000571 -2219 <2e-16 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.001672 on 8 degrees of freedom

Multiple R-Squared: 1, Adjusted R-squared: 1

F-statistic: 7.378e+06 on 2 and 8 DF, p-value: < 2.2e-16
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(c) #Z 3 (d) #Z 4e 6.5: Anscombe #Z,V6e~��d-
ty
y = −5.9957343 + 2.7808392x− 0.1267133x2�B
 (�e 6.6(a)).e 6.5(c) C����d-,Y�R��Mk#Z	V�,��l�f1\�rBd-℄*D(�Mmy|e`�P�EoqLhÆ#ZzBoZ|i���
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> i<-1:11; Y31<-Anscombe$Y3[i!=3]; X3<-Anscombe$X[i!=3]

> lm3.sol<-lm(Y31~X3); summary(lm3.sol)

Call:

lm(formula = Y31 ~ X3)

Residuals:

Min 1Q Median 3Q Max

-0.0060173 -0.0012121 -0.0010173 -0.0008225 0.0140693

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.0106277 0.0057115 702.2 <2e-16 ***

X3 0.3450433 0.0006262 551.0 <2e-16 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.006019 on 8 degrees of freedom

Multiple R-Squared: 1, Adjusted R-squared: 1

F-statistic: 3.036e+05 on 1 and 8 DF, p-value: < 2.2e-16*&,*Hd-
ty
y = 4.0106277 + 0.3450433x.e 6.6(b) h{JVM,℄*
t��Ml�#ZzB (� 6.5(d)). B�_�U�J℄�N�� ,B��RrBaE�{�O�==R#,!�` β̂1 E�tK_� y8 ,`_?�N24 8 =f10Z|�;Jq!� β1. ~���Q�[+BM�l��Bk��BR��f1N�n��6 R Q o��#9#

influence.measures rstandard rstudent dffits

cooks.distance dfbeta dfbetas covratio

hatvalues hat



6.5 d-QO 339

5 10 15 20

4
6

8
10

12

X

Y

5 10 15 20

4
6

8
10

12

X

Y

(a) #Z 2, Q�X�rB (b) #Z 3, ;:l�f1e 6.6: Anscombe #ZJVM,d-8*�d-QO�'�'�9#,~�
[�6(&+'pLy�4[Q,<
�
6.5.2 AD6���7Xs$
5d-aEy�RT_|�_	�!G�H�.
_H�VEH,Æh��R|�_, p +1 �>�, n �f1#Z�5*,d-aE,T_�	pE�MU�Hl`��BGI��6I�T_,�d�P[#�� I�T_�

1. ��ADh*Hd-aEy
Y = Xβ + ε, (6.29)�o Y 	�0�>��p, n z3�� X 	 n × (p + 1) 2h�US� β 	

p + 1 z3�� ε 	 n z�_3��d-�#,!�`
β̂ =

(
XT X

)−1
XTY, (6.30)rB` Ŷ y

Ŷ = Xβ̂ = X
(
XT X

)−1
XT Y = HY, (6.31)
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H = X

(
XT X

)−1
XT . (6.32)m H yJ�US 4. T_y

ε̂ = Y − Ŷ = (I − H)Y. (6.33)

R Q o, residuals() 9# (m resid() 9#) O�!aET_,�8��~�
�y
residuals(object, ...)

resid(object, ...)�o object yd-aE�6*&T_M�otRT_BG�d�NVEH�d.�� 6.12 CB 6.5(Forbes ��) # ;�~�# $owJ W Æ/�_,�`�6�8n� 6.5 ,d-aEM��8�T_�F� shapiro.test() 9# (�4UC 3.2 5) �T_,VEH�d�
> y.res<-residuals(lm.sol)

> shapiro.test(y.res)

Shapiro-Wilk normality test

data: y.res

W = 0.5465, p-value = 3.302e-06~��T_JE�VEHÆh�6;:4 12 =f1M�4R�*&d-aE,T_BGVEH�d�
> y12.res<-residuals(lm12)

> shapiro.test(y12.res)

Shapiro-Wilk normality test

data: y12.res

W = 0.9222, p-value = 0.1827q[3VEH�d�~��;:4 12 =f16`	B
,�
2. 51< (.Ye<) AD

4}x2� Y / H �rLÆ=o Ŷ , Æ
)^
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� 341�_3� ε ,Hl�*&
E(ε̂) = 0, Var(ε̂) = σ2(I − H). (6.34)~��RO� ε̂i, �

ε̂i

σ
√

1 − hii

∼ N(0, 1), (6.35)�o hii 	US H R+*_,#4�� σ̂2(�� (6.23)) �y σ2 ,!�`�m
ri =

ε̂i

σ̂
√

1 − hii

(6.36)yA�[T_ (standardized residual),mKmypTo[T_ (internally studen-

tized residual). M~y σ2 ,!�o�!&�4 i �f16p,=M#Z���
(6.35) oY�A�[T_ ri C,tÆA�VEkK�

R Q o�9# rstandard() �8d-aE,A�[ (pTo[) T_��~�Æ�y
rstandard(model, infl = lm.influence(model, do.coef = FALSE),

sd = sqrt(deviance(model)/df.residual(model)), ...)�o model 	� lm m glm op,R4� infl 	� lm.influence ^d`*&,�07�� sd 	aE,A�_�
3. %Ye<ADR�Z|4 i �f1#ZM����, n− 1 �f1#Z5*,d-�#y

β̂(i), � σ2 ,!�`��̂
σ2

(i) =
1

n − p − 2

∑

j 6=i

(
Yi − X̃jβ̂(i)

)2

, (6.37)�o X̃j yh�US X ,4 j G�m
ε̂i(σ̂(i)) =

ε̂i

σ̂(i)

√
1 − hii

(6.38)yTo[T_ (studentized residual), mKmymTo[T_ (externally studen-

tized residual).

R Q o�9# rstudent() �8d-aE, (m) To[T_��~�Æ�y
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rstudent(model, infl = lm.influence(model, do.coef = FALSE),

res = infl$wt.res, ...)�o model 	� lm m glm op,R4� infl 	� lm.influence ^d`*&,�07�� res 	aET_��X<
�T_e�dT_,
[�
6.5.3 AD#tT_ ε̂i y��A�trB` ŷi mR�,#Z(YO= i m#Z(Yy�yF�A,V6e_
B#yT_e�T_e	BGaEQO,sh�[�

1. >+� Ŷ �ADfAD#y�d#�,T#*Hd-aE	pB
�ot[3d-` Ŷ �T_,V6e��d��
[	X{d-` Ŷ ��[T_,V6e ((Ŷi, ε̂i), i = 1, 2, · · · , n),mKX{d-` Ŷ �A�T_,V6e ((Ŷi, ri), i = 1, 2, · · · , n), �eFoqg{&�XUr1� (Ne 6.7 ��).

-

6

S^
Ŷ

.............................................................................

.............................................................................

-

6

........................
.........................

.........................
........

.................................................................................

S^
Ŷ

-

6

S^
Ŷ

(a) Ve1� (b) |
_1� (c) g*H1�e 6.7: d-` Ŷ �T_,V6eR�e 6.7(a) ,1��J�d-` Ŷ ,�7�VT_ ε̂i (m ri) [�+℄,kK�FE�aE,�ÆhW �R�e 6.7(b) ,1��C�d-` Ŷ ,�7�T_,GB�7�'��|.
_H,Æh��P�R�e 6.7(c), C�*HaEJB
��j:g*HaE�R�e 6.7(a),N2�Mk6FB6o�Mk�Vd�a#~�6B6m9�;M:6R�,f1�oq�|e`�6�� 6.13 /B 6.6 %Aow$X)H�^;1ow$X)H�
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#### xY[5
> y.res<-resid(lm.sol); y.fit<-predict(lm.sol)

> plot(y.res~y.fit)

#### xVbyY[5
> y.rst<-rstandard(lm.sol)

> plot(y.rst~y.fit)h{,eFNe 6.8(a) � (b) ���
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(a) T_e (b) A�[T_ee 6.8: � 6.6 ,T_eÆe 6.8 otg{�T_[�+℄,kK*E�aE,�ÆhW �4��k��!T_tÆVEkK,Æhp�y�A�[T_�C,6tÆA�VEkK��ZVEkK,Hl�R:r>� X ∼ N(µ, σ2), ;�
P{µ − 2σ < X < µ + 2σ} = 0.954.iS	(�R�A�[T_���� 95% ,f16B67� [−2, 2] o�.m�otW℄�rB` Ŷ �T_ ε̂ +TG��~V�A�[T_ r1, r2, · · ·, rn iG���t�N2trB` Ŷi yF�A� ri y��A�iL�X_,6 (Ŷi, ri),

i = 1, 2, · · · , n �g�B6{Ky 4 ,%�� |ri| ≤ 2 ,7�p�*Jq&FA6��ÆMr+Kg�[3A�[T_e��LvQO{d-aE	p{&�P�



344 (Z� ;�\gd3��4ge 6.8(b), ��6a6{Ky 4 ,%�� |ri| ≤ 2 o�*Jq&FA6��~��� 6.6 ,aE��	B
,�� 6.14 �}�UM+�x�$L�q
�Cx�$��80|�M.u�h YU�';ex�$X�H��gJ (�Y�b), X UX�H��P (�Y�b)._ 6.8 w�M 53 uX�$����A�����iC Y \ X $�oy�6 6.8: +iLO�SqwV�Sq$��~n�� X(b) Y (b) �� X(b) Y (b) �� X(b) Y (b)

1 679 0.79 19 745 0.77 37 770 1.74

2 292 0.44 20 435 1.39 38 724 4.10

3 1012 0.56 21 540 0.56 39 808 3.94

4 493 0.79 22 874 1.56 40 790 0.96

5 582 2.70 23 1543 5.28 41 783 3.29

6 1156 3.64 24 1029 0.64 42 406 0.44

7 997 4.73 25 710 4.00 43 1242 3.24

8 2189 9.50 26 1434 0.31 44 658 2.14

9 1097 5.34 27 837 4.20 45 1746 5.71

10 2078 6.85 28 1748 4.88 46 468 0.64

11 1818 5.84 29 1381 3.48 47 1114 1.90

12 1700 5.21 30 1428 7.58 48 413 0.51

13 747 3.25 31 1255 2.63 49 1787 8.33

14 2030 4.43 32 1777 4.99 50 3560 14.94

15 1643 3.16 33 370 0.59 51 1495 5.11

16 414 0.50 34 2316 8.19 52 2221 3.85

17 354 0.17 35 1130 4.79 53 1526 3.93

18 1276 1.88 36 463 0.51`��O#Z��*Hd-aE (tO_� exam0614.R)

X<-scan()

679 292 1012 493 582 1156 997 2189 1097 2078

1818 1700 747 2030 1643 414 354 1276 745 435
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540 874 1543 1029 710 1434 837 1748 1381 1428

1255 1777 370 2316 1130 463 770 724 808 790

783 406 1242 658 1746 468 1114 413 1787 3560

1495 2221 1526

Y<-scan()

0.79 0.44 0.56 0.79 2.70 3.64 4.73 9.50 5.34 6.85

5.84 5.21 3.25 4.43 3.16 0.50 0.17 1.88 0.77 1.39

0.56 1.56 5.28 0.64 4.00 0.31 4.20 4.88 3.48 7.58

2.63 4.99 0.59 8.19 4.79 0.51 1.74 4.10 3.94 0.96

3.29 0.44 3.24 2.14 5.71 0.64 1.90 0.51 8.33 14.94

5.11 3.85 3.93

lm.sol<-lm(Y~X); summary(lm.sol)*&
Call:

lm(formula = Y ~ X)

Residuals:

Min 1Q Median 3Q Max

-4.1399 -0.8275 -0.1934 1.2376 3.1522

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -0.8313037 0.4416121 -1.882 0.0655 .

X 0.0036828 0.0003339 11.030 4.11e-15 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 1.577 on 51 degrees of freedom

Multiple R-Squared: 0.7046, Adjusted R-squared: 0.6988

F-statistic: 121.7 on 1 and 51 DF, p-value: 4.106e-15
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t[3 t �d� F �d��t Y R X ,l#Idd-
ty
Ŷ = −0.8313 + 0.003683X.4�d-QO�X{A�[T_V6e

y.rst<-rstandard(lm.sol); y.fit<-predict(lm.sol)

plot(y.rst~y.fit)

abline(0.1,0.5);abline(-0.1,-0.5)�eF�e 6.9(a) ���
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(a) |
_1� (b) >aM,1�e 6.9: � 6.6 ,A�[T_e℄(_Lvg{�T_eÆ�3�z"Vfq5D��M	T_,
_J+.,l�TJ�j:R0�>� Y �>a��f
18�+�, R tOy
lm.new<-update(lm.sol, sqrt(.)~.); coef(lm.new)�o update 	aEJV9#� coef 	O9d-�#��872y
(Intercept) X

0.582225917 0.000952859��*&Id
t
√

Ŷ = 0.582225917 + 0.000952859X,
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Ŷ = (0.582225917 + 0.000952859X)2

= 0.338987 + 0.001109558X + 9.079403 × 10−7X2.4X{>aM,A�[T_V6e
yn.rst<-rstandard(lm.new); yn.fit<-predict(lm.new)

plot(yn.rst~yn.fit)�eF�e 6.9(b) ���V6e,6��.��\�
2. ADf Q-Q #64UC<
!�dVEkK,
[ —Q-Q e�M�ot� Q-Q e,
[�dT_,VEH�h ε̂(i) 	T_ ε̂i ,�O_��� i = 1, 2, · · · , n, /

q(i) = Φ−1

(
i − 0.375

n + 0.25

)
, i = 1, 2, · · · , n,�o Φ(x) yA�VEkK N(0, 1) ,kK9#�Φ−1(x) y℄9#�m q(i) y ε̂(i),�r`�otW℄�R ε̂i(i = 1, 2, · · · , n) 	�
VEkK�Q,f1�;6 (q(i), ε̂(i))

(i = 1, 2, · · · , n) �6lW℄*_�~��RT_,V Q-Q eo,6,�g6�℄%2J6lW℄*_�;�
�℄oR�_,VEHÆh,B
H�p;oHy�_,VEHÆh	B
,�� R Q XVE Q-Q T_ege���dLl�`/
plot(model, 2)�o model 	� lm op,R4�

3. k54�&8<5fAD#tO� Xj(1 ≤ j ≤ p) ,��(Y` xij(1 ≤ i ≤ n) y6,F�A�|t
>�yF�A,T_e��rB` Ŷ yF�A,T_elf�Ew,T_eq&e 6.7(a) ,%����N2eFq&e 6.7(b) ,F��;(℄�_	.
_,ÆhJB
�Rq&e 6.7(c) ,F��;Lh6aEoT� Xj ,
�1�mKR Y �>a�
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> y.res<-resid(lm.sol)

> plot(y.res~x1); plot(y.res~x2)eFNe 6.10 ���
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(a) t X1 yF�A (b) t X2 yF�Ae 6.10: � 6.6 ,t X1 � X2 yF�A,T_eÆe 6.10 otg{�d-aE92	<,�6 R Q o� plot() 9#otX{d-aE,T_e��~�Æ�y
plot(x, which = 1:4,

caption = c("Residuals vs Fitted", "Normal Q-Q plot",

"Scale-Location plot", "Cook’s distance plot"),

panel = points,

sub.caption = deparse(x$call), main = "",

ask = prod(par("mfcol"))<length(which)&&dev.interactive(),

...,

id.n = 3, labels.id = names(residuals(x)), cex.id = 0.75)�o x 	*Hd-aE� which 	 1 f 4 ,=Mmd��z� 1 C�X�[T_�rB`,T_e� 2 C�XVE Q-Q ,T_e� 3 C�XA�[T_,f
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�rB`,T_e�4 C�X Cook_�� (6MX<
) ,T_e� caption	eP,pL����66*%}�
6.5.4 vB
1���0k�S	H\R!�m�|e��0,#Z�6d-k�o,l�shÆh	�~�,aER��#Z	
!,�6��o��l�mT�f1�(Y`,O�aEJ+s��aErB��T##Z�Mr1�FJ:���N� 6.11 4U�#Z,1��N2l�f1J�Æd�aE����#Z�ÆM�aE�;m�f16y'�06 (imy|e`6). �0k�,l�sh�q	7kMf,f1#Z�

1.  3k� H f{\�	�� (6.31) *&� Ŷ = HY . Æ~A_(� Ŷ 	 Y 6 X ,#3�Dp�u�p,a� 5, F*E�
∂Ŷi

∂Yi
= hii,~�� hii ,�7otC�4 i �f1`R Ŷi �0,�7�4j: Ŷi ,
_

Var(Ŷi) = hiiσ
2,~�� hii $℄	!d-` Ŷi ,GB1���a�US H ,Hl*&�

0 ≤ hii ≤ 1, i = 1, 2, · · · , n,

n∑

i=1

hii = p + 1.�t� Hoaglin � Welsch(1978) �{lr�O|e`6,
[�N2!
hi0i0 ≥

2(p + 1)

n
, (6.39);oHy4 i0 �,f1�0.��ot7B�A�;�j:	p%�M|���J�US (a�US)H ,R+*_,#4 hii (i = 1, 2, · · · , n) 	Esh,_�B���~� R Q i�{�89# hatvalues() � hat(), �~�Æ�y

5Æ� HT = H , H2 = H , ?sl H x`�TR
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hatvalues(model,infl=lm.influence(model,do.coef=FALSE),...)

hat(x,intercept=TRUE)�o model 	d-aE� x 	h�US X.

2. DFFITS 1�
Belsley, Kuh � Welsch (1980) �{.lr�;��8_��

Di(σ) =

√
hii

1 − hii
· ε̂i

σ
√

1 − hii

, (6.40)�o σ ,!��� σ̂(i) ��R�R�4 i �f1�N2�
|Di(σ)| > 2

√
p + 1

n
, (6.41);Hy4 i �f1,�03.������w�

R Q �{! DFFITS �;,�89# dffits(), �~�Æ�y
dffits(model, infl = , res = )�o model 	d-aE�� 6.16 P DFFITS ;x��B 6.2 $$Dz�/X)�`�6�8{d-aEM��� dffits() 9#��O�
> p<-1; n<-nrow(forbes); d<-dffits(lm.sol)

> cf<-1:n; cf[d>2*sqrt((p+1)/n)]

[1] 12~��4 12 =f16oq	|e`6�
3. Cook �L�
Cook 6 1977 uO{! Cook _��� Cook _��?zy

Di =
(β̂ − β̂(i))

T XT X(β̂ − β̂(i))

(p + 1)σ̂2
, i = 1, 2, · · · , n, (6.42)�o β̂(i) yZ|4 i �f1#ZM,!�`����, n− 1 �f1#Z5*,d-�#�I3h%� Cook _��ot�>y

Di =
1

p + 1

(
hii

1 − hii

)
r2
i , i = 1, 2, · · · , n, (6.43)
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R Q �{!�8 Cook _��,�89# cooks.distance(), �~�Æ�y

cooks.distance(model,infl=lm.influence(model,do.coef=FALSE),

res=weighted.residuals(model),

sd=sqrt(deviance(model)/df.residual(model)),

hat=infl$hat, ...)�o model 	d-aE�℄(_(�Cook _�� Di ,�,6�,oq	|e`6��h� Cook _��l��t�?|e`6,'9`	E�n,�6��_hÆ[Q�P,|�1�V?�
4. COVRATIO 1���=Mf1d-�#!�`,<
_S�;:4 i �f1d-�#!�`,<
_SkDy

Var(β̂) = σ2
(
XTX

)−1
, Var(β̂(i)) = σ2

(
XT

(i)X(i)

)−1
,�o X(i) 	 X M|4 i G*&,US�kD� σ̂ � σ̂(i) R�_�o, σ. y!3.�R�,d-�#,HK�j:�<
_,3

COVRATIO =
det
(
σ̂2

(i)(X
T
(i)X(i))

−1
)

det
(
σ̂2 (XT X)−1) =

(σ̂2
(i))

p+1

(σ̂2)p+1
· 1

1 − hii
, i = 1, 2, · · · , n.

(6.44)N2�l�f1�R�, COVRATIO `�f 1 ,(�;,Hyi�f1�0,��
R Q �{!�8 COVRATIO `,�89# covratio(), �~�Æ�y
covratio(model, infl = lm.influence(model, do.coef = FALSE),

res = weighted.residuals(model))�o model 	d-aE�
5. G_



352 (Z� ;�\g_X<
!+rk�'�06 (|e`6) ,
[�Or
[H&,6	p	'�06`Lh�Z[Q1�BGk��M�y!
<�8�%�r
[:>pl�9#�:>d-QO9# —Reg_Diag(). 6�?d-aEM��8d-aE,�[T_�A�[ (pTo[) T_�mTo[T_�J�USR+*_,#4�
DFFITS _��� Cook \�� COVRATIO _���F�Z�rbA,KT�Roq	'�06,f1��A��<�RM:6BGk�^P��X	+�, R tO (tO_� Reg_Diag.R)

Reg_Diag<-function(fm){

n<-nrow(fm$model); df<-fm$df.residual

p<-n-df-1; s<-rep(" ", n);

res<-residuals(fm); s1<-s; s1[abs(res)==max(abs(res))]<-"*"

sta<-rstandard(fm); s2<-s; s2[abs(sta)>2]<-"*"

stu<-rstudent(fm); s3<-s; s3[abs(sta)>2]<-"*"

h<-hatvalues(fm); s4<-s; s4[h>2*(p+1)/n]<-"*"

d<-dffits(fm); s5<-s; s5[abs(d)>2*sqrt((p+1)/n)]<-"*"

c<-cooks.distance(fm); s6<-s; s6[c==max(c)]<-"*"

co<-covratio(fm); abs_co<-abs(co-1)

s7<-s; s7[abs_co==max(abs_co)]<-"*"

data.frame(residual=res, s1, standard=sta, s2,

student=stu, s3, hat_matrix=h, s4,

DFFITS=d, s5,cooks_distance=c, s6,

COVRATIO=co, s7)

} 6tOo�R��T_`R`,f1�A��RA�[T_�mTo[T_`R`�� 2,f1�A��R� hii > 2(p+1)/n,f1�A��R |DFFITS|i >

2
√

(p + 1)/n ,f1�A��R��, Cooks \�,f1�A��R\ 1 �(,
COVRATIO _��,f1�A��� 6.17 j�Y�#Z_ 6.9 ~p`!Xs�$ 21 uHC$T\�)$ X ~HC$ÆU (?nU�Y), Y _z�'!D�^�A������_q2iC!D%ÆU℄1$�



6.5 ;�
� 353o� 6 6.9: ~� �Bu~n�� X Y �� X Y �� X Y

1 15 95 8 11 100 15 11 102

2 26 71 9 8 104 16 10 100

3 10 83 10 20 94 17 12 105

4 9 91 11 7 113 18 42 57

5 15 102 12 9 96 19 17 121

6 20 87 13 10 83 20 11 86

7 18 93 14 11 84 21 10 100`��O#Z (#Z|), ;�9# lm() BG58 (tO_� exam0617.R).

intellect<-data.frame(

x=c(15, 26, 10, 9, 15, 20, 18, 11, 8, 20, 7,

9, 10, 11, 11, 10, 12, 42, 17, 11, 10),

y=c(95, 71, 83, 91, 102, 87, 93, 100, 104, 94, 113,

96, 83, 84, 102, 100, 105, 57, 121, 86, 100)

)

lm.sol<-lm(y~x, data=intellect)

summary(lm.sol)��872N�
Call:

lm(formula = y ~ x, data = intellect)

Residuals:

Min 1Q Median 3Q Max

-15.604 -8.731 1.396 4.523 30.285

Coefficients:
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Estimate Std. Error t value Pr(>|t|)

(Intercept) 109.8738 5.0678 21.681 7.31e-15 ***

x -1.1270 0.3102 -3.633 0.00177 **

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 11.02 on 19 degrees of freedom

Multiple R-Squared: 0.41, Adjusted R-squared: 0.3789

F-statistic: 13.2 on 1 and 19 DF, p-value: 0.001769aE[3 T �d� F �d�~��d-
ty
Ŷ = 109.8738− 1.1270X.�X�d-QO�;�d-QO9# Reg_Diag()

> source("Reg_Diag.R"); Reg_Diag(lm.sol)

residual s1 standard s2 student s3 hat_matrix s4

1 2.0309931 0.18883222 0.18396849 0.04792248

2 -9.5721288 -0.94440639 -0.94158335 0.15451323

3 -15.6039514 -1.46226437 -1.51081192 0.06281578

4 -8.7309404 -0.82158155 -0.81426336 0.07054521

5 9.0309931 0.83965939 0.83286292 0.04792248

6 -0.3340623 -0.03147039 -0.03063183 0.07261896

7 3.4119599 0.31891861 0.31124676 0.05798959

8 2.5230375 0.23566531 0.22971575 0.05666993

9 3.1420707 0.29716139 0.28991014 0.07985823

10 6.6659377 0.62796572 0.61766026 0.07261896

11 11.0150818 1.04797524 1.05084716 0.09075485

12 -3.7309404 -0.35108151 -0.34283148 0.07054521

13 -15.6039514 -1.46226437 -1.51081192 0.06281578

14 -13.4769625 -1.25882099 -1.27977575 0.05666993

15 4.5230375 0.42247610 0.41315320 0.05666993

16 1.3960486 0.13082533 0.12739342 0.06281578

17 8.6500264 0.80601240 0.79828114 0.05210768



6.5 d-QO 355

18 -5.5403062 -0.85153932 -0.84511086 0.65160998 *

19 30.2849710 * 2.82336807 * 3.60697972 * 0.05305030

20 -11.4769625 -1.07201020 -1.07648108 0.05666993

21 1.3960486 0.13082533 0.12739342 0.06281578

DFFITS s5 cooks_distance s6 COVRATIO s7

1 0.041274036 8.974064e-04 1.1658918

2 -0.402520687 8.149796e-02 1.1969990

3 -0.391140045 7.165814e-02 0.9363474

4 -0.224328534 2.561596e-02 1.1151027

5 0.186855984 1.774366e-02 1.0850411

6 -0.008571736 3.877627e-05 1.2013200

7 0.077223953 3.130575e-03 1.1701576

8 0.056303487 1.668209e-03 1.1742373

9 0.085407473 3.831949e-03 1.1996682

10 0.172840518 1.543952e-02 1.1520913

11 0.331996854 5.481014e-02 1.0878396

12 -0.094449643 4.677623e-03 1.1832616

13 -0.391140045 7.165814e-02 0.9363474

14 -0.313673908 4.759781e-02 0.9923313

15 0.101264129 5.361216e-03 1.1590453

16 0.032981383 5.735845e-04 1.1867369

17 0.187166128 1.785650e-02 1.0964388

18 -1.155778731 * 6.781120e-01 * 2.9586827 *

19 0.853737107 * 2.232883e-01 0.3964316

20 -0.263846244 3.451889e-02 1.0425728

21 0.032981383 5.735845e-04 1.1867369Æ_�72�g�4 19 =f16T_�&���*A�[T_�mTo[T_,`R`h3 2, DFFITS _��h3,?bA�4 18 =f16, h18,18,

DFFITS _��� COVRATIO _��h3,?bA�F*R�, Cook _���&���~��M:72otk�{�4 19 =f16R0�>��0.��4 18 =f16R
>�,�0.��
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e 6.11: j�Y�#Z,T_e�d-e
opar <- par(mfrow = c(2, 2), oma = c(0, 0, 1.1, 0),

mar = c(4.1, 4.1, 2.1, 1.1))

plot(lm.sol, 1); plot(lm.sol, 3); plot(lm.sol, 4)

attach(intellect)

plot(x, y); X<-x[18:19]; Y<-y[18:19]
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text(X, Y, labels=18:19, adj=1.2); abline(lm.sol)

par(opar)6_�tOo�~�! par() 9#��9#eFR#hh9#��[Q,~�
[2�6*%}�e 6.11 ,4lDe	T_V6e�ÆeFg{�4 19 =f16℄%(��A,f16�e 6.11 ,4XDe	A�[T_`R`,f
,T_e�4 19 =f16A�[T_,f
�� 1.5, (℄4 19 =f166 95% ,_utm�e
6.11 ,4UDeC�,	 Cook \��M�	4 18 =f16,`���~��4 18 =f16oq	'�06 (|e`6). y!%�k�,72�e 6.11 ,4+De�{!d-℄*�f16,V6e�4 18 =f16℄%	��4 19 =f16℄%	_�R�T#d-aE�9B�Q�[X{d-
t�#Z,,eF��[3d-QO��Q`	q k�{#Z,�P�6��N�R�j�Y�#Z�4 18=f1,u+	p��P�V4 19 =f1,Y�72	p��P�M:Lh�BlL,^P�6 R Q o�9# influence.measures() ot�d-QO,���B,~�Æ�y

influence.measures(model)�o model 	� lm m glm �p,R4��^d`	l�#C�#Co&� DF-

FITS _��� COVRATIO _��� Cooks \�.�
6.5.5 |'#>P!
>�4�+'y�d-aEoqge/EQg�!�,9�g��aEo,�A
>�V�>#`�nf	s=�#6k�y�!8
>��,'�,�0	Esh,�Mly2�Pemy�*HmTs�*H�

1. m!s|'#>PN2�6d:e# c0, c1 � c2, ~**H.�
c1X1 + c2X2 = c0 (6.45)R�#Zo��#Zo,f1Fp��;��
>� X1 � X2 yH��*H,�



358 43C d-k�6|�o�H��*H	}BYo,�~��N2.� (6.45) C,2RY�#Zp��;�C,�*H�l�e��J	n=B
, X1 � X2 �,�*HtK,K��	BQf1+'�#,�
 r2
12. H��*HR�� r2

12 = 1; g�*HR�� r2
12 = 0. ! r2

12 ,0C� 1, C,�*H,'�[e��Q;:FL	 “C,”, ! r2
12 .�y��Q( X1 � X2 	�*H,�R� p(> 2) �
>��N2�6e# c0, c1, · · · , cp, ~*

c1X1 + c2X2 + · · ·+ cpXp = c0 (6.46)C,p��;C�M p �>��6Ts�*H�
2. |'#>Pf�:% x(1), x(2), · · · , x(p) 	
>� X1, X2, · · · , Xp I3oA[�A�[*&,3� 6, � X = (x(1), x(2), · · · , x(p)), h λ y XT X ,l�KT`� ϕ yR�,KT3���fKy 1, | ϕT ϕ = 1. R λ ≈ 0, ;

XT Xϕ = λϕ ≈ 0.� ϕT �s_��*&
ϕT XT Xϕ = λϕT ϕ = λ ≈ 0,�t�

Xϕ ≈ 0,|
ϕ1x(1) + ϕ2x(2) + · · ·+ ϕpx(p) ≈ 0, (6.47)�o ϕ = (ϕ1, ϕ2, · · · , ϕp)

T . � (6.47)C℄�3� x(1), x(2), · · ·, x(p) [��C,,*H'��i	(�R�
>� X1, X2, · · · , Xp, �6 c0, c1, · · · , cp, ~*� (6.46)C,p��|
>�[��6Ts�*H�K�Ts�*H℄stK,l�shbA	
U XT X ,W #�|
κ(XT X) = ‖XTX‖ · ‖(XTX)−1‖ =

λmax(X
T X)

λmin(XT X)
,

6&�"Yn�Z���Z+bZ$5 8.2.1 4�-�;b



6.5 d-QO 359�o λmax(X
TX), λmin(X

T X) C�
U XT X ,����7KT`�℄(_�W #qX! XT X ,KT`_|,�7�Æ|���,Id+K�l R κ < 100, ;HyTs�*H,tKE7�R 100 ≤ κ ≤ 1000, ;Hy�6o.tKm.',Ts�*H�R κ > 1000, ;Hy�6℄s,Ts�*H�6 R Q o�9# kappa() �8US,W #��~�
[y
kappa(z, exact = FALSE, ...)�o z 	US� exact 	Ax>��! exact=TRUE y�H��8W #�p;C,�8W #�� 6.18 �^8uUZu;�?℄J${�;�℄8�
x��Ou_ 6.10 $��?�U 12 E����(8EM�?℄J X1, X2, · · · , X6 $)X 11 E��i6 6.10: �p~n�� Y X1 X2 X3 X4 X5 X6

1 10.006 8.000 1.000 1.000 1.000 0.541 −0.099

2 9.737 8.000 1.000 1.000 0.000 0.130 0.070

3 15.087 8.000 1.000 1.000 0.000 2.116 0.115

4 8.422 0.000 0.000 9.000 1.000 −2.397 0.252

5 8.625 0.000 0.000 9.000 1.000 −0.046 0.017

6 16.289 0.000 0.000 9.000 1.000 0.365 1.504

7 5.958 2.000 7.000 0.000 1.000 1.996 −0.865

8 9.313 2.000 7.000 0.000 1.000 0.228 −0.055

9 12.960 2.000 7.000 0.000 1.000 1.380 0.502

10 5.541 0.000 0.000 0.000 10.000 −0.798 −0.399

11 8.756 0.000 0.000 0.000 10.000 0.257 0.101

12 10.937 0.000 0.000 0.000 10.000 0.440 0.432D{��o
X1 + X2 + X3 + X4 = 10,�P:��;f�$OL�\g�?℄J℄�uE)�{��
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[�O#Z��
>� X1, X2, · · · , X6 oA[�A�[*&,US XT X 1l_S�M:
>�op,+'US�4� kappa() 9#5{US XT X ,W #�� eigen() 9#5{US XT X ,�7KT`�+�,KT3��58�P, R tON� (tO_� exam0618.R).

collinear<-data.frame(

Y=c(10.006, 9.737, 15.087, 8.422, 8.625, 16.289,

5.958, 9.313, 12.960, 5.541, 8.756, 10.937),

X1=rep(c(8, 0, 2, 0), c(3, 3, 3, 3)),

X2=rep(c(1, 0, 7, 0), c(3, 3, 3, 3)),

X3=rep(c(1, 9, 0), c(3, 3, 6)),

X4=rep(c(1, 0, 1, 10), c(1, 2, 6, 3)),

X5=c(0.541, 0.130, 2.116, -2.397, -0.046, 0.365,

1.996, 0.228, 1.38, -0.798, 0.257, 0.440),

X6=c(-0.099, 0.070, 0.115, 0.252, 0.017, 1.504,

-0.865, -0.055, 0.502, -0.399, 0.101, 0.432)

)

XX<-cor(collinear[2:7])

kappa(XX,exact=TRUE)*&W #	 κ = 2195.908 > 1000, Hy�℄s,Ts�*H�BlL�H{h:>�	Ts�*H,��8US,KT`�+�,KT3�
> eigen(XX)*&

λmin = 0.001106, ϕ = (0.4476, 0.4211, 0.5417, 0.5734, 0.006052, 0.002167)T.|
0.4476x(1) + 0.4211x(2) + 0.5417x(3) + 0.5734x(4)

+ 0.006052x(5) + 0.002167x(6) ≈ 0.�� x(5), x(6) #,�#C,y 0, ~���
0.4476x(1) + 0.4211x(2) + 0.5417x(3) + 0.5734x(4) ≈ 0, (6.48)
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C{�;�~� 361�t�6	 c0, c1, c2, c3, c4 ~*
c1X1 + c2X2 + c3X3 + c4X4 ≈ c0.M(℄>� X1, X2, X3, X4 �6	Ts�*H��Pgo�,>�	+℄,��w� kappa() 9#iot5*HaE,W #��|�_	�8�
>� X1, X2, · · · , Xp, Y �pUS,W #�|

kappa(lm.model) = κ([X1X2 · · ·XpY ]).

6.6 *n?Q?,)M+z*HaE (GLM) 	e�VE*HaE,℄0h+�Bot
���P#Z��V#Z�KD	MK�N�H#Z��##Z�M6��_�
�	o
�mT�I��gg#Z,_�k�_��	shwz�+z*HaE� � Nelder � Wedderburn (1972) O{�M:aEh50�>�dq[3*HF�n���>��ÆV'v!*H
>�,)/�BQR*HaEBG!��
X,h+�[3h?l��09#�%0�>�,�r�*H
>�+���t{R�_,kK�{l��_9#�M:h+0NNT*HaE,
[q0��l ,�P�6*Hd-o��Q,gA	%0�>� yi�y p �
>� x1i, x2i, · · · , xpi, i = 1, 2, · · · , n ,9##�aE�R�+z*HaE��t�U��v�4l	*H
>��BC℄4 i �0�>�,�r` E(yi) d	q3*H
>� βT xi Vn�� xi, �oN[elf� β 	|YR#, (p + 1) × 1 3��oq&73\�4X	�09#�B(℄*H
>�� E(yi) ,'���{!*HaE,h+�4U	�_9#�B(℄+z*HaE,�MlMk:rpl��Q'0f1y+TG�,Æh��;:o��VE�_,Æh�otÆb#EkK�o�Rl��y�_9#�C 6.11 �{!+z*HaEoe�,�09#��_9#� �N�R�VE*HaE�Æh yi 	VEkK�a`y xT
i β, |Y
_ σ2. N2�QÆh yi	 Poisson :r>��a`y exp(xT

i β), �Q*& Poisson d-aE�
6.6.1 �)m>P(Lz&f R 1~

R Q O�!rB�8+z*HaE,9# glm(), �`/Æ�N�



362 (Z� ;�\g6 6.11: HUf�^1~60D1~�09# t�09# (d-aE) 7E�_9#H. xT β = E(y) E(y) = xT β VEkKR# xT β = ln E(y) E(y) = exp(xT β) Poisson kK
Logit xT β = LogitE(y) E(y) = exp(xT β)

1+exp(xT β)
X1kKt xT β = 1

E(y)
E(y) = 1

xT β
Gamma kK

fitted.model <- glm(formula, family=family.generator,

data=data.frame)�o formula 	rB���M�,wz�*HaE+℄� family 	kK��|#X(&,+z*HaE,r��NVEkK� Poisson kK�X1kK.�
data 	#Z|�M�,wz�*HaE+℄�R�O�kK� (family), O�!+�,�09#�NC 6.12 ���6 6.12: 8��&f�^1~kK� (family) � 0 9 #

binomial logit, probit, cloglog

gaussian identity

Gamma identity, inverse, log

inverse.gaussian 1/mu^2

poisson identity, log, sqrt

quasi logit, probit, cloglog, identity,

inverse, log, 1/mu^2, sqrt�!M:kK���09#��QSonp+�,+z*HaE,,B�P��XS�rJ℄,kK�BGk��
6.6.2 ��
;8VEkK�,~�
[	
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fm <- glm(formula, family = gaussian(link = identity),

data = data.frame)�o link = identity otJ>�~yVEkK�,�09#>q`	H.
(identity). �|_�U�R# family = gaussian iotJ>�~ykK�,>q`S	VEkK�ÆC 6.11 otg{�VEkK�,+z*HaE|�_�*HaE	+℄,�iS	(�

fm <- glm(formula, family = gaussian, data = data.frame)�*HaE
fm <- lm(formula, data = data.frame)�n=+℄,�872��9=�/*T�

6.6.3 �C
;86X1kK�o� logistic d-aE	�sh,aE�6d:d-�Po�0�>�	k�,�Ie	mKp��mKu��R�M:�P�VE*HaE%B	JB
,�~yVE�_JR�l� 0–1 0��6Mr1���o�lrsh,
[my logistic d-�R�0�>� Y � p �
>� (mmy8�>�), �y X1, X2, · · · , Xp. 6
p �
>�,���{&p�,W �=�y P = P{Y = 1|X1, X2, · · · , Xp}, iL logistic d-aEy

P =
exp(β0 + β1X1 + β2 + · · ·+ βpXp)

1 + exp(β0 + β1X1 + β2 + · · · + βpXp)
, (6.49)�om β0 ye#1m3\�m β1β2, · · · , βp y logistic aEd-�#�Æ�� (6.49) otg{� logistic d-aE	l�g*Hd-aE�
>� Xj(j = 1, 2, · · · , p) ot	�P>��iot	k�>��m\>� (dummy

variable) R
>� Xj Fw9`� β0 +β1X1 +β2X2 + · · ·+βpXp 6 −∞ & +∞>[y��� (6.49) ,3`�6 0 & 1 [�>[�MV	�= P ,9`7��R�� (6.49) � logit >a� logistic d-aEot>p�#*HF��
logit(P ) = ln

(
P

1 − P

)
= β0 + β1X1 + β2X2 + · · ·+ βpXp. (6.50)



364 (Z� ;�\gÆ� (6.50) otg{��Qq ~�*Hd-aERR#BG!��MS	
logistic d-aE��+z*HaE,$~�� R Q �8 logistic d-aE,��y

fm <- glm(formula, family = binomial(link = logit),

data=data.frame)�o link = logit otJ>�~y logit 	X1kK��09#	q>�E�6� glm() 9#� logistic d-aEy�R��� formula ��r�O
[�lr
[	�Op��u�,�#�.lr4*HaE[e#Z,�O
[�M������(℄�#Z,�O� glm() 9#,~�
[�� 6.19 R. Norell |dU+�o(+{Cl�$M~� R. Norell +��$+YC�y7d$M~�*ut,$� wM 7 G� 6 '+D4<� 0,1,2,3,4,5 �A�oG�W+D 30 r�o'4< 5 r�B%F$��|��C()

ut,�oG�B�W+D 60 r�Co�+D�~K℄J — FFq7�B��x�B�W�x�_
6.13 $$��w�o'+D4< 70 ��,$~K$B��� �\g+DC�6 6.13: 7 "5{ 6 &:�Huf�HGfoCfBt+Y (�A) �,�� ~K�� ~K$YB

0 70 0 0.000

1 70 9 0.129

2 70 21 0.300

3 70 47 0.671

4 70 60 0.857

5 70 63 0.900$M~�`��#Z|F��O#Z�4�9US�l#	p� (0�) ,�#�.l#	u� (J0�) ,�#�BM4� logistic d-��tON� (tO_�
exam0619.R)

norell<-data.frame(
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x=0:5, n=rep(70,6), success=c(0,9,21,47,60,63)

)

norell$Ymat<-cbind(norell$success, norell$n-norell$success)

glm.sol<-glm(Ymat~x, family=binomial, data=norell)

summary(glm.sol)��872y
Call:

glm(formula = Ymat ~ x, family = binomial, data = norell)

Deviance Residuals:

1 2 3 4 5 6

-2.2507 0.3892 -0.1466 1.1080 0.3234 -1.6679

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -3.3010 0.3238 -10.20 <2e-16 ***

x 1.2459 0.1119 11.13 <2e-16 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 250.4866 on 5 degrees of freedom

Residual deviance: 9.3526 on 4 degrees of freedom

AIC: 34.093

Number of Fisher Scoring iterations: 4| β0 = −3.3010, β1 = 1.2459. F*d-
t[3!�d�~��d-aEy
P =

exp(−3.3010 + 1.2459X)

1 + exp(−3.3010 + 1.2459X)
,�o X 	82'K (�~�;�).



366 (Z� ;�\g�*Hd-aE+℄�6*&d-aEM�ot�!Y��N�!82'Ky 3.5 ;�y��0�,x,�=yTa�
> pre<-predict(glm.sol, data.frame(x=3.5))

> p<-exp(pre)/(1+exp(pre)); p

[1] 0.742642| 74.26%.ot�vi�N� 50% ,x�0���82'KyTa�! P = 0.5 y�
ln P

1−P
= 0, �t� X = −β0/β1.

> X<- - glm.sol$coefficients[[1]]/glm.sol$coefficients[[2]]

> X

2.649439| 2.65 ;�,82'K�ot~ 50% ,x�0���MX{0�,3�� logistic d-8*X� R Q ,he`/N��*&,eF�e 6.12 ���

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

norell$x

no
re

ll$
y

e 6.12: 0�3�'�'K,r= logistic d-8*
d<-seq(0, 5, len=100)
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pre<-predict(glm.sol, data.frame(x = d))

p<-exp(pre)/(1+exp(pre))

norell$y<-norell$success/norell$n

plot(norell$x, norell$y); lines(d, p)6tOo� d 	�{8*F�A,6� pre 	�8!Y`� p 	+�,!Y�=�� plot 9#� lines �{V6e�R�,!Y8*�� 6.20 50 YN�SFpN�I$

H�uPj#Kr=#MMd$$$pN� X1(0u /mm3); SFs~S%P X2(\U 0, 1, 2, 3 P); �j(U`~�#K X3(“1” _zU~�#K� “0” _z`~�#K). A�%Q=#
H$k�r℄�d?℄J Y = 0 _zk�r℄u 1 Æ?	� Y = 1 _zk�r℄u 1 ÆB 1 Æ?
��W X1, X2, X3 � Y $	s���O_ 6.14 )z��P Logistic;�~�\g
Hk�r℄{>$fa\ X1, X2, X3 $�o�`� �O#Z�� glm() 9#�8 (tO_� exam0620.R).

life<-data.frame(

X1=c(2.5, 173, 119, 10, 502, 4, 14.4, 2, 40, 6.6,

21.4, 2.8, 2.5, 6, 3.5, 62.2, 10.8, 21.6, 2, 3.4,

5.1, 2.4, 1.7, 1.1, 12.8, 1.2, 3.5, 39.7, 62.4, 2.4,

34.7, 28.4, 0.9, 30.6, 5.8, 6.1, 2.7, 4.7, 128, 35,

2, 8.5, 2, 2, 4.3, 244.8, 4, 5.1, 32, 1.4),

X2=rep(c(0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2,

0, 2, 0, 2, 0, 2, 0),

c(1, 4, 2, 2, 1, 1, 8, 1, 5, 1, 5, 1, 1, 1, 2, 1,

1, 1, 3, 1, 2, 1, 4)),

X3=rep(c(0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1),

c(6, 1, 3, 1, 3, 1, 1, 5, 1, 3, 7, 1, 1, 3, 1, 1, 2, 9)),

Y=rep(c(0, 1, 0, 1), c(15, 10, 15, 10))

)

glm.sol<-glm(Y~X1+X2+X3, family=binomial, data=life)

summary(glm.sol)�872N��
Call:



368 (Z� ;�\g6 6.14: 50 'JP�+7/P,\99SeV~n�� X1 X2 X3 Y �� X1 X2 X3 Y

1 2.5 0 0 0 26 1.2 2 0 0

2 173.0 2 0 0 27 3.5 0 0 0

3 119.0 2 0 0 28 39.7 0 0 0

4 10.0 2 0 0 29 62.4 0 0 0

5 502.0 2 0 0 30 2.4 0 0 0

6 4.0 0 0 0 31 34.7 0 0 0

7 14.4 0 1 0 32 28.4 2 0 0

8 2.0 2 0 0 33 0.9 0 1 0

9 40.0 2 0 0 34 30.6 2 0 0

10 6.6 0 0 0 35 5.8 0 1 0

11 21.4 2 1 0 36 6.1 0 1 0

12 2.8 0 0 0 37 2.7 2 1 0

13 2.5 0 0 0 38 4.7 0 0 0

14 6.0 0 0 0 39 128.0 2 1 0

15 3.5 0 1 0 40 35.0 0 0 0

16 62.2 0 0 1 41 2.0 0 0 1

17 10.8 0 1 1 42 8.5 0 1 1

18 21.6 0 1 1 43 2.0 2 1 1

19 2.0 0 1 1 44 2.0 0 1 1

20 3.4 2 1 1 45 4.3 0 1 1

21 5.1 0 1 1 46 244.8 2 1 1

22 2.4 0 0 1 47 4.0 0 1 1

23 1.7 0 1 1 48 5.1 0 1 1

24 1.1 0 1 1 49 32.0 0 1 1

25 12.8 0 1 1 50 1.4 0 1 1
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glm(formula = Y ~ X1 + X2 + X3, family = binomial, data = life)

Deviance Residuals:

Min 1Q Median 3Q Max

-1.6960 -0.5842 -0.2829 0.7436 1.9292

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -1.696538 0.658635 -2.576 0.010000 **

X1 0.002326 0.005683 0.409 0.682308

X2 -0.792177 0.487262 -1.626 0.103998

X3 2.830373 0.793406 3.567 0.000361 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 67.301 on 49 degrees of freedom

Residual deviance: 46.567 on 46 degrees of freedom

AIC: 54.567

Number of Fisher Scoring iterations: 5|d-aEy
P =

exp(−1.696538 + 0.002326X1 − 0.792177X2 + 2.830373X3)

1 + exp(1.696538 + 0.002326X1 − 0.792177X2 + 2.830373X3)
.�_�d-aE�(Y�Rl�EE,#�1,bA(Y`y x1 = 5, x2 =

2, R��%m� (x3 = 0), ; 1 ut_,�j�=
> pre<-predict(glm.sol, data.frame(X1=5,X2=2,X3=0))

> p<-exp(pre)/(1+exp(pre)); p

[1] 0.03664087y 3.66%. RBG!�%Hm� (x3 = 1), ; 1 ut_,�j�=
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> pre<-predict(glm.sol, data.frame(X1=5,X2=2,X3=1))

> p<-exp(pre)/(1+exp(pre)); p

[1] 0.3920057y 39.20%. 3N��%m�O
! 10.699 -�|�_��_�d-
t�!Y`�6l:�P�M	~y6*& logisticd-aEy�R# β1 N�[3�d�� P– `y 0.6823. ot�,�*HaE�� step() �>�XR�
> glm.new<-step(glm.sol)

Start: AIC= 54.57

Y ~ X1 + X2 + X3

Df Deviance AIC

- X1 1 46.718 52.718

<none> 46.567 54.567

- X2 1 49.502 55.502

- X3 1 63.475 69.475

Step: AIC= 52.72

Y ~ X2 + X3

Df Deviance AIC

<none> 46.718 52.718

- X2 1 49.690 53.690

- X3 1 63.504 67.504

Call: glm(formula = Y ~ X2 + X3, family = binomial, data = life)

Coefficients:

(Intercept) X2 X3

-1.642 -0.707 2.784
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Degrees of Freedom: 49 Total (i.e. Null); 47 Residual

Null Deviance: 67.3

Residual Deviance: 46.72 AIC: 52.724� summary() 9#%�aE,�5�
> summary(glm.new)

Call:

glm(formula = Y ~ X2 + X3, family = binomial, data = life)

Deviance Residuals:

Min 1Q Median 3Q Max

-1.6849 -0.5950 -0.3033 0.7442 1.9073

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -1.6419 0.6381 -2.573 0.010082 *

X2 -0.7070 0.4282 -1.651 0.098750 .

X3 2.7844 0.7797 3.571 0.000355 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 67.301 on 49 degrees of freedom

Residual deviance: 46.718 on 47 degrees of freedom

AIC: 52.718Æ�872otg{���R#[3!�d (α = 0.1). �y,d-aEy
P =

exp(−1.6419 − 0.7070X2 + 2.7844X3)

1 + exp(−1.6419 − 0.7070X2 + 2.7844X3)
.4�!Yk�

> pre<-predict(glm.new, data.frame(X2=2,X3=0))

> p<-exp(pre)/(1+exp(pre)); p
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[1] 0.04496518

> pre<-predict(glm.new, data.frame(X2=2,X3=1))

> p<-exp(pre)/(1+exp(pre)); p

[1] 0.4325522~��%m�3N��%m�O
! 9.619 -�Æ_���otg{�R�+z*HaE GLM, ℄fot�>�XR�aEJV.���!B��Q℄fo�d-QO�
> source("Reg_Diag.R"); Reg_Diag(glm.sol)QO,72 (.�72>) `LhR4 5 =� 11 =� 20 =� 43 =� 46 =f1�BlL,^P���`ot� influence.measures() �d-QO��Æ�N��
> influence.measures(glm.sol)�QO,72	� 5 =� 46 =f1oq��P�

6.6.4 C�
;8R�+z*HaE�|!_X(&, logisticd-aEm�̀ ��A,aE�N Poisson aE.�M�SJ.�<
!�d��<
 R Q o� glm() '�M:aE,~�
[�
1. Poisson 
;860 Poisson 
;8
Poisson kK�aE�r Poisson kK�aE,~�
[	

fm <- glm(formula, family = poisson(link = log),

data = data.frame)

fm <- glm(formula, family = quasipoisson(link = log),

data = data.frame)�℄(�v	�
ln(E(Y )) = β0 + β1X1 + · · · + βpXp.iS	�

E(Y ) = exp (β0 + β1X1 + · · · + βpXp) .

Poisson kK�aE�r Poisson kK�aEvl,_DS	� Poisson kK�aEh50�>� Y 	U#�Vr Poisson kK�aE;N�Mlh5�
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> x <- rnorm(100)

> y <- rpois(100, exp(1+x))

> glm(y ~x, family=poisson)

Call: glm(formula = y ~ x, family = poisson)

Coefficients:

(Intercept) x

0.997 1.010

Degrees of Freedom: 99 Total (i.e. Null); 98 Residual

Null Deviance: 535.7

Residual Deviance: 106.2 AIC: 366.24l^	op 100�A�VEkK,:r#�Fx`�>� x; 4X^	op 100� Poisson ,:r#��oR# λ = exp(1+x); 4+^	�+z*Hd-aE��kK�	 Poisson, �09#y link=log, ~yB	>q`�FJLh>6��o�'� PoissonkK�aE�r PoissonkK�aE,�09#`� identity,

sqrt.

2. Gamma 
;8
Poisson kK�aE,~�
[	

fm <- glm(formula, family = gamma(link = inverse),

data = data.frame)�℄(�v	�
1

E(Y )
= β0 + β1X1 + · · ·+ βpXp.iS	�

E(Y ) =
1

β0 + β1X1 + · · ·+ βpXp
.



374 (Z� ;�\g�N�j:rBg*Hd-
y =

θ1z1

z2 − θ2

+ ε,%B>p.lrF�
y =

1

β1x1 + β2x2
+ ε,�o x1 = z2/z1, x2 = −1/x1, β1 = 1/θ1 � β2 = θ2/θ1. Æh�Qq�
!,#Z7���Qot�N�,
[�g*Hd-

nlfit<-glm(y ~ x1 + x2 - 1,

family = quasi(link=Gamma, data = data.frame)

3. quasi 
;8
quasi kK�aE,~�
[	

fm <- glm(formula,

family = quasi(link = link.fun, variance=var.val),

data = data.frame)�o link.funC��09#��N�9#�logit, probit, cloglog, identity,

inverse, log, 1/mu^2, sqrt, V var.val C�
_`�� constant, mu, mu^2,

mu^3 .��X	 quasi kK�aE,������:
[,�872�#X<
kK�,�872	+℄,��N�
nlfit <- glm(y ~ x1 + x2 - 1,

family = quasi(link=inverse, variance=constant),

data = data.frame)� Gamma kK�o<
,��	+℄,�
x <- rnorm(100)

y <- rpois(100, exp(1+x))

glm(y ~x, family=quasi(var="mu", link="log"))� Poisson kK�o<
,��	+℄,�!B� quasi kK�aE`��A,
�
glm(y ~x, family=quasi(var="mu^2", link="log"))
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y <- rbinom(100, 1, plogis(x))

glm(y ~x, family=quasi(var="mu(1-mu)", link="logit"),

start=c(0,1))|_�kK�m�`� quasibinomial kK�� inverse.gaussian �.�M:kK�Lh��6~�o�kRBQ,!8�M�SJll<
!�
6.7 �?Q?,)M#X�5(&,aE{h	*HaE�B[�N�,F�

Y = β0 + β1Z1 + β2Z2 + · · · + βkZk + ε, (6.51)�o Zi otC�q1>� X1, X2, · · ·, Xp ,Fw9#�9B� (6.51) otC�>�[�E+a,'� (N+z*HaE), �6NT|�1���MrF�,aE	JB
,��N�!�Ql*!'�0��
>�[�,��B��VMrB�O�!O|aE,F�mO�!aE6ME�dr
ty�J�� (6.51)SJB
!�l 2�!|�1�h5�g*HaEy�S��Doq2rBMf,aE�VJrBoqk�|�,*HaE��X#V��g*HaE,���
Y = exp(θ1 + θ2t

2 + ε), (6.52)

Y =
θ1

θ1 − θ2

(
e−θ2t − e−θ1t

)
+ ε. (6.53)aE (6.52) � (6.53) F	tg*H,F�&7R# θ1 � θ2, 6Mrwz��BQF	g*HaE��BQ�1l_,7D�l�ot[p*HaE�NR�aE (6.52) �99R#�*&

ln Y = θ1 + θ2t
2 + ε, (6.54)B[�aE (6.51) ,F��|R�R#	*H,��,�aEa (6.52) if�ot[3
!,>a��[y*HaE,g*HaEmyp6*H,�BV�h/%aE (6.53) �[p'�R#	*HF�	Joq,�Mf,aEmyp6g*H,�9BETyKot>aMraE~BLvrB����NA>a�BIB	g*H,�



376 43C d-k�Rp6*HaE�15{h<
T1�d-aE�VR��A,p6*HaESJ�<
!�15,s6`	f6p6g*HaE_�D)�:��oq`	p6*H,���Q`	�M:��(℄NA58p6g*H,aE�
6.7.1 |Cq>+(L

1. |Cq>+M�d<
l#T1d-aE�hq�z& n�f1 (xi, yi), i = 1, 2, · · · , n,Æ?0�>�	
>�, k �T1��|
yi = β0 + β1xi + β2x

2
i + · · · + βkx

k
i + εi, i = 1, 2, · · · , n, (6.55)�o εi ∼ N(0, σ2). /

zi1 = xi, zi2 = x2
i , · · · , zik = xk

i ,;T1�d-aE (6.55) So[p k #*Hd-
yi = β0 + β1zi1 + β2zi2 + · · · + βkzik + εi, i = 1, 2, · · · , n, (6.56)�o εi ∼ N(0, σ2).R�d-aE (6.56) o�#X(3,*Hd-aEBG�8�� 6.21 �'!vn$$.2�\~v� A \ B, ���,�\g�Kx�I'v��\�� x \��o� y �℄U83$�J�o�_ 6.15 T\M8E�,����PE�y;�3\g x \ y �℄$�o�6 6.15: b{�6�;�5~f&5~n

i xi yi i xi yi i xi yi

1 37.0 3.40 6 39.5 1.83 11 42.0 2.35

2 37.5 3.00 7 40.0 1.53 12 42.5 2.54

3 38.0 3.00 8 40.5 1.70 13 43.0 2.90

4 38.5 3.27 9 41.0 1.80

5 39.0 2.10 10 41.5 1.90



6.7 T{�;�~� 377`� X{#Z,V6e�Ne 6.13 ���Æeo�� y f�y:	 x ,=�V)/�V! x h3l?`M� y �: x ,=�V_p�~VotÆ? y� x [�	X�T1�d-aE� FÆh���d�_	G�℄kK,�Ft

37 38 39 40 41 42 43

1.
5

2.
0

2.
5

3.
0

alloy$x

al
lo

y$
y

e 6.13: =�[���F�#,V6e�rB8*ÆVEkK N(0, σ2).

yi = β0 + β1xi + β2x
2
i + εi, i = 1, 2, · · · , n.� R Q 58T1�d- (tO_� exam0621.R)

> alloy<-data.frame(

x=c(37.0, 37.5, 38.0, 38.5, 39.0, 39.5, 40.0,

40.5, 41.0, 41.5, 42.0, 42.5, 43.0),

y=c(3.40, 3.00, 3.00, 3.27, 2.10, 1.83, 1.53,

1.70, 1.80, 1.90, 2.35, 2.54, 2.90)

)

> lm.sol<-lm(y~1+x+I(x^2),data=alloy)

> summary(lm.sol)
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Call:

lm(formula = y ~ 1 + x + I(x^2), data = alloy)

Residuals:

Min 1Q Median 3Q Max

-0.33322 -0.14222 -0.07922 0.05275 0.84577

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 257.06961 47.00295 5.469 0.000273 ***

x -12.62032 2.35377 -5.362 0.000318 ***

I(x^2) 0.15600 0.02942 5.303 0.000346 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.329 on 10 degrees of freedom

Multiple R-Squared: 0.7843, Adjusted R-squared: 0.7412

F-statistic: 18.18 on 2 and 10 DF, p-value: 0.0004668~��*& y '� x ,X�d-
t�
ŷ = 257.06961 − 12.62032x + 0.15600x2.F*
t[3 T �d� F �d��rB8*�e 6.13 ���+�,he`/N��

> xfit<-seq(37,43,len=200)

> yfit<-predict(lm.sol, data.frame(x=xfit))

> plot(alloy$x,alloy$y)

> lines(xfit, yfit)

2. �Z|Cq>+Æ#X,I�oY�T1�d-1l_FJ�6�n��B�6,>6	�!T1�,�# k .�y� x, x2, · · ·, xk 0C*H+'�Æ�8+K(�Mfg�V;
t,58���n�ao.�,�8�_�Æ_�+K(�� x, x2,
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· · ·, xk �p,h�US X ,�#0C+'�US (XT X)−1 ,`g>*E��~*�# β ,!�`,
_g>*E��~��yptM:>6��Q�V*T1�d-�T1�d-aE (6.55), j:V*T1�aE
yi = β0 + β1ϕ1(xi) + β2ϕ2(xi) + · · · + βkϕk(xi) + εi, i = 1, 2, · · · , n, (6.57)�o ϕ1(x), ϕ2(x), · · · , ϕk(x) 	V*,�|E�





n∑

i=1

ϕj(xi) = 0, j = 1, 2, · · · , k,

n∑

i=1

ϕj(xi)ϕq(xi) = 0, j 6= q = 1, 2, · · · , k.

(6.58)'�V*T1�,�8��M�SJh%!�M�d�{ R Q ,�8V*T19# poly() ,~�
[��~�Æ�y
poly(x, ..., degree = 1, coefs = NULL)�o x	#`3��degree 	V*T1�,2#�F*h5 degree<length(x).�9#,^d`	lUS�US,�#	E�� (6.58) ,V*3��R�� 6.21 ,#Z�X�V*�
> poly(alloy$x, degree = 2)

1 2

[1,] -4.447496e-01 0.49168917

[2,] -3.706247e-01 0.24584459

[3,] -2.964997e-01 0.04469902

[4,] -2.223748e-01 -0.11174754

[5,] -1.482499e-01 -0.22349508

[6,] -7.412493e-02 -0.29054360

[7,] -1.645904e-17 -0.31289311

[8,] 7.412493e-02 -0.29054360

[9,] 1.482499e-01 -0.22349508

[10,] 2.223748e-01 -0.11174754

[11,] 2.964997e-01 0.04469902

[12,] 3.706247e-01 0.24584459

[13,] 4.447496e-01 0.49168917



380 43C d-k��o4l#	 ϕ1, 4X#	 ϕ2, *E�� (6.58). BlL�BQ`	�~3��� 6.22 PÆnE�y;�R#B 6.21 $$���`�
> lm.pol<-lm(y~1+poly(x,2),data=alloy)

> summary(lm.pol)

Call:

lm(formula = y ~ 1 + poly(x, 2), data = alloy)

Residuals:

Min 1Q Median 3Q Max

-0.33322 -0.14222 -0.07922 0.05275 0.84577

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 2.40923 0.09126 26.400 1.40e-10 ***

poly(x, 2)1 -0.94435 0.32904 -2.870 0.016669 *

poly(x, 2)2 1.74505 0.32904 5.303 0.000346 ***

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.329 on 10 degrees of freedom

Multiple R-Squared: 0.7843, Adjusted R-squared: 0.7412

F-statistic: 18.18 on 2 and 10 DF, p-value: 0.0004668~��*& y '� x ,X�d-
t�
ŷ = 2.40923 − 0.94435ϕ1 + 1.74505ϕ2.+�,!Y�89#y

> xfit<-seq(37,43,len=200)

> yfit<-predict(lm.pol, data.frame(x=xfit))

6.7.2 (.�) �>P>+(L
1. �>P:G�M�HY�Q(L
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Y = f(X1, X2, · · · , Xp, θ1, θ2, · · · , θk) + ε, (6.59)�o ε ∼ N(0, σ2).h (xi1, xi2, · · · , xip, yi), i = 1, 2, · · · , n 	 (X1, X2, · · · , Xp, Y ) , n �G�(Y`�;T#*HaE (6.59) oC�y

yi = f(xi1, xi2, · · · , xip, θ1, θ2, · · · , θk) + εi, i = 1, 2, · · · , n, (6.60)�o εi ∈ N(0, σ2), *G�℄kK�y
<���%� (6.60) �>p
yi = f(X(i), θ) + εi, (6.61)�o X(i) = (xi1, xi2, · · · , xip)

T , θ = (θ1, θ2, · · · , θk)
T .y5R# θ ,!�`�58�7Xs�P

min Q(θ) =

n∑

i=1

(
yi − f(X(i), θ)

)2
. (6.62)�8 θ̂ �yR# θ ,!�`�otW℄�N2 ε ∼ N(0, σ2I), ; θ ,�7Xs!�i	 θ ,w�,B!��M	����P,,B9#o>p

L(θ, σ2) =
1

(2π)n/2 σn
exp

(
−Q(θ)/2σ2

)
.~V�N2 σ2 qY�'� θ w�,B!�.��58�P (6.62).

2. �>P(Lf?~%L —nls() 1~fow'�R# θ ,!�` θ̂ ,�8�|l_f{�+!�P,58�P����PM�SJ�<
!��$~�X��l�58�P (6.62) ����[
[��_��P+_.(��X� R Q O�!ge
<,58�[�P,9#�~�Qot
<2*&�!�`�
R Q o, nls() 9#ot58g*H�7Xs�P (6.62), �~�Æ�y
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nls(formula, data = parent.frame(), start,

control = nls.control(),

algorithm = "default", trace = FALSE, subset,

weights, na.action, model = FALSE)�o formula 	&�>��R#,g*HrB��� data 	oR:,#Z|�
start 	z�6��#C (list) F��{��AR#�6*%}�� 6.23 u1!z5$"��+�$�C�~�'x� A. u vr�Yx�$[��U 0.50 $U�_.�=�x�$$_.%<r℄yYG
d�ux� �P,�2$G� 8 *	�_.�J�
 0.49. �SW%(�xM�E`L) $E� (O+P3��
>hV%), EGu( 8 *>d$R#CU�_.$|8haQ~f"�$�UMUAW
>�2�3 (1) +�x� rKeQX�
(2)  rKey5�C�u8?r℄$	sTh"x�# $��O_ 6.16 )z� [3T{�~�

Y = α + (0.49 − α) exp(−β(X − 8)) + ε (6.63)
t�� X ≥ 8 r��$�x$℄w��PT{�G�J�OL\g�`��O#Z�� nls() 58 (tO_� exam0623.R)

> cl<-data.frame(

X=c(rep(2*4:21, c(2, 4, 4, 3, 3, 2, 3, 3, 3, 3, 2,

3, 2, 1, 2, 2, 1, 1))),

Y=c(0.49, 0.49, 0.48, 0.47, 0.48, 0.47, 0.46, 0.46,

0.45, 0.43, 0.45, 0.43, 0.43, 0.44, 0.43, 0.43,

0.46, 0.45, 0.42, 0.42, 0.43, 0.41, 0.41, 0.40,

0.42, 0.40, 0.40, 0.41, 0.40, 0.41, 0.41, 0.40,

0.40, 0.40, 0.38, 0.41, 0.40, 0.40, 0.41, 0.38,

0.40, 0.40, 0.39, 0.39)

)

> nls.sol<-nls(Y~a+(0.49-a)*exp(-b*(X-8)), data=cl,

start = list( a= 0.1, b = 0.01 ))

> nls.sum<-summary(nls.sol); nls.sum

Formula: Y ~ a + (0.49 - a) * exp(-b * (X - 8))



6.7 T{�;�~� 3836 6.16: \'F=$zH�Ef-
~�� kx($r℄ U�_. �� kx($r℄ U�_.
1 8 0.49 23 22 0.41

2 8 0.49 24 22 0.40

3 10 0.48 25 24 0.42

4 10 0.47 26 24 0.40

5 10 0.48 27 24 0.40

6 10 0.47 28 26 0.41

7 12 0.46 29 26 0.40

8 12 0.46 30 26 0.41

9 12 0.45 31 28 0.41

10 12 0.43 32 28 0.40

11 14 0.45 33 30 0.40

12 14 0.43 34 30 0.40

13 14 0.43 35 30 0.38

14 16 0.44 36 32 0.41

15 16 0.43 37 32 0.40

16 16 0.43 38 34 0.40

17 18 0.46 39 36 0.41

18 18 0.45 40 36 0.38

19 20 0.42 41 38 0.40

20 20 0.42 42 38 0.40

21 20 0.43 43 40 0.39

22 22 0.41 44 42 0.39

Parameters:

Estimate Std. Error t value Pr(>|t|)

a 0.390140 0.005045 77.333 < 2e-16 ***

b 0.101633 0.013360 7.607 1.99e-09 ***
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---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.01091 on 42 degrees of freedom

Correlation of Parameter Estimates:

a

b 0.8879~��aEy
Ŷ = 0.39 + (0.49 − 0.39) exp(−0.10(X − 8)).�XX{#Z,V6e�+�,rB8*� R Q `/N���eFNe

6.14 ���

10 15 20 25 30 35 40

0.
38

0.
40

0.
42

0.
44

0.
46

0.
48

cl$X

cl
$Y

e 6.14: ;�#Z,rB8*�(Y6
> xfit<-seq(8,44,len=200)

> yfit<-predict(nls.sol, data.frame(X=xfit))

> plot(cl$X, cl$Y); lines(xfit,yfit)



6.7 T{�;�~� 385�XI�R�g*Hd-aE�AR#!�,�8�g*Hd-R#,hOh5R�_1
_ σ2 �{!��M�!�`�*Hd-	lf,
σ̂2 =

n∑
i=1

(yi − ŷi)
2

n − k
=

n∑
i=1

(
yi − f(X(i), θ̂)

)2

n − k
=

Q(θ̂)

n − k
. (6.64)�o θ̂ 	R# θ !�`�Rg*Hd-�(� σ̂2 J	 σ2 ,�	!����	!f1�E�y�B,	_E7�6 R Q o�J6�� (6.64) �8 σ ,!�` σ̂, ~y R qIO�!B,` (summary()$sigma), �N�R�� 6.23,

> nls.sum$sigma

[1] 0.01091273�{! σ̂ = 0.01091273.!aE,�_1E� εi ∼ N(0, σ2), Vf1� n ixk�y�; θ̂ ,f1kKC,VE�*
E(θ̂) ≈ θ. (6.65)Mf�!f1�xk�y�g*Hd-,�7Xs!�� θ̂ 	C,VEkK,�V*	�	,�d-�#C,<
_US,!�`	

Var(θ̂) = σ̂2(DT D)−1. (6.66)�o D 	�Z�M�7Xs!�` θ̂ �8*&, Jacobi US��*Hd-,!�<
_US[�n=+℄,F�� D x!! X US,+W��N�R�� 6.23,

f(X, α, β) = α + (0.49 − α) exp(−β(X − 8)),5	%#*&
∂f

∂α
= 1 − exp(−β(X − 8)), (6.67)

∂f

∂β
= −(0.49 − α)(X − 8) exp(−β(X − 8)). (6.68)�X	�8d-�#C,<
_US,3t�

(1) �I�� (6.67)–(6.68), :>�8	%#9#
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> fn<-function(a, b, X){

f1 <- 1-exp(-b*(X-8))

f2 <- -(0.49-a)*(X-8)*exp(-b*(X-8))

cbind(f1,f2)

}9#,^d`	US�
(2) �OR#�>�#Z X, �8	%#6 X �,`

> D<-fn(nls.sum$parameters[1,1],

nls.sum$parameters[2,1], cl$X)*&,#Z	�	%#�p,US�
(3) �I� (6.66) �8{ Var(θ̂)

> theta.var<-nls.sum$sigma^2*solve(t(D)%*%D)

(4) *&+�,�872
> theta.var

f1 f2

f1 2.545130e-05 5.984318e-05

f2 5.984318e-05 1.784969e-04�!d-�#,<
_US�Sot�8R# α, β !�` α̂, β̂ ,A�_
sd(α̂) = sqrt(theta.var[1,1]) = 0.005044928,

sd(β̂) = sqrt(theta.var[2,2]) = 0.01336027.�|_��QJ6�8R#,A�_�6�8g*Hd-y��R#q�8{��BQf6 nls.sum$parameters[,2] o�
> nls.sum$parameters[,2]

a b

0.005044928 0.013360272!g*Hd-aE (6.61),�_1	G�VEkKy�N2f1�xk��;p���C,72�̂
θj − θj

sd(θ̂j)
∼ t(n − k), j = 1, 2, · · · , k. (6.69)



6.7 g*Hd-aE 387�o sd(θ̂j) C� θ̂j ,A�_�~��RFw��, θj , C, 1 − α hB7��[e	lf
[θj − tα/2(n − k)sd(θ̂j), θj + tα/2(n − k)sd(θ̂j)]. (6.70)�X�{�8R#7�!�,tO�tO_� paramet.int.R.

paramet.int<-function(fm, alpha=0.05){

paramet <- fm$parameters[,1]

df <- nls.sum$df[2]

left <- paramet-nls.sum$parameters[,2]

right <- paramet+nls.sum$parameters[,2]

rowname <- dimnames(nls.sum$parameters)[[1]]

colname <- c("Estimate", "Left", "Right")

matrix(c(paramet,left, right), ncol=3,

dimnames = list(rowname, colname ))

}�o fm 	� nls() 9#*&,�872� alpha 	%|H%��9#,^d`	lUS��`�R#,!�`�+�,7�!���9# paramet.int() �8� 6.23 oR#,7�!��
> source("paramet.int.R"); paramet.int(nls.sol)

Estimate Left Right

a 0.3901401 0.38509514 0.3951850

b 0.1016328 0.08827257 0.1149931

3. �>P(Lf?~%L —nlm() 1~fow6 R Q o�io�9# nlm() 58g*H�7Xs�P (6.62). nlm() ~�Æ�
nlm(f, p, hessian = FALSE,

typsize=rep(1, length(p)), fscale=1,

print.level = 0, ndigit=12, gradtol = 1e-6,

stepmax = max(1000 * sqrt(sum((p/typsize)^2)), 1000),

steptol = 1e-6, iterlim = 100,

check.analyticals = TRUE, ...)



388 (Z� ;�\g�o f 	5w7,gA9#�N2 f ,�H&7LK (’gradient’) mLK
(’gradient’) � Hesse US (’hessian’), ;68[5w7yg℄0�&LKm Hesse US�p;�#`,
[5%#� p 	R# (|aE (6.61) o, θ) ,z`� hessian 	Ax>��! hessian=TRUE y��72�{+�, Hesse US�p; (FALSE >q`), %J�8 Hesse US���R#,wz�6*%}�M�9#Q� Newton E8[5w7�9#,^d`	l�#C�&7w7`�w76,!�`�w76�,LK� Hesse US�t{58�L,<��#.�64+C, 4.1.25<
3 nlm()9#,~�
[��X4BlL<
 nlm(),~�
[�6tOo�{gA9#,LK�� 6.24 P�� nlm() JB 6.23 $T{�G�J��R�`�>{g*H�7Xs�P,gA9#��o9#&7LK (’gradient’)�H�9#_� fn.R

fn<-function(p, X, Y){

f <- Y-p[1]-(0.49-p[1])*exp(-p[2]*(X-8))

res<-sum(f^2)

f1<- -1+exp(-p[2]*(X-8))

f2<- (0.49-p[1])*exp(-p[2]*(X-8))*(X-8)

J<-cbind(f1,f2)

attr(res, "gradient") <- 2*t(J)%*%f

res

}69#o� f 	T_3�� res 	T_�
�� f1 	 f R p1 5%#*&,3�� f2 	 f R p2 5%#*&,3�� J 	 Jacobi US�4� nlm() 9#58
> out<-nlm(fn, p=c(0.1, 0.01), X=cl$X, Y=cl$Y, hessian=TRUE); out

$minimum

[1] 0.00500168

$estimate

[1] 0.3901400 0.1016327

$gradient
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[1] 7.954390e-07 -3.261297e-07

$hessian

[,1] [,2]

[1,] 44.20335 -14.799291

[2,] -14.79929 6.248565

$code

[1] 1

$iterations

[1] 336_��872o� minimum 	gA9#6��6�,�7`�iS	T_,�
�� estimate 	R#,!�`�| α̂, β̂; gradient 	gA9#6��6�,LK`� hessian 	gA9#6��6�, Hesse US�Bot�y
DT D ,C,`� iterations 	<��#��_�72otELv2�8 σ̂2, � α̂, β̂ 
_S

> n<-length(X); k<-2

> sigma2<-out$minimum/(n-k); sigma2

[1] 0.0001190876

> theta.var<-sigma2*solve(out$hessian); theta.var

[,1] [,2]

[1,] 1.301183e-05 3.081760e-05

[2,] 3.081760e-05 9.204775e-054��
6.1 U�R^
G#L1(CrT�g$M~�u^
iC8u	s��sJG�G#j< X \�Æ�gwG Y , s#F� 10 Æ$��O_ 6.17 r)z�

(1) �/|K$X)H��� Y \ X ~_U{��o�
(2) :� Y �W X $8b{�;�O��
(3) CO�Jv/�_,�
(4) xs#wÆ$��~ X = 7 s�w�wÆ�gwG$as��|K$;℄�R (α = 0.05).



390 (Z� ;�\g6 6.17: 10 2$:YG[du�`2(�#Gf~n�� X(s) Y (}7) �� X(s) Y (}7)

1 5.1 1907 6 7.8 3000

2 3.5 1287 7 4.5 1947

3 7.1 2700 8 5.6 2273

4 6.2 2373 9 8.0 3113

5 8.8 3260 10 6.4 2493

6.2 +�B8';IF)�"w/Q$80�# 18 E��O_ 6.18 )z�_$ X1 UIF	)�`FQ�<� X2 UIF	MW K2CO3 M7d	M1d�t$UFQ�X3 UIF	MW K2CO3 M7�fMWM1d�t$UFQ�6 6.18: +iL$R�0w��ÆfJ}�� X1 X2 X3 Y �� X1 X2 X3 Y

1 0.4 52 158 64 10 12.6 58 112 51

2 0.4 23 163 60 11 10.9 37 111 76

3 3.1 19 37 71 12 23.1 46 114 96

4 0.6 34 157 61 13 23.1 50 134 77

5 4.7 24 59 54 14 21.6 44 73 93

6 1.7 65 123 77 15 23.1 56 168 95

7 9.4 44 46 81 16 1.9 36 143 54

8 10.1 31 117 93 17 26.8 58 202 168

9 11.6 29 173 93 18 29.9 51 124 99

(1) :� Y �W X $Eb{�;�O��
(2) CO�Jv/�_,�
(3) C℄JJ-h;�\g�

6.3 =�Or���S_ 6.19 )z�
(1) /���$X)H�:;��{ y = β̂0 + β̂1x, Brk;��{4/uX)H
�
(2) \g T _,� F _,~_A��



m8Z 3916 6.19: ~n6�� X Y �� X Y �� X Y

1 1 0.6 11 4 3.5 21 8 17.5

2 1 1.6 12 4 4.1 22 8 13.4

3 1 0.5 13 4 5.1 23 8 4.5

4 1 1.2 14 5 5.7 24 9 30.4

5 2 2.0 15 6 3.4 25 11 12.4

6 2 1.3 16 6 9.7 26 12 13.4

7 2 2.5 17 6 8.6 27 12 26.2

8 3 2.2 18 7 4.0 28 12 7.4

9 3 2.4 19 7 5.5

10 3 1.2 20 7 10.5

(3) /�ow (%Aow�^;1ow) \as�$owH�\gfw~_~%Ow$�
(4) �Æ~��C~K℄J Y J�O�tN� (1)–(3) $zJ�

6.4 C)p���� (��_eB 6.9) # ${�~�J;�
��\g��/X)�2J|8h$+����/X)�2u;�R#$_?�O�U�_?tJ{�;�~�$R#�
6.5 
����� (��eB 6.10)~_�uE)�{��\gB 6.10$ step()��?-$℄J~_!>�
6.6 U+�8�E� (OP�k��U`SwE>�|u~_UR0) C “$dx(~_UmE” $M~�_ 6.20w�$~�9j$dx($����P logistic6 6.20: +i�dO?�F9f~n|uUR0 Rr�3UmE `mE UmE `mEP� USwE> 1 17 11 87k� n U 0 2 0 0f USwE> 28 30 23 3P n U 8 32 0 9



392 (Z� ;�\g;�~�C������|�+��\gmE\��E�$�o�
6.7 _ 6.21 ~ 40 |W>
H$k�=N�)$ X1 _zk?�7
D"\6 6.21: 40 &
&9SfeV2��� X1 X2 X3 X4 X5 Y �� X1 X2 X3 X4 X5 Y

1 70 64 5 1 1 1 21 60 37 13 1 1 0

2 60 63 9 1 1 0 22 90 54 12 1 0 1

3 70 65 11 1 1 0 23 50 52 8 1 0 1

4 40 69 10 1 1 0 24 70 50 7 1 0 1

5 40 63 58 1 1 0 25 20 65 21 1 0 0

6 70 48 9 1 1 0 26 80 52 28 1 0 1

7 70 48 11 1 1 0 27 60 70 13 1 0 0

8 80 63 4 2 1 0 28 50 40 13 1 0 0

9 60 63 14 2 1 0 29 70 36 22 2 0 0

10 30 53 4 2 1 0 30 40 44 36 2 0 0

11 80 43 12 2 1 0 31 30 54 9 2 0 0

12 40 55 2 2 1 0 32 30 59 87 2 0 0

13 60 66 25 2 1 1 33 40 69 5 3 0 0

14 40 67 23 2 1 0 34 60 50 22 3 0 0

15 20 61 19 3 1 0 35 80 62 4 3 0 0

16 50 63 4 3 1 0 36 70 68 15 0 0 0

17 50 66 16 0 1 0 37 30 39 4 0 0 0

18 40 68 12 0 1 0 38 60 49 11 0 0 0

19 80 41 12 0 1 1 39 80 64 10 0 0 1

20 70 53 8 0 1 1 40 70 67 18 0 0 1

(1 ∼ 100); X2 _z
H$ÆU� X3 _zS
� �P+�r℄ (n); X4 _z(X<� (“0” ~Q>� “1” ~��pN>� “2” ~y>� “3” ~��pN>);

X5 _zI'1KOL (“1” ~zÆ� “0” ~�,�L); Y _z
H$k�r℄
(“0” ~k�r℄>�Ok�r℄�W 200 :� “1” _zk�r℄{�Ok�r℄�WB%W 200 :).
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(1) iC P (Y = 1) C X1 ∼ X5 $ logistic ;�~��X1 ∼ X5 C P (Y = 1)$A!M~~_v/���℄J~.2$M~E��v/�!O �R#v
Hk�r℄�W% 200 :$fa�R��
(2) P-h;�L =?℄J�s�O �u) ~�r�R#
Hk�r℄�W%W 200 :$fa�R��dkR#s�\ (1) $~�JYq�wDO ��8u~�y!>�

6.8 8YGs}�$\gHe}.u?1m�$$?7�U�CF�J\�U��J�℄$�o�, wM 14 Xm�3|�t,�� 14 Xm�uL5F��N<��'>Y�Ow:~|}$�Su�,m�$?7�CF�J� 0(�?�USaee=3)  6 f%�d5~%F\� oum�$�_ 6.22 )z$~�W�,s�$���6 6.22: 5sr	yBE~��r	Ey�~nm� �CF�J �U��J m� �CF�J �U��J
1 0 508.1 8 3 697.5

2 0 498.4 9 4 755.3

3 1 568.2 10 4 758.9

4 1 577.3 11 5 787.6

5 2 651.7 12 5 792.1

6 2 657.0 13 6 841.4

7 3 713.4 14 6 831.8

(1) J{�;�~��
(2) JE�y;�~��
(3) /���$X)H��!<{�

6.9 8Y9j
>He}iC8u;�~��C)a
H�j(${':
80|�as�?℄J~
H3j$:� (X), K℄J~
H�j({':
$a(�� (Y ) ���$��l�_za(s�l��UÆ�+�M 15 u
H$�������Ou_ 6.23 $�x��,_{�
H3j$:� (X) �a(��
(Y ) a�T{�~�

Yi = θ0 exp(θ1Xi) + εi, i = 1, 2, · · · , 15.
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(1) P	u{�~�OLR#)v'n$�R��
(2) PT{�OL (nls() ��� nlm() ��) R#)v'n$�R��6 6.23: &}'_9Sf~n
� 3j:� (X) a(�� (Y ) 
� 3j:� (X) a(�� (Y )

1 2 54 9 34 18

2 5 50 10 38 13

3 7 45 11 45 8

4 10 37 12 52 11

5 14 35 13 53 8

6 19 25 14 60 4

7 26 20 15 65 6

8 31 16



kB� �EÆ26|���o��0l �,~4	ET,�EQ�	�r[3�r�d�(℄�r~4R�d72,�0��N�J℄,oag��J℄,$N"�J℄,V�,t�{J℄,��bA.Ra
,l��HqFg��0�BVJ℄~4,�0�7J.�
_k�	^PlrmTr~4,>[R�d72,(Y`	p�%|�0�ÆVH{.�,�dW moaW ,lre�#
_�
[�EQ6�do�j℄&,#�bANa��Hq.my(Y`��0(Y`,W my~4�~4,J℄�Emy%��l�~4otQ�T�%��6l1�do�ot*{l�#J℄,(Y`���(Y`J℄,$~	T
X,��,	�

�J℄mW J℄��,�m�~49� (m�
9��W >|).�,	�d3to}BH~4,�Dm(Y�_�%g,�m��d�_�
_k�,{h��	%Y�#Z,�>|�I>|$~,J℄k8y~49���d�_�FR��{#�k��3.�r$~6�>|o��,shtK��y_�hO,nZ����?BlL,��
3�
7.1 ℄p
�EÆ2�XÆl�|�{Y(℄�~4
_k�,q1)/�� 7.1 AP�'fB�O$jN A1 � A2 � A3 � A4 kx�3$bf�s#)wP�}O_ 7.1 )z� ℄��'fB�Orbf$wP�}U`v/$w6 7.1: �Wx'~njN wP�}

A1 1600 1610 1650 1680 1700 1700 1780

A2 1500 1640 1400 1700 1750

A3 1640 1550 1600 1620 1640 1600 1740 1800

A4 1510 1520 1530 1570 1640 1600D�
395
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_k�6��oN",�
	�0# ,~��`,~4�+rJ℄,�
C℄~4��+r�E�my+r%��Mf,�dmy�~4+%��d��Co#ZoY�JAJ℄�
,N"oa{,# ~��`J℄�V*℄l�
�# ,~��`iJlf�k�#ZGB,$~{h�
�
X��l�6℄f,�
��R���`�d��dW �Q+℄�~��#Z,GB	���B:r~4,�D���,�h/6℄l�
�# ,~��`���l�
�_,a`�V|Y�`#Z�a`,	�|y:r�_���_tÆVEkK��X�6J℄,�
��~��`�J℄,a`�B%gJ℄�,# ��`#Z,J℄�R�l 1��h�dd�l�~4 A 6>[��B~4FJ>� A � r�%� A1, A2, · · ·, Ar, 6%� Ai �BG ni �G�(Y�*&�dbA#Co�NC 7.2 ��� 6 7.2: \o	�D
1~n% � ( Y ` � Q
A1 x11 x12 · · · x1n1

N(µ1, σ
2)

A2 x21 x22 · · · x2n2
N(µ2, σ

2)
...

...
...

. . .
...

...

Ar xr1 xr2 · · · xrnr N(µr, σ
2)�o xij C�6~4 A ,4 i �%��,4 j ��d,�d72�

7.1.1 ~Y(L%%� Ai �,�d72 xi1, xi2, · · ·, xini
g��
4 i �VE�Q Xi ∼

N(µi, σ
2) ,f1(Y`��o µi, σ2 a|Y�*O��Q Xi +TG��j:*H_�aE

{
xij = µi + εij, i = 1, 2, . . . , r, j = 1, 2, . . . , ni,

εij ∼ N(0, σ2) *+TG�,
(7.1)�o µi 	4 i ��Q,a`� εij 	+�,�d�_�



7.1 �~4
_k� 3973.~4 A , r �%�,_|-7y3.M r ��Q,a`�|�dÆh
H0 : µ1 = µ2 = · · · = µr, H1 : µ1, µ2, · · · , µr J=+.� (7.2)�

µ =
1

n

r∑

i=1

niµi, n =

r∑

i=1

ni, αi = µi − µ,M� µ C���,a`� αi y%� Ai RbA,9��JndW r∑
i=1

niαi = 0.aE (7.1) �ot.�>p





xij = µ + αi + εij , i = 1, 2, . . . , r, j = 1, 2, . . . , ni,

εij ∼ N(0, σ2) *+TG�,
r∑

i=1

niαi = 0.

(7.3)maE (7.3) y�~4
_k�,#TaE�B	lr*HaE�
7.1.2 �D
1~�Æh (7.2) .��

H0 : α1 = α2 = · · · = αr = 0, H1 : α1, α2, · · · , αr J=y*� (7.4)N2 H0 0X`�;(℄~4 A ,�%�,9�[��%|,_|�p;�_|J℄%�y!%{ H0 ,�d_���
_k�[#�6�
�k8�
�Kk8,q}_�j:_��
ST =

r∑

i=1

ni∑

j=1

(xij − x̄)2, x̄ =
1

n

r∑

i=1

ni∑

j=1

xij .m ST y��_�
� (mmy�>_), B	��#Z xij ���a` x̄_,�
��Yh!��(Y#Z,�VtK�I�8otW℄N�,�
�k8���
ST = SE + SA, (7.5)
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_k��o
SE =

r∑

i=1

ni∑

j=1

(xij − xi·)
2, xi· =

1

ni

ni∑

j=1

xij ,

SA =
r∑

i=1

ni∑

j=1

(xi· − x̄)2 =
r∑

i=1

ni(xi· − x̄)2.M� SE C�!:r�_,�0�M	~yR�%?, i �(�(Y` xi1, xi2,

· · ·, xini
	�
℄l�VE�Q N(µi, σ

2) ,f1�~��BQ[�,_|	�:r�_�g�V ni∑
j=1

(xij − x̄i·)
2 	M ni �#Z,>B�
��V	BQ_|�7,K��% r �Mf,>B�
�+��S*&! SE , [em SE y�_�
�m�p�
��

SA C�6 Ai %��,f1a`���a`[�,_|[��B℄	! r��Qa`[�,_|�~y x̄i· 	4 i ��Q,f1a`�	 µi ,!��~�
r ��Qa` µ1, µ2, · · · , µr [�,_|,��M:f1a` x̄1·, x̄2·, · · · , x̄r· [�,_|iS,���
� r∑

i=1

ni(x̄i· − x̄)2 V	Mr_|�7,K��M� ni ℄	!4 i ��Qf1�76�
� SA o,���m SA y~4 A ,9��
�m���
���� (7.5) C℄���
� ST o���'k8p�Mk�lMk	�_�
� SE , 	�:r�_��,�.lMk	~4 A ,�
� SA, 	�~4 A ,�%�,_|��,��aEÆh (7.2) I3_�k�ot*& E(SE) = (n− r)σ2, | SE/(n− r)	 σ2 ,l��	!��*
SE

σ2
∼ χ2(n − r).N2$Æh H0 p��;� E(SA) = (r − 1)σ2, |�y SA/(r − 1) i	 σ2 ,�	!��*

SA

σ2
∼ χ2(r − 1),F* SA � SE +TG��~�! H0 p�y�

F =
SA/(r − 1)

SE/(n − r)
∼ F (r − 1, n − r). (7.6)



7.1 �E�Ow\g 399�	 F (im F 3) ot�y H0 ,�d_���R�?,%|H%� α, �
Fα(r − 1, n − r) C� F kK,_ α k~6�R F > Fα(r − 1, n − r), ;X`$Æh�Hy~4 A , r �%��%|_|�iot[3�8 P– `,
[�_?	0�`	X`$Æh H0. p `y p = P{F (r − 1, n − r) > F}, BC�,	tÆ
�Ky (r − 1, n − r) , F kK,:r>�9`�� F ,�=�%B� p`7� α .�� F > Fα(r − 1, n − r), C�6%|H%� α �,7�=� Yo!�Mw}	��X`$Æh H0. ! p` �� α y�;�[X`$Æh��t�0�$Æh H0.[e%�872#pC 7.3 ,F��my
_k�C�6 7.3: \o	�D
16
_�' 
�K �
� a
 F 3 p `~4 A r − 1 SA MSA = SA

r−1
F = MSA

MSE
p� _ n − r SE MSE = SE

n−r� � n − 1 ST

7.1.3 �D
16fL�
R Q o, aov() 9#O�!
_k�C,�8� aov() 9#,~�
[	

aov(formula, data = NULL, projections = FALSE, qr = TRUE,

contrasts = NULL, ...)�o formula 	
_k�,��� data 	#Z|��A�6*%}�.m�o� summary() #{
_k�C,.�B��� 7.2 (P� 7.1) P R QfR#B 7.1.`��#Z|,Æ��O#Z�;� aov()9#�8
_k��� summary()O9
_k�,B� (tO_� exam0702.R)

> lamp<-data.frame(

X=c(1600, 1610, 1650, 1680, 1700, 1700, 1780, 1500, 1640,

1400, 1700, 1750, 1640, 1550, 1600, 1620, 1640, 1600,
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_k�
1740, 1800, 1510, 1520, 1530, 1570, 1640, 1600),

A=factor(c(rep(1,7),rep(2,5), rep(3,8), rep(4,6)))

)

> lamp.aov<-aov(X ~ A, data=lamp)

> summary(lamp.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 3 49212 16404 2.1659 0.1208

Residuals 22 166622 7574_�#Z�
_k�C 7.3 o,pL+R���o Df C�
�K� Sum Sq C��
�� Mean Sq C�a
� F value C� F `�| F 3� Pr(>F) C� P`� A S	~4 A, Residuals 	T_�|�_�Æ_��872otg{�N2℄0� summary(lamp.aov) ,\�BN�#{
_k�C 7.3,�MlG (��G),M�:�7tO (tO_�anova.tab.R),�l6�B���8
[	% summary 9#*&Co,,4lG�4XG5��*&��G,`�
anova.tab<-function(fm){

tab<-summary(fm)

k<-length(tab[[1]])-2

temp<-c(sum(tab[[1]][,1]), sum(tab[[1]][,2]), rep(NA,k))

tab[[1]]["Total",]<-temp

tab

}M�7tO,.l�g,	TgNA�� R Q ,�872�*&�QLh,72��_�9#�Sot*&nU,
_k�C�
> source("anova.tab.R"); anova.tab(lamp.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 3 49212 16404 2.1659 0.1208

Residuals 22 166622 7574

Total 25 215835F%72U6
_k�Co��C 7.4 ���



7.1 �~4
_k� 4016 7.4: �Wx'ubf�D
16
_�' 
�K �
� a
 F 3 p `~4 A 3 49212 16404 2.1658 0.1208� _ 22 166622 7573� � 25 215835Æ p ` (0.1208 > 0.05) otg{�N�xk
�(℄ H0 JV��iS	(�0� H0. (℄+rN"oa{,# ,�a�`�%|,_|�[3 plot() 9#he�Y��~4,_|��`/N���heF�e 7.1���
> plot(lamp$X~lamp$A)

1 2 3 4

14
00

15
00

16
00

17
00

18
00

lamp$A

la
m

p$
X

e 7.1: # �`�d,,*eÆeF_iog{�+rN"oa{,# ,�a�`	�%|_|,�� 7.3 �IÆur'M 3 'fB��$a�j�($�?:�O_ 7.5 )z����IÆW4fW'��($!��?:�U`v/wD�
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_k�6 7.5: ,zub~n�� � ? K �
1 2 4 3 2 4 7 7 2 2 5 4

2 5 6 8 5 10 7 12 12 6 6

3 7 11 6 6 7 9 5 5 10 6 3 10`�h7��0�e,℄8�by~4�UrJ℄,bEyU�%��0rM,�jS#Æ��
U�VEkK�Q N(µi, σ
2)(i = 1, 2, 3) ,f1(Y`��P-7y�d�

H0 : µ1 = µ2 = µ3; H1 : µ1, µ2, µ3 J=+.�
R Q �83t��872 (exam0703.R)

> mouse<-data.frame(

X=c( 2, 4, 3, 2, 4, 7, 7, 2, 2, 5, 4, 5, 6, 8, 5, 10, 7,

12, 12, 6, 6, 7, 11, 6, 6, 7, 9, 5, 5, 10, 6, 3, 10),

A=factor(c(rep(1,11),rep(2,10), rep(3,12)))

)

> mouse.aov<-aov(X ~ A, data=mouse)

> source("anova.tab.R"); anova.tab(mouse.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 2 94.256 47.128 8.4837 0.001202 **

Residuals 30 166.653 5.555

Total 32 260.909

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

p `(7� 0.01 �X`$Æh�|Hy7��60rUrJ℄bE,℄8�bM,�jS#�%|,_|�
7.1.4 q�f|'2℄N2 F �d,7�	X` H0, ;(℄~4 A , r �%�9��%|,_|�iS	( r �a`[��%|_|��	MFJw}	��a`�F�6_



7.1 \o	�D
1 403|�My�Q`LhROlR µi � µj �lRl,3.�|Ts3.�Ts3.,
[ET�M�<
~re�,
[�
1. |' t Sb��Mr
[1l_S	PRO�#ZBG t �d�dJ3!�
_y��,	=Q#Z�~V
�K>��[Q2(�h3.4 i ��4 j ��a#�|�d

H0 : µi = µj, i 6= j, i, j = 1, 2, · · · , r.
[Q��VE�Qa`, t �d�9�d_��
tij =

x̄i. − x̄j.√
MSE( 1

ni
+ 1

nj
)
, i 6= j, i, j = 1, 2, · · · , r. (7.7)! H0 p�y� tij ∼ t(n − r). �t!

|tij| > tα
2
(n − r) (7.8)y�(℄ µi � µj _|%|�?z+�, P– `

pij = P{ t(n − r) > |tij| }, (7.9)|tÆ
�Ky n− r , t kK,:r>��� |tij | ,�=�_�
[.��!
pij < α

2
y� µi � µj _|%|�Ts t �d
[,�6	~�
<��6a`,Ts�do�N2~4,%�.T�V�d�	℄yBG,�T�sy~� t �dg=�`4l���,�=��*&, “�%|_|” ,7�Jl?ok�

2. P– �fR�y!ptTs t �d
[,>6�_�T�QO{!NT��9,
[�;U P– `���M:
[f{.k,_�Y}�M�d���,(℄�[Q;U
[,_m�R#�C 7.6.

R Q p– `;U9#	 p.adjust(), �~�
[N��
p.adjust(p, method = p.adjust.methods, n = length(p))

p.adjust.methods

# c("holm", "hochberg", "hommel", "bonferroni",

"BH", "BY", "fdr", "none")
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[ R Q o,R#
Bonferroni "bonferroni"

Holm (1979) "holm"

Hochberg (1988) "hochberg"

Hommel (1988) "hommel"

Benjamini & Hochberg (1995) "BH"

Benjamini & Yekutieli (2001) "BY"�o p 	� P- `�p,3�� method 	JV
[�>q`	 Holm 
[�|R# "holm". '��A
[,BlL8��2� p.adjust() 9#,6*%}�
3. q�f|'2℄fL�
R Q o, pairwise.t.test() 9#ot*&Ts3., p `��~�
[N��
pairwise.t.test(x, g, p.adjust.method = p.adjust.methods,

pool.sd = TRUE, ...)�o x	0�3��g	~�3��p.adjust.method	 p`,;U
[��
[�9# p.adjust() �{�R#`�C 7.6 ���N2 p.adjust.method="none"C� p– `	�� (7.7) �� (7.9) �8{,�J�FA;U�>q`� Holm 
[ ("holm") �;U�� 7.4 (�B 7.3) SWuB 7.3 $ F _,$sd~Æ� H0, 9|8h_,
H0 : µi = µj, i, j = 1, 2, 3.`�� �8��~��,a`�4�Ts t �d
[��d�iS	(�

p– `J�FA;U� (tO_� exam0704.R)

#### �*�Vo,�<f�[
> attach(mouse)

> mu<-c(mean(X[A==1]), mean(X[A==2]), mean(X[A==3])); mu

[1] 3.818182 7.700000 7.083333
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#### ej^ t �I
> pairwise.t.test(X, A, p.adjust.method = "none")

Pairwise comparisons using t tests with pooled SD

data: X and A

1 2

2 0.00072 -

3 0.00238 0.54576

P value adjustment method: none%�872#OCo�NC 7.7 ���6 7.7: q�|'Sb p �6%� a` pij

1 3.818 1.00000 0.00072 0.00238

2 7.700 0.00072 1.00000 0.54576

3 7.083 0.00238 0.54576 1.00000(℄���;UM p– `,1��
> pairwise.t.test(X, A, p.adjust.method = "holm")

Pairwise comparisons using t tests with pooled SD

data: X and A

1 2

2 0.0021 -

3 0.0048 0.5458

P value adjustment method: holm

> pairwise.t.test(X, A, p.adjust.method = "bonferroni")

Pairwise comparisons using t tests with pooled SD

data: X and A

1 2

2 0.0021 -

3 0.0071 1.0000

P value adjustment method: bonferroni
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_k�ÆM��#Zotg{�;UM, p– `g=��6l?tK_gptTs
t �d
[,>6�Æ_��872 (��	;UM, p– ``|;U, p– `) o�� µ1 � µ2,

µ1 � µ3 a�%|_|�V µ2 � µ3 N�%|_|�|7���0r,UrJ℄bE,℄8�bo4lr�M�r~*7��,�a�jS#�%|_|�VM�r_|J%|�Æ,*eiqg{Mr1���e 7.2 ���
> plot(mouse$X~mouse$A)

1 2 3

2
4

6
8

10
12

mouse$A

m
ou

se
$X

e 7.2: 7���a�jS#,,*e
7.1.5 �DfDTPSbhBG
_k���![.t�U�W �

(1) o�H�ÆhaE	*Ho�aE�O��
9��:r�_	ot=�,�|
xij = µ + αi + εij.

(2) G�VEH��d�_�!tÆVEkK�V*+TG��
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(3) 
_�H�J℄�
�,
_	lg,�|E�Æh
H0 : σ2

1 = σ2
2 = · · · = σ2

r . (7.10)R�e�,�d�(��FqE�t_U�W �R��:JE�W ,�d�ot BG#Z>a4BG
_k��XR�d72�N2R�_,VEH�
_�HN����;�BG�d�
1. 0Df��PSb�_,VEH�d1l_S	#Z,VEH�d�ot�4UC<
, W�d (shapiro.test() 9#) 
[R#Z�VEH�d�� 7.5 CB 7.1 $��JÆ/�_,�`�;� shapiro.test() 9#�

> attach(lamp)

> shapiro.test(X[A==1])

Shapiro-Wilk normality test

data: X[A == 1]

W = 0.9423, p-value = 0.6599

> shapiro.test(X[A==2])

Shapiro-Wilk normality test

data: X[A == 2]

W = 0.9384, p-value = 0.6548

> shapiro.test(X[A==3])

Shapiro-Wilk normality test

data: X[A == 3]

W = 0.8886, p-value = 0.2271

> shapiro.test(X[A==4])

Shapiro-Wilk normality test

data: X[A == 4]

W = 0.9177, p-value = 0.4888
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_k��872C℄�� 7.1 o#Z6+r%��,a	VE,�
2. �DDPSb
_�H�dS	�d#Z6J℄%��
_	p+℄�
_�H�d�e�,
[	 Bartlett �d�!��
�,#Z.Ty�/

S2
i =

1

ni − 1

ni∑

j=1

(xij − x̄i·)
2 ,

S2 =
1

n − r

r∑

i=1

(ni − 1)S2
i ,

c = 1 +
1

3(r − 1)

[
r∑

i=1

(ni − 1)−1 − (n − r)−1

]
,

n = n1 + n2 + · · ·+ nr.6Æh (7.10) p�y�_��
K2 =

2.3026

c

[
(n − r) ln S2 −

r∑

i=1

(ni − 1) lnS2
i

]
(7.11)C,tÆ
�Ky r − 1 , χ2 kK�!

K2 > χ2
α(r − 1) m P{χ2 > K2} < αy�X` H0, |Hyfa����
�#Z,
_J.�p;�Hy#ZE�
_�H,h5�

R Q o� bartlett.test() 9#O�	 Bartlett �d��~�Æ�y
bartlett.test(x, g, ...)

bartlett.test(formula, data, subset, na.action, ...)�o x 	�#Z�p,3�m#C� g 	�~��p,3��! x 	#Cy��1�9� formula 	
_k�,��� data 	#Z|����6*%}�� 7.6 CB 7.1 $��J Bartlett Ow*�_,�`�
> bartlett.test(X~A, data=lamp)

Bartlett test of homogeneity of variances

data: X by A

Bartlett’s K-squared = 5.8056, df = 3, p-value = 0.1215
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P– ` (0.1215)> 0.05, 0�$Æh H0, Hy��
�,#Z	.
_,�.m�`/
bartlett.test(lamp$X, lamp$A)[�+℄,92�

7.1.6 Kruskal-Wallis !6Sb
_k�3tLhR�W � F �dOq�9�o:�yK�Qz,#ZeeJqE�M:W ��|_�|~�l�W JE�Fg/�Q(O! [o�4�f13.ylf�Jd
�%#Z�[yk_���~yk_��,kK��QkK�'�ot�k�QkK,!~�63.��t_,�Qy�+a~�, Kruskal-Wallis k��d�B	R��t_f1BG3.,gR#�d
[�|l_�B	�f1, Wilcoxon 
[6T���f1y,h+��? n ��Q�t s(s ≥ 3) r�

[,923.�%M n ��Q:r2ky s ��~4 i �� ni ��Fb?M ni ��Q0�4 i r�

[,�d
(i = 1, 2, · · · , s), �y� s∑

i=1

ni = n. !�d7!M�%M n ��Qf6l��Z�
92,�%~O*&�
,k��4 i �, ni ��Q,ky
Ri1, Ri2, · · · , Rini

, i = 1, 2, · · · , s.Fh(Y`o�76�| Ri1 < Ri2 < · · · < Rini
(i = 1, 2, · · · , s). �d,g,	�ZM:k_���dÆh

H0 : ��

[,92�%|_|qp0��y!�9B
,�d_���d�$Æh	J ,�`�R+�,.:Æh�� ,!8� Kruskal-Wallis k��dj:,	�e�,lr.:Æh�|�
[,�
92R�_|��_|{h℄	6���Q,�
92,K�`,k�_�a^\(�R�
[,�
92�%|_|�;0��
[�d,�Q,k[��l�~O��od:
[o�Q,k6�9.7`�.l:
[o�Q
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Ri· =

Ri1 + Ri2 + · · ·+ Rini

ni
, i = 1, 2, · · · , s, (7.12)

R·· =
1

n

s∑

i=1

ni∑

j=1

Rij =
n + 1

2
, (7.13)�o Ri· 	4 i ��Q,k,�a` (i = 1, 2, · · · , s), R·· 	�,�a`�R�
[�
92[��%|_|��_�.:Æh�; Ri·(i = 1, 2, · · · , s) +T_|.��℄[�R H0 yO���k�	:r,�;� Ri·(i = 1, 2, · · · , s) _|�.7�*akV6 R·· |C�~��ot� (Ri·−R··)

2 ,�<��K�� Ri· � R··,0CtK�/
K =

12

n(n + 1)

s∑

i=1

ni

(
Ri· −

n + 1

2

)2

, (7.14)m K y Kruskal-Wallis _���R H0 JO�; K �	�,6��~���X`�F�y
K ≥ c.mK�8{+�, P− `�! P− `7�+�,%|H%��;X`$Æh�_��d
[my Kruskal-Wallis k��d�

R Q O�! Kruskal-Wallis k��d��9#y kruskal.test(), ~�
[N�
kruskal.test(x, g, ...)

kruskal.test(formula, data, subset, na.action, ...)�o x 	�#Z�p,3�m#C� g 	�~��p,3��! x 	#Cy��1�9� formula 	
_k�,��� data 	#Z|����6*%}�� 7.7 UMYq�B8<$�'fBs&$L.���k 25 �9Æ%F'\U
4 E�oE\`~ 8 �� 4 �� 7 �� 6 ��vlPs&Z�>�a�/X.�[h)*;f�O�|B�12 *(s#9)yYJO_ 7.8 )z�CW α = 0.05,_,vs&$L.��~_Uv/wD�`��ZPw�$Æhy

H0 : �,�{�e92�%|_|� H1 : �,�{�e92�%|_|��O#Z�;� kruskal.test() 9#��d (tO_� exam0707.R).



7.1 �E�Ow\g 4116 7.8: 12 (9 25 ��zf�'
P� (\'�x)s& 9 ) y Y �Z 164 190 203 205 206 214 228 257> 185 197 201 231a 187 212 215 220 248 265 281/ 202 204 207 227 230 276

> food<-data.frame(

x=c(164, 190, 203, 205, 206, 214, 228, 257,

185, 197, 201, 231,

187, 212, 215, 220, 248, 265, 281,

202, 204, 207, 227, 230, 276),

g=factor(rep(1:4, c(8,4,7,6)))

)

> kruskal.test(x~g, data=food)

Kruskal-Wallis rank sum test

data: x by g

Kruskal-Wallis chi-squared = 4.213, df = 3, p-value = 0.2394

P− ` = 0.2394 > 0.05, �[X`$Æh�Hy�,�{�e92�%|_|�.�r>[�
kruskal.test(food$x, food$g)�
A<-c(164, 190, 203, 205, 206, 214, 228, 257)

B<-c(185, 197, 201, 231)

C<-c(187, 212, 215, 220, 248, 265, 281)

D<-c(202, 204, 207, 227, 230, 276)

kruskal.test(list(A,B,C,D))ot�&℄f,92�R_�#Z�VE�d�
_�H�d
> attach(food)
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_k�
> shapiro.test(x[g==1])

Shapiro-Wilk normality test

data: x[g == 1]

W = 0.9619, p-value = 0.828

> shapiro.test(x[g==2])

Shapiro-Wilk normality test

data: x[g == 2]

W = 0.9084, p-value = 0.4741

> shapiro.test(x[g==3])

Shapiro-Wilk normality test

data: x[g == 3]

W = 0.9523, p-value = 0.7506

> shapiro.test(x[g==4])

Shapiro-Wilk normality test

data: x[g == 4]

W = 0.8182, p-value = 0.08516

> bartlett.test(x~g, data=food)

Bartlett test of homogeneity of variances

data: x by g

Bartlett’s K-squared = 0.9328, df = 3, p-value = 0.8175=M[3�d�~��_�#Ziot�
_k��
> source("anova.tab.R")

> anova.tab(aov(x~g, data=food))

Df Sum Sq Mean Sq F value Pr(>F)

g 3 3308.1 1102.7 1.378 0.2769

Residuals 21 16803.9 800.2

Total 24 20112.0
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_k� 413�7�	+℄,�|Hy�,�{�e92�%|_|�
7.1.7 Friedman !6Sb6���h�o�T�f1,3.�N2BQ,�QJqE�VEH�
_�H,h5�oQ� Friedman k��d�

Friedman k��d,q1)/�#X<
,
[�,��	���h�,:r[	6���pBG,�V����N�BG:r[�~�6BG Friedmank��dy�	kD6O����p%#ZÆ7&�:k�N2+℄,#Z9�ak��h� N �����s ��
%��;J℄���,k�+.�ay s(s+1)
2

,*�ak����ak�+.�F.� s(s+1)
2

, MV<R��:r7�h�,
_k��������N�BG:r[�~��MR���~4BG�d�
Friedman �d_�� Q ,�8y

Q =
12N

s(s + 1)

s∑

i=1

(
Ri· −

1

2
(s + 1)

)2

, (7.15)�o
Ri· =

1

N
(Ri1 + Ri2 + · · ·+ RiN ) , i = 1, 2, · · · , s,

Rij C�4 i ��
�4 j �#Z,k��
Friedman k��d,$Æhy

H0 : �
[,�
92�%|_|��.:Æh{hj:�
[,�
92~��Q,92K�6�=�m�a�R
H0 JOy�; Q �	�,6��~�X`�,F�y

Q ≥ c.m�+�, P− `BG�d�_��d
[my Friedman k��d�/ Ti y4 i ��
�,k��|
Ti = NRi· = Ri1 + Ri2 + · · · + RiN , i = 1, 2, · · · , s,; Q �otC�y

Q =
12

Ns(s + 1)

s∑

i=1

T 2
i − 3N(s + 1). (7.16)
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_k�� (7.16) �<�|��8�
R Q o�9# friedman.test() O�! Friedman k��d��~�
[	
friedman.test(y, ...)

friedman.test(y, groups, blocks, ...)

friedman.test(formula, data, subset, na.action, ...)�o y 	#Z�p,3�mUS� groups 	� y �℄ffK,3���pLC� y ,k�1�� blocks � y �℄ffK,3���pLC� y ,%��! y	USy� groups � blocks �9��A~�
[�6*%}�� 7.8 24 ��ÆBfB^`\U 8 u;E�tHou;E$$	v�Y%F\� 3 'fB$�NE�X.83r℄(�s#�Æk$=�J�s�O_ 7.9)z� �\gfB�N$�Æk$$=�J~_fB�6 7.9: :���9Gz�
$�0� (\'� µg/g)^` (�
E) 1 2 3 4 5 6 7 8�N A 1.00 1.01 1.13 1.14 1.70 2.01 2.23 2.63�N B 0.96 1.23 1.54 1.96 2.94 3.68 5.59 6.96�N C 2.07 3.72 4.50 4.90 6.00 6.84 8.23 10.33`��O#Z�;� friedman.test() 9# (tO_� exam0708.R).

> X<-matrix(

c(1.00, 1.01, 1.13, 1.14, 1.70, 2.01, 2.23, 2.63,

0.96, 1.23, 1.54, 1.96, 2.94, 3.68, 5.59, 6.96,

2.07, 3.72, 4.50, 4.90, 6.00, 6.84, 8.23, 10.33),

ncol=3, dimnames=list(1:8, c("A", "B", "C"))

)

> friedman.test(X)

Friedman rank sum test

data: X

Friedman chi-squared = 14.25, df = 2, p-value = 0.0008047

P− ` = 0.0008047 < 0.05, X`$Æh�HyJ℄-",7��o,X7��%|_|�
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_k� 415.�r>[�
x<-c(1.00, 1.01, 1.13, 1.14, 1.70, 2.01, 2.23, 2.63,

0.96, 1.23, 1.54, 1.96, 2.94, 3.68, 5.59, 6.96,

2.07, 3.72, 4.50, 4.90, 6.00, 6.84, 8.23, 10.33)

g<-gl(3,8)

b<-gl(8,1,24)

friedman.test(x,g,b)�
mouse<-data.frame(

x=c(1.00, 1.01, 1.13, 1.14, 1.70, 2.01, 2.23, 2.63,

0.96, 1.23, 1.54, 1.96, 2.94, 3.68, 5.59, 6.96,

2.07, 3.72, 4.50, 4.90, 6.00, 6.84, 8.23, 10.33),

g=gl(3,8),

b=gl(8,1,24)

)

friedman.test(x~g|b, data=mouse)ot�&℄f,92�
7.2 �p
�EÆ26��,|��Po�Lhj:�0�d#Z,~4T�l�,1F��N6[T�do�~r$",���℄�y���K,vi.Foq�0�d72�MS�pT~4�d�P�15I�$~4�d,
_k��� 7.9 u8u�5�,$��^�'fB$'>�' A1, A2, A3, A4 �W'fB$oVOL B1, B2, B3 # xJ��O_ 7.10 )z (�Y� kg). �\g'>\oVCxJU`v/M~�M	l�$~4�d�~4 A(r�) �+�%��~4 B(vh) �U�%���Q[3�X,$~4
_k�[�d�t_�P�h� A, B ��~4�~4 A � r �%� A1, A2, · · ·, Ar �~4 B � s �%� B1, B2, · · ·, Bs.
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_k�6 7.10: 6fub~n
B1 B2 B3

A1 325 292 316

A2 317 310 318

A3 310 320 318

A4 330 370 365

7.2.1 :u�Z:;w
1. ~Y(L6~4 A, B ,Olr%��B (Ai, Bj) �BGl�G��d*&(Y`

xij , i = 1, 2, · · · , r; j = 1, 2, . . . , s %(Y#Z#C�NC 7.11 ���6 7.11: -'�ubf�o	�D
1~n
B1 B2 · · · Bs

A1 x11 x12 · · · x1s

A2 x21 x22 · · · x2s

...
...

...
...

...

Ar xr1 xr2 · · · xrsÆ? xij ∼ N(µij , σ
2), i = 1, 2, · · · , r, j = 1, 2, · · · s. *� xij +TG��Jj:�~4�,*T���~�#Zotk8y






xij = µ + αi + βj + εij, i = 1, 2, · · · , r, j = 1, 2, · · · , s,
εij ∼ N(0, σ2), *� εij +TG�,

r∑

i=1

αi = 0,
s∑

j=1

βj = 0,

(7.17)

�o µ =
1

rs

r∑

i=1

s∑

j=1

µij y��a� αi y~4 A ,4 i �%�,9�� βj y~4 B ,4 j �%�,9��



7.2 $~4
_k� 417

2. �D
16*HaE (7.17) ��
_k�,{hFÆ	��_k�~4 A �~4 BR�dbA�0,�7�~��6�?%|H%� α ��O{N�_�Æh�R�~4 A, “~4 A R�dbAJ%|” .��
H01 : α1 = α2 = · · · = αr = 0.R�~4 B, “~4 B R�dbAJ%|” .��
H02 : β1 = β2 = · · · = βs = 0.$~4
_k���~4
_k�,_�$
q1+℄�i	q��
�k8��

ST = SE + SA + SB,�o
ST =

r∑

i=1

s∑

j=1

(xij − x̄)2, x̄ =
1

rs

r∑

i=1

s∑

j=1

xij ,

SA = s
r∑

i=1

(x̄i· − x̄)2, x̄i· =
1

s

s∑

j=1

xij , i = 1, 2, · · · , r,

SB = r

s∑

j=1

(x̄·j − x̄)2, x̄·j =
1

r

r∑

i=1

xij , j = 1, 2, · · · , s,

SE =
r∑

i=1

s∑

j=1

(xij − x̄i· − x̄·j + x̄)2,�o ST y��_�
�� SE y�_�
�� SA 	�~4 A ,J℄%����,�_�
� (my~4 A ,�
�). �,2� SB my~4 B ,�
��otW℄! H01 p�y�
SA/σ2 ∼ χ2(r − 1),*� SE +TG��V

SE/σ2 ∼ χ2((r − 1)(s − 1)).



418 ((� Ow\g�	! H01 p�y�
FA =

SA/(r − 1)

SE/[(r − 1)(s − 1)]
∼ F ( r − 1, (r − 1)(s − 1) ).�,2�! H02 p�y�

FB =
SB/(s − 1)

SE/[(r − 1)(s − 1)]
∼ F ( s − 1, (r − 1)(s − 1) ).kDt FA, FB �y H01, H02 ,�d_���%�872#p
_k�C�NC

7.12 ��� 6 7.12: �o	�D
16
_�' 
�K �
� a
 F 3 p `~4 A r − 1 SA MSA = SA

r−1
FA = MSA

MSE
pA~4 B s − 1 SB MSB = SB

s−1
FB = MSB

MSE
pB� _ (r − 1)(s − 1) SE MSE = SE

(r−1)(s−1)� � rs − 1 ST

3. �D
16fL�IB� aov() 9#�8$~4
_k�C 7.12 o,�r_���� 7.10 (P� 7.9) CB 7.9 $��J�E�Ow\g��B3'>\oVCxJU`v/M~�`��O#Z�� aov() 9#58���~4
_k�+℄� summary()�[�{��G�M��
:,9# anova.tab() *&
_k�C (tO_�
exam0710.R).

#### P*��fD$(�*�
> agriculture<-data.frame(

Y=c(325, 292, 316, 317, 310, 318,

310, 320, 318, 330, 370, 365),

A=gl(4,3),

B=gl(3,1,12)

)
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#### e+N.l[m:
> agriculture.aov <- aov(Y ~ A+B, data=agriculture)

#### hP
Su* anova.tab(), =%}/�t
> source("anova.tab.R"); anova.tab(agriculture.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 3 3824.2 1274.7 5.2262 0.04126 *

B 2 162.5 81.2 0.3331 0.72915

Residuals 6 1463.5 243.9

Total 11 5450.3

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1�Z p `(℄J℄
rRa��%|�0�VN�xk
�(℄vh
[Ra��%|,�0��|_6��aE (7.17) y��W	lrÆ?�|~4 A, B RbA,9�	ot=�,�V*Hy~4 A ,�%�9�,3.��~4 B 6zL%��'�M�FN�j:~4 A, B ,�r%��B (Ai, Bj) ,J℄�a���,�0�VMr�06NT|���o	����� ,sÆ,�Mr�00my*T9��MS%{�X�hI�,�P�
7.2.2 u�Z:;w

1. ~Y(Lh���~4 A � B, ~4 A � r �%� A1, A2, · · · , Ar; ~4 B � s �%� B1, B2, · · · , Bs, Or%��B (Ai, Bj) �sy�d t ���4 k �,(Y`y
xijk, %(Y#Z#C�NC 7.13 ���Æ?

xijk ∼ N(µij, σ
2), i = 1, 2, . . . , r; j = 1, 2, . . . , s; k = 1, 2, . . . , t,� xijk +TG���t�#Zotk8y






xijk = µ + αi + βj + δij + εijk,

εijk ∼ N(0, σ2),*� εijk +TG�,

i = 1, 2, · · · , r, j = 1, 2, · · · , s, k = 1, 2, . . . , t,

(7.18)
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_k�6 7.13: �o	'�ub~n
B1 B2 · · · Bs

A1 x111x112 · · ·x11t x121x122 · · ·x12t · · · x1s1x1s2 · · ·x1st

A2 x211x212 · · ·x21t x221x222 · · ·x22t · · · x2s1x2s2 · · ·x2st

...
...

...
...

Ar xr11xr12 · · ·xr1t xr21xr22 · · ·xr2t · · · xrs1xrs2 · · ·xrst�o αi y~4 A ,4 i �%�,9�� βj y~4 B ,4 j �%�,9�� δijC� Ai � Bj ,*T9��~��
µ =

1

rs

r∑

i=1

s∑

j=1

µij,
r∑

i=1

αi = 0,
s∑

j=1

βj = 0,
r∑

i=1

δij =
s∑

j=1

δij = 0.

2. �D
1�y�O~4 A, B {*T9�,�0	p%|.���d�#Æh
H01 : α1 = α2 = · · · = αr = 0,

H02 : β1 = β2 = · · · = βr = 0,

H03 : δij = 0, i = 1, 2, · · · , r, j = 1, 2, · · · s.6Mr1���
_k�[�#�5,
[�,���#�8���
ST = SE + SA + SB + SA×B,�o

ST =
r∑

i=1

s∑

j=1

t∑

k=1

(xijk − x̄)2, x̄ =
1

rst

r∑

i=1

s∑

j=1

t∑

k=1

xijk,

SE =

r∑

i=1

s∑

j=1

t∑

k=1

(xijk − x̄ij.)
2,

x̄ij· =
1

t

t∑

k=1

xijk, i = 1, 2, · · · , r, j = 1, 2, . . . , s,
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SA = st
r∑

i=1

(x̄i·· − x̄)2, x̄i·· =
1

st

s∑

j=1

t∑

k=1

xijk, i = 1, 2, · · · , r,

SB = rt

s∑

j=1

(x̄·j· − x̄)2, x̄·j· =
1

rt

r∑

i=1

t∑

k=1

xijk, j = 1, 2, · · · , s,

SA×B = t
r∑

i=1

s∑

j=1

(x̄ij· − x̄i·· − x̄·j· + x̄)2,�o ST y��_�
�� SE y�_�
�� SA y~4 A ,�
�� SB y~4 B ,�
�� SA×B y*T9��
��otW℄�! H01 p�y�
FA =

SA/(r − 1)

SE/[rs(t− 1)]
∼ F (r − 1, rs(t− 1)).! H02 p�y�

FB =
SB/(s − 1)

SE/[rs(t − 1)]
∼ F (s − 1, rs(t − 1)).! H03 p�y�

FA×B =
SA×B/[(r − 1)(s − 1)]

SE/[rs(t − 1)]
∼ F ((r − 1)(s − 1), rs(t− 1)).kDt FA, FB, FA×B �y H01, H02, H03 ,�d_��� %�d72#p
_6 7.14: zZ:Htf�o	�D
16
_�' 
�K �
� a
 F 3 P- `~4 A r − 1 SA MSA = SA

r−1
FA = MSA

MSE
pA~4 B s − 1 SB MSB = SB

s−1
FB = MSB

MSE
pB*T9�

A × B
(r − 1)(s − 1) SA×B MSA×B = SA×B

(r−1)(s−1)
FA×B = MSA×B

MSE
pA×B� _ rs(t− 1) SE MSE = SE

rs(t−1)� � rst − 1 STk�C�NC 7.14 ���



422 ((� Ow\g� 7.11 +��'\'>Y�C��k{$M~�C�u';$W'BU��$��|�sJ# ��Or_ 7.15 )z (�Y� cm). A1, A2, A3 _zWuf6 7.15: Y&���}f�hB�~n
B1 B2 B3 B4

A1

23 25 21

14 15

20 17 11

26 21

16 19 13

16 24

20 21 18

27 24

A2

28 30 19

17 22

26 24 21

25 26

19 18 19

20 25

26 26 28

29 23

A3

18 15 23

18 10

21 25 12

12 22

19 23 22

14 13

22 13 12

22 19B�'� B1, B2, B3, B4 _z�ufB';�Co8'�!E!�|�M 5 �sJ�CÆ�,s�|�Ow\g�`��#Z|,F��O#Z�;� aov() 9#�8�4;� anova.tab()9#%� (tO_� exam0711.R).

> tree<-data.frame(

Y=c(23, 25, 21, 14, 15, 20, 17, 11, 26, 21,

16, 19, 13, 16, 24, 20, 21, 18, 27, 24,

28, 30, 19, 17, 22, 26, 24, 21, 25, 26,

19, 18, 19, 20, 25, 26, 26, 28, 29, 23,

18, 15, 23, 18, 10, 21, 25, 12, 12, 22,

19, 23, 22, 14, 13, 22, 13, 12, 22, 19),

A=gl(3,20,60),

B=gl(4,5,60)

)

> tree.aov <- aov(Y ~ A+B+A:B, data=tree)

> source("anova.tab.R"); anova.tab(tree.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 2 352.53 176.27 8.9589 0.000494 ***
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B 3 87.52 29.17 1.4827 0.231077

A:B 6 71.73 11.96 0.6077 0.722890

Residuals 48 944.40 19.67

Total 59 1456.18

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1o�6%|H%� α = 0.05 �� r (G) 9�	
K%|,�V~h (#)9�{*T9�FJ%|�
7.2.3 �DDPSb��~4
_k�+℄�R�$~4
_k��#Zi�E�VEH�
_�H,h5�� 7.12 _,B 7.11 $$��CWE� A �E� B ~_~Æ/$�~_iDOw*�$2:�`�IBQ� W VE�d�d#Z,VEH�� Bartlett �d�d
_�H (tO_� exam0712.R).

> attach(tree)

> shapiro.test(Y[A==1])

Shapiro-Wilk normality test

data: Y[A == 1]

W = 0.9759, p-value = 0.8703

> shapiro.test(Y[A==2])

Shapiro-Wilk normality test

data: Y[A == 2]

W = 0.9439, p-value = 0.2837

> shapiro.test(Y[A==3])

Shapiro-Wilk normality test

data: Y[A == 3]

W = 0.9106, p-value = 0.06552
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_k�
> shapiro.test(Y[B==1])

Shapiro-Wilk normality test

data: Y[B == 1]

W = 0.9835, p-value = 0.988

> shapiro.test(Y[B==2])

Shapiro-Wilk normality test

data: Y[B == 2]

W = 0.8537, p-value = 0.01963

> shapiro.test(Y[B==3])

Shapiro-Wilk normality test

data: Y[B == 3]

W = 0.9483, p-value = 0.4986

> shapiro.test(Y[B==4])

Shapiro-Wilk normality test

data: Y[B == 4]

W = 0.9452, p-value = 0.4521

> bartlett.test(Y~A, data=tree)

Bartlett test of homogeneity of variances

data: Y by A

Bartlett’s K-squared = 0.59, df = 2, p-value = 0.7445

> bartlett.test(Y~B, data=tree)

Bartlett test of homogeneity of variances

data: Y by B

Bartlett’s K-squared = 2.0436, df = 3, p-value = 0.5634#ZdR~4 B ,4X�%�JE�VEHh5���aE��R�~4
A �~4 B aE�
_�Hh5�
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7.3 �[v
bM��EÆ2#X<
,	l�~4m��~4,�d���~4.a�otRJ℄~4,��oq,%��B��d�Mrmy=X�d�!~4.Ty�9B
�_IoQ�#X,
[BG=X�dM4�+�,
_k���	6|�o�yg�&�d�#DT,�P�NU~4+%�,�P���J℄%�,�B�
43 = 64 r�6Olr�BdBGl��d�iLh� 64 ��N2j:�T,~4{%��;=X�d,�#oq�*GE�~�6|���o�R�T~4�=X�d	J&|,��	otj:	pR:�olMk�BBG�d�MSh�&�dh�
[R:B
,�d
��~*�d�#JT��iq*&3.Ew,72�
7.3.1 w�Z6(7ubV*C	l�#,Æ[,CÆ�O�CÆF�l��=�N L8(2

7), L9(3
4).�C 7.16 C�,	V*C L8(2

7) �V*C L9(3
4). t L9(3

4) y�� L C�V6 7.16: �Z6
L8(2

7) C�d # == 1 2 3 4 5 6 7

1 1 1 1 1 1 1 1

2 1 1 1 2 2 2 2

3 1 2 2 1 1 2 2

4 1 2 2 2 2 1 1

5 2 1 2 1 2 1 2

6 2 1 2 2 1 2 1

7 2 2 1 1 2 2 1

8 2 2 1 2 1 1 2

L9(3
4) C�d # == 1 2 3 4

1 1 1 1 1

2 1 2 2 2

3 1 3 3 3

4 2 1 2 3

5 2 2 3 1

6 2 3 1 2

7 3 1 3 2

8 3 2 1 3

9 3 3 2 1*C� 9 C�V*C,G#�C�Lh�d�#� 4 	V*C,##�C��Tot�~,~4,�#� 3 	~4%�#�C��Cot�~U%�,�d�



426 ((� Ow\gÆC 7.16 o�� L9(3
4) � 9 G� 4 #�Co�#Æ 1, 2, 3 �p� L8(2

7)� 8 G� 7 #�Co#Æ� 1, 2 �p��V*C�~�dy��Z~4�%��#,Tat{�d���,�7�j:�hDV*C��XV�(℄�� 7.13 U7o�'1!x�$61a (%), �^WuU�E��NKZ< A(oC),NKr℄ B(min) �P`J C(%). vE� =Wu�!�O_ 7.17 )z� O6 7.17: /<�ubo	�>6� !E �
1 2 3NKZ< A(oC) 80 85 90NKr℄ B(min) 90 120 150P`J C(%) 5 6 7 PÆn_A��,# q�$kxOC�`�N2�=X�d�;Lh 33 = 27 ��d�R�V*C L9(3

4), A� 9��d�%U�~4 A, B, C kDf6 L9(3
4) C,FwU#_�N% A, B, C kDf64 1, 2, 3 #_�%Co A, B, C �6,U#,#Æ 1, 2, 3 kD�+�,~4%�;�R�* 9 ��d
��t_��myCbh��4% 9 ��d72�[=#Z#�C_ (�C 7.18).�8�r~4�%���[=,�a` (D)�8ge����y!<�h+���`	� R Q BG�8).�#Z|F��O�[=�d,V*C#Z�F�8��~4%��,�a` (tO_� exam0713.R).

> rate<-data.frame(

A=gl(3,3),

B=gl(3,1,9),

C=factor(c(1,2,3,2,3,1,3,1,2)),

Y=c(31, 54, 38, 53, 49, 42, 57, 62, 64)

)

> K<-matrix(0, nrow=3, ncol=3, dimnames=list(1:3, c("A","B","C")))

> for (j in 1:3)



7.3 V*�dh��
_k� 4276 7.18: /<�ubf�Z6�d= ℄��K A ℄�y� B �[�7� C �[=
1 80 (1) 90 (1) 5 (1) 31

2 80 (1) 120 (2) 6 (2) 54

3 80 (1) 150 (3) 7 (3) 38

4 85 (2) 90 (1) 6 (2) 53

5 85 (2) 120 (2) 7 (3) 49

6 85 (2) 150 (3) 5 (1) 42

7 90 (3) 90 (1) 7 (3) 57

8 90 (3) 120 (2) 5 (1) 62

9 90 (3) 150 (3) 6 (2) 64

for (i in 1:3)

K[i,j]<-mean(rate$Y[rate[j]==i])

> K

A B C

1 41 47 45

2 48 55 57

3 61 48 48� A, B, C U#,` K1, K2, K3 �e��`/N��
> plot(as.vector(K), axes=F, xlab="Level", ylab="Rate")

> xmark<-c(NA,"A1","A2","A3","B1","B2","B3","C1","C2","C3",NA)

> axis(1,0:10,labels=xmark)

> axis(2,4*10:16)

> axis(3,0:10,labels=xmark)

> axis(4,4*10:16)

> lines(K[,"A"]); lines(4:6, K[,"B"]); lines(7:9,K[,"C"])eFNe 7.3 ���Æe 7.3 otg{�
(1) �K,
��[=,
�t 90oC(A3) �<�̀ �H>�
�K,1��
(2) ℄�y�t 120 kp (B2) �[=�
�
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Level

R
at

e

A1 A2 A3 B1 B2 B3 C1 C2 C3

44
48

52
56

60

A1 A2 A3 B1 B2 B3 C1 C2 C3

44
48

52
56

60

e 7.3: U~4�bA'�#
(3) ���t 6%(C2) �[=�
��B��� A3B2C2 oq	.<,�uW ��	��QY&M��uW FJ6Q��do�B	p<`h[3|���d�~�LhR� A3B2C2 4�l��d�*&+�,�[= (74%),F��<,�d (4 9=�d�A3B3C2)BG3.�B,�[=y 64%,�tot(℄R{,�u	3.<,�otW℄�!~4[�N�+T��y��Mr
[R{,�uW S	=X�do�<,�

7.3.2 �Zubf�D
1R�� 7.13 ,�d�N2�*[k�=X�dL 27 ��VV*�dd�!
9 ��
Bh��M 9 ��d	pq�Q_℄	 27 ��d,72�N2q℄	�	yzL�� Æ?U�~4[�N�*T��� 9 ��d,72t y1, y2, · · · , y9 C���Zl *HaE,Æ?�#Zok8y

y1 = µ + a1 + b1 + c1 + ε1,

y2 = µ + a1 + b2 + c2 + ε2,
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y3 = µ + a1 + b3 + c3 + ε3,

y4 = µ + a2 + b1 + c2 + ε4,

y5 = µ + a2 + b2 + c3 + ε5,

y6 = µ + a2 + b3 + c1 + ε6,

y7 = µ + a3 + b1 + c3 + ε7,

y8 = µ + a3 + b2 + c1 + ε8,

y9 = µ + a3 + b3 + c2 + ε9,�o 3∑
i=1

ai =
3∑

j=1

bj =
3∑

k=1

ck = 0, εi ∼ N(0, σ2) (i = 1, 2, · · · , 9), *+TG��R�aEj:N�UrÆh,�d�P�
H01 : a1 = a2 = a3 = 0,

H02 : b1 = b2 = b3 = 0,

H03 : c1 = c2 = c3 = 0.R H01 p��;(℄~4 A ,U�%�RbA y ,�0�%|_|��,2�R H02(m H03) p��;C�~4 B(~4 C) ,U�%�RbA y ,�0�%|_|��,��~4�$~4
[�R�V*�diot%{+�,
_k�C
([Q3to��A,_��y), �CÆF�NC 7.19 ���6 7.19: �ZubaLf�D
16
_�' 
�K �
� a
 F 3 P- `~4 1 a − 1 S1 MS1 = S1

a−1
F1 = MS1

MSE
p1~4 2 a − 1 S2 MS2 = S2

a−1
F2 = MS2

MSE
p2

...
...

...
...

...
...~4 m a − 1 Sm MSm = Sm

a−1
Fm = MSm

MSE
pm� _ n − m(a − 1) − 1 SE MSE = SE

n−m(a−1)−1� � n − 1 ST



430 4�C 
_k�6C 7.19 o� n y�d��#� m y~4�#� a yO�~4,�d%�� r yO�%�,�d�#�| n = ra. P– `�#X
_k�Co,wz	+℄,�|! pi < α, ;Hy~4 i �%|_|�� 7.14 (P� 7.13) CÆn�,|�Ow\g�`�℄0� R Q 58�
> rate.aov<-aov(Y~A+B+C, data=rate)

> source("anova.tab.R"); anova.tab(rate.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 2 618 309 34.3333 0.02830 *

B 2 114 57 6.3333 0.13636

C 2 234 117 13.0000 0.07143 .

Residuals 2 18 9

Total 8 984

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1Æ�872otg&��[=R�~4 A E%|��t~4 A %�,R9Esh��[=R~4 C ,%|�~��~4 C %�,R9ish�~4 B J%|��ty!5+q'�otR:�M,℄	y��~���uW otR:
A3B1C2.

7.3.3 zZ:;wfub6�$~4
_k�y�(&~4[�������M�����0my*T���|�_�6V*�dh�o�iotk�~4[�*T��,�0�`	���(℄�P�� 7.15 u
uF
R{z>R℄�UM7o"J� MWuE��ouE�Iu�!�O_ 7.20 )z� WuE�℄"
Un+JP�2hR8u�,OC�`�� h�Cb�M	l�U~4�%�,�d��V*C L8(2
7) 3.B
 (�C 7.16). R� L8(2

7) `�l��#�,*T��C�NC 7.21 ���N2% A f64 1 #�B f64 2 #�\C 7.21 ,4 “1” G�4 “2” #�R�,#	 3, |4 3 #℄	! A×B. N2� A f64 3 #� B f64 5 #�



7.3 Æn�,hR\Ow\g 4316 7.20: �Æ
��℄fubo	�>6� !E �
1 2v�	g (A) |*$ �x$xJ�! (B) 6 0# 10 0#jP < (C) 238 6 / \ 320 6 / \6 7.21: L8(2

7) �
RfZ:;w6# =#=
2 3 4 5 6 7

1 3 2 5 4 7 6

2 1 6 7 4 5

3 7 6 5 4

4 1 2 3

5 2 3

6 1\C 7.21 “3” G “5” #�R�,#	 6, | A×B 64 6 #�Mfl�CR�NA�~�d	Esh,�[3k���Q% A f64 1 #� B f64 2 #�;4 3 #C� A × B,

C f64 4 #�;4 5 #C� A × C, 4 6 #C� B × C, 4 7 #	u#�BM4% 8 ��d72U7�#f64 8 #_ (�C 7.22).�
_k���#Z|�O#Z�� aov() 9#�
_k���
:,9#
anova.tab() #{
_k�C (tO_� exam0715.R).

> cotton<-data.frame(

Y=c(0.30, 0.35, 0.20, 0.30, 0.15, 0.50, 0.15, 0.40),

A=gl(2,4), B=gl(2,2,8), C=gl(2,1,8)

)

> cotton.aov<-aov(Y~A+B+C+A:B+A:C+B:C, data=cotton)



432 ((� Ow\g6 7.22: �Æ
��℄ubf�Z6# = 1 2 3 4 5 6 7 U7�d= A B A×B C A×C B×C (u) �#
1 1 1 1 1 1 1 1 0.30

2 1 1 1 2 2 2 2 0.35

3 1 2 2 1 1 2 2 0.20

4 1 2 2 2 2 1 1 0.30

5 2 1 2 1 2 1 2 0.15

6 2 1 2 2 1 2 1 0.50

7 2 2 1 1 2 2 1 0.15

8 2 2 1 2 1 1 2 0.40

> source("anova.tab.R"); anova.tab(cotton.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 1 0.000313 0.000313 0.1111 0.7952

B 1 0.007812 0.007812 2.7778 0.3440

C 1 0.070313 0.070313 25.0000 0.1257

A:B 1 0.000312 0.000312 0.1111 0.7952

A:C 1 0.025313 0.025313 9.0000 0.2048

B:C 1 0.000313 0.000313 0.1111 0.7952

Residuals 1 0.002812 0.002812

Total 7 0.107188Æ�872otg{�U7�#'�FA~4FJ%|�4�BlL,k��R�~4 A, ~4 A:B �~4 B:C, BQ, F `E7�
P `E��~��BQ�0U7�#�J%| (iS	(�	�h~4). �t6k�aEo�%MU�~4;:�
> cotton.new<-aov(Y~B+C+A:C, data=cotton)

> anova.tab(cotton.new)

Df Sum Sq Mean Sq F value Pr(>F)

B 1 0.007812 0.007812 6.8182 0.079605 .

C 1 0.070313 0.070313 61.3636 0.004332 **



7.3 V*�dh��
_k� 433

C:A 2 0.025625 0.012812 11.1818 0.040678 *

Residuals 3 0.003437 0.001146

Total 7 0.107187

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1Æ72otg{��%|,	~4 C, ��	*T9� A×C, �M	~4 B. iL�QR:h:~4�y�M,72o�`Lh�8��~4�,a`�y
<��� :>l�9#�%�~4,*T1��8{��
> ab<-function(x,y){

n<-length(x); z<-rep(0,n)

for (i in 1:n)

if (x[i]==y[i]){z[i]<-1} else{z[i]<-2}

factor(z)

}

> cotton$AC<-ab(cotton$A, cotton$C)4�8�~4,a`�
> K<-matrix(0, nrow=2, ncol=4,

dimnames=list(1:2, c("A", "B", "C", "AC")))

> for (j in 2:5)

for (i in 1:2)

K[i,j-1]<-mean(cotton$Y[cotton[j]==i])

> K

A B C AC

1 0.2875 0.3250 0.2000 0.3500

2 0.3000 0.2625 0.3875 0.2375~y~4 C �%|��t R:~4 C, R~4 C �4 1 �%� (~yU7�#,a,<), ~4 A×C �%|��t4R:~4 AC, ��	4 2 �%����~4 C qR:4 1 �%���t~4 A dqR:4 2 �%� (�w�M�℄0R:~4 A 	IS,�M	~yU7�#'�~4 AC 	%|,�V'�~4 A 	J%|,��thÆ~4 AC �j:�P). �M�R:~4 B, �	4 2�%���M72y A2B2C1. |.<,oa
�R:y�=�PK	1a,�



434 ((� Ow\ga�	 10 "p��&5Ky 238 � / k�
7.3.4 z'�ubf�D
1�,#X,k��R�V*�dh�iotj:��sy�d,#Z�M�A�l���(℄�� 7.16 u+��'1dC�Y+[$\yJP$�,$�o'1d=W�!��,A�O_ 7.20 )z� �l= L9(3

4) Æn_�uf�^n+JP�|B�6 7.23: {_[|)\%;wubfubo	�>6� !E�
1 2 3

A 2% 4% 5%

B 0% 1% 2%

C 0% 1% 3%

D 0% 1% 3%,;fr�I 4 �)
�,r�_,�'1dC�Y+[\yJPU`w`�� wq�y[OC�`�� L9(3
4) V*C#{Cb�F%�d72U6CM,�#��#Z|�O#Z�4�
_k��BM�8�~41��R�Wx�,

50% p$y��a`�
> mosquito<-data.frame(

A=gl(3, 12), B=gl(3,4,36),

C=factor(rep(c(1,2,3,2,3,1,3,1,2),rep(4,9))),

D=factor(rep(c(1,2,3,3,1,2,2,3,1),rep(4,9))),

Y=c( 9.41, 7.19, 10.73, 3.73, 11.91, 11.85, 11.00, 11.72,

10.67, 10.70, 10.91, 10.18, 3.87, 3.18, 3.80, 4.85,

4.20, 5.72, 4.58, 3.71, 4.29, 3.89, 3.88, 4.71,

7.62, 7.01, 6.83, 7.41, 7.79, 7.38, 7.56, 6.28,

8.09, 8.17, 8.14, 7.49)

)



7.3 Æn�,hR\Ow\g 4356 7.24: �&{_[|)f 50% CalRf�Zub6�d= A B C D 50% p$y� /s

1 1 1 1 1 9.41 7.19 10.73 3.73

2 1 2 2 2 11.91 11.85 11.00 11.72

3 1 3 3 3 10.67 10.70 10.91 10.18

4 2 1 2 3 3.87 3.18 3.80 4.85

5 2 2 3 1 4.20 5.72 4.58 3.71

6 2 3 1 2 4.29 3.89 3.88 4.71

7 3 1 3 2 7.62 7.01 6.83 7.41

8 3 2 1 3 7.79 7.38 7.56 6.28

9 3 3 2 1 8.09 8.17 8.14 7.49

> mosquito.aov<-aov(Y~A+B+C+D, data=mosquito)

> source("anova.tab.R"); anova.tab(mosquito.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 2 201.310 100.655 77.4884 6.504e-12 ***

B 2 15.920 7.960 6.1280 0.006393 **

C 2 13.297 6.648 5.1182 0.013042 *

D 2 5.021 2.510 1.9326 0.164282

Residuals 27 35.072 1.299

Total 35 270.619

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

> K<-matrix(0, nrow=3, ncol=4,

dimnames=list(1:3, c("A", "B", "C", "D")))

> for (j in 1:4)

for (i in 1:3)

K[i,j]<-mean(mosquito$Y[mosquito[j]==i])

> K

A B C D

1 10.000000 6.302500 6.403333 6.763333



436 ((� Ow\g
2 4.223333 7.808333 7.839167 7.676667

3 7.480833 7.593333 7.461667 7.264167Z�92R~4,%|Hn�	~4 A �~4 B �~4 C �~4 D(~4 DJ%|). Æ�8{,�ay� (y�,M,<), otg{�R:.<,
�	�
A2B1C1D1.4�B

7.1 Wuz|kxB8'Tf�x�v|x�$\`�= 4 fx�J_s�)_s4<O_ 7.25 )z� 6 7.25: F=SB~nz| T f 4 <Z 115 116 98 83> 103 107 118 116a 73 89 85 97

(1) C��JOw\g���Wu|kx$x�$Tf4<~_Uv/wD�
(2) :ouz|kxx�Tf4<$���J�|K$;℄�R (α = 0.05);

(3) C��JE)_,�
7.2 U�'x�� Ai, i = 1, 2, 3 \`U�	Z�>�aWuz|kx$x��

A4 �MB<x��x�v|\`= 10, 6, 6 � 2 ux�I 300 �rF��'91�,�#℄1aO_ 7.26 )z� [3v|x��,℄1aa�%Ow$Æ/6 7.26: *��<ub~nx� ℄ 1 a
A1 20 18 19 17 15 16 13 18 22 17

A2 26 19 26 28 23 25

A3 24 25 18 22 27 24

A4 12 14



m8( 437\g�
(1) �℄�u|kx$x�$℄1a~_Uv/wD�
(2) TUwD�9I|8h$_,� i) �	x�\�Mx�U`v/wD�

ii) �	v|X$x�U`v/wD�
7.3 ��Yu�IÆL.�,$�%Fk�IÆ\UWE�s#oE 12 ��IÆ�$��$��J X(mg/6 d), ��S_ 7.27 )z� �Ce=NJÆ/�_6 7.27: ,z4$'^SB~nIÆ �IÆL.�,$vE�Æ�$����J (mg/6 d)(8E 30 27 35 35 29 33 32 36 26 41 33 31(JE 43 45 53 44 51 53 54 37 47 57 48 42(WE 82 66 66 86 56 52 76 83 72 73 59 53,�Ow*�_,�
7.4 ?�IÆUC�+�Æzk�3�" (RNA) C>pN$kdJP��,\`UC�E (k>*�) ��t RNA E�[t RNA E�\`PÆW'fB
>V�k>pN$�3JQ"Ol (FDP l) ?D���O_ 7.28 )z� ℄W'6 7.28: Y&:�R�f|b_.
>OL V � s �C�E 2.79 2.69 3.11 3.47 1.77 2.44 2.83 2.52�t RNA E 3.83 3.15 4.70 3.97 2.03 2.87 3.65 5.09[t RNA E 5.41 3.47 4.92 4.07 2.18 3.13 3.77 4.26fB
>$V�JP~_|B�
7.5 U+�Hqu�v8/rCv'8�$NK�~_UwD� =M 8 u	���u�v8/r�2:oHBIB��I�'��Y.�R^�!� 4 'NK�_ 7.29 w�Mv	��u
W� 4 '8�8/r�`$+Y℄1�� �u α = 0.05 r�_,	��u�v8/rC� 4 '8�$NKD~_Uv/wD�



438 ((� Ow\g6 7.29: 4 &JU0�8<�fo'4<� (\'� mV)	 � �8�8/
1 2 3 4 5 6 7 8'� 23.1 57.6 10.5 23.6 11.9 54.6 21.0 20.3Y. 22.7 53.2 9.7 19.6 13.8 47.1 13.6 23.6R^ 22.5 53.7 10.8 21.1 13.7 39.2 13.7 16.3!� 22.6 53.1 8.3 21.6 13.3 37.0 14.8 14.8

7.6 UM7o1z|$x�"J��2%:GQNKZ<\NK(D$�!�UÆ wOr�!�
A: NKZ<
 0C � 60 70 80

B: NK(D
}u� 2 2.5 3uou AiBj ;frII��,�)xJO_ 7.30 )z�6 7.30: ub~n
A1 A2 A3

B1 4.6 4.3 6.1 6.5 6.8 6.4

B2 6.3 6.7 3.4 3.8 4.0 3.8

B3 4.7 4.3 3.9 3.5 6.5 7.0

(1) C��JOw\g
K�^n+JP��
(2) :GQ;fr!�xJ$)�R�;℄�R�
(3) C AiBj ;fr!�xJJE)Yq�

7.7 �H'M�yUM7o�!xJ� 3�,$E�O_ 7.31 )z�� w
L9(3

4) Æn_A��,�[3|K$xJU (�Y� kg/100m2)

62.925 57.075 51.6 55.05 58.05 56.55 63.225 50.7 54.45�C�,s�|�Ow\g�dw�8Eq�$'�;f�
7.8 ��Y+��'E�C1exb� (Y ) $M~� 3�,$E�O_ 7.32)z�� w L8(2

7) Æn_A��,�[3|K$1exb�U (�Y�u)



�P� 4396 7.31: �dfubo	�>6� !E �
1 2 3�' z66 8 � �J? 5 � �,? 11 �t< 4.50  /100m2 3.75  /100m2 3.00  /100m2oVJ 0.75 kg/100m2 0.375 kg/100m2 1.125 kg/100m2

86 95 91 94 91 96 83 88�C�,s�|�Ow\g�dw�8Eq�yeOC (�^Un+JP).6 7.32: q�F�vBubo	f�>6� !E �
1 2Z< (A) 5oC 10oC�-J (B) 0.5 5.0��J (C) 10% 30%

pH � (D) 6.0 8.0

7.9 �z|UM7oTf	(+�z�"J|�z�$n� Q�,��v($9<��lR)l�l��u�,$�vE>$�!_ 7.33. � w L8(2
7) Æ6 7.33: o3�>6� !E �

1 2+(z�hV (A) APW� 5PW�k=+�j" (B) 5�2= 8K82=W+J (mm) (C) 0.01 0.015n_A��,�)_GhRO_ 7.34 )z� uo8;frYzM�uTf�sJ)9<��,s�O_ 7.35 )z� �C�,s�|�Ow\g�dw�8E



440 4�C 
_k�6 7.34: ub_._GhR A B CO� 1 2 3 4 5 6 76 7.35: ub_.�,� � , �
1 1.5 1.7 1.3 1.5

2 1.0 1.2 1.0 1.0

3 2.5 2.2 3.2 2.0

4 2.5 2.5 1.5 2.8

5 1.5 1.8 1.7 1.5

6 1.0 2.5 1.3 1.5

7 1.8 1.5 1.8 2.2

8 1.9 2.6 2.3 2.0q�z�n��^�



k*� ux}�Æ2 (I)T#k� (multivariate analysis) 	T>�,_�k�
[�	#
_�o��+a,l�shkX�&7!m{,
�p2�tT,��
[�B{h&�d-k��
_k���Dk��W�k��{pkk��~�k��7E+'k�.��'d-k��
_k�,pLq643C�4�C�!<
�1C<
�Dk��W�k�,pL�M�MkpL�l��℄6�S	Rf1BGk����Ki��J℄��Dk�	6qY�Ta��F*6�Y�f1,#P����Y�f1*&�D9#�R�Yf1BGk��VW�k�	! JY'�Ta�,1����Zdr,;%f1 (mbA) BGk��1C��<
�Dk��W�k�,q1$
�
[�	s<
NA�� RQ R#Z��Dk��W�k��6�C<
T#k�,.lMkpL — {pkk��~�k��7E+'k��
8.1 :8Æ2�Dk�	�t�D�Q��AQ,lr_�
[�Bao� 20�� 30u��Cu��6NT&�
BmT,��kX���MPo�*&+a,����N����8rRl�E	p�A7EBGQOy�ot9l�N�A7E,E�Y� p �bA,#Z�BM49l�qYb�AsE,E�℄fiY*

p �+℄bA,#Z���M:#Z#�l��D9#�F5{+�,'9`�MyR�LhBGQO,E�i℄fY� p �bA,#Z�%��O�D9#�5*�D*k�4n�D'9`�|ot�O�E	���A7E,ilAQ�`	��N�A7E,ilAQ��N6j"To�R[x{�
u�,�O�62lTo��O	�}`	�}�6l�)
o��Odra
	BÆ
�`	JBÆ
�6^
To�R�?Y&,lr^
��O���ilm��[�Dk�
[6ETTmo�	+a,����D
[�Tr�M�{h<
,	�e�,�D
[�V*	��AQ,�D
[�
441



442 4�C ��T#k� (I)

8.1.1 o�97���D�P�S	% p z Euclid u� Rp Ykp��TJ+*,7� R1,

R2, · · ·, Rk, | k⋂
j=1

Rj = ∅,
k⋃

j=1

Rj = Rp. ! x ∈ Ri, i = 1, 2, · · · , k, S�? x ���Q Xi, i = 1, 2, · · · , k. KD�! k = 2 y�S	���Q,�D�P�\��D	����℄(,lr�D
[��
[
���PE:r>�,�D��R>�,�=kKN�)i�
1. Mahalanobis o�f�3[e�Q?z,\�	 Euclid \�
�m|�\���R x, y 	 Rp o,��6�; x � y ,\�y

d(x, y) = ‖x − y‖2 =
√

(x − y)T (x − y).�6_�k���8o�Euclid \�SJ
�!�gl��X,�� (�e 8.1).

−4 −2 0 2 4 6 8 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Aµ
1

µ
2e 8.1: J℄
_,VEkKCy�����j: p = 1 ,1��h X ∼ N(0, 1), Y ∼ N(4, 22), h{+�,�=TK8*�Ne 8.1 ���j:eo, A 6�A 6\ X ,a` µ1 = 0 .C�\ Y ,a` µ2 = 4 .(��Æ�=+K�k��P�1�FgN��I�8� A 6, x `y 1.66, iS	(� A 6\ µ1 = 0 	 1.66σ1, V A 6\ µ2 = 4



8.1 �Dk� 443?d� 1.17σ2, ~��Æ�=kK,+K�(���Hy A 6\ µ2 �Cl6��t�6?z\�y�hj::r>�
_,B��rm 8.1 h x, y ~���U µ, �Ow�U Σ $B9 X $�=$/X�xB9
X 	I) x \ y $ Mahalanobis �=
a�f��=�3CU

d(x, y) =
√

(x − y)TΣ−1(x − y). (8.1)3C/X x \B9 X $ Mahalanobis �=U
d(x, X) =

√
(x − µ)T Σ−1(x − µ). (8.2)

2. 971��971~6M��I����Q,\��D�kDI���Q<
_S+℄�<
_SJ℄,1��h�Q X1 � X2 ,a`3�kDy µ1 � µ2, <
_SkDy Σ1 � Σ2, >�l�f1 x, h�O x �
hl��Q�� j:���Q X1 � X2 ,<
_+℄,1��|
µ1 6= µ2, Σ1 = Σ2 = Σ.h�O x 	��hl��Q�Lh�8 x &�Q X1 � X2 , Mahalanobis \�,�
 d2(x, X1) � d2(x, X2), BMBG3.�R d2(x, X1) ≤ d2(x, X2), ;�?

x �� X1; p;�? x �
 X2. ��*&N��D�;�
R1 = {x | d2(x, X1) ≤ d2(x, X2)}, R2 = {x | d2(x, X1) > d2(x, X2)}. (8.3)&6�B�D9#,C���j: d2(x, X1) � d2(x, X2) [�,'���
d2(x, X2) − d2(x, X1) = (x − µ2)

T Σ−1(x − µ2) − (x − µ1)
T Σ−1(x − µ1)

=
(
xT Σ−1x − 2xT Σ−1µ2 + µT

2 Σ−1µ2

)

−
(
xT Σ−1x − 2xT Σ−1µ1 + µT

1 Σ−1µ1

)

= 2xT Σ−1(µ1 − µ2) + (µ1 + µ2)
T Σ−1(µ2 − µ1)

= 2

(
x − µ1 + µ2

2

)T

Σ−1(µ1 − µ2)

= 2(x − µ)TΣ−1(µ1 − µ2), (8.4)



444 4�C ��T#k� (I)�o µ =
µ1 + µ2

2
	���Q,�a`�/

w(x) = (x − µ)T Σ−1(µ1 − µ2), (8.5)m w(x) y��Q\�,�D9#�~��D�; (8.3) >y
R1 = {x | w(x) ≥ 0}, R2 = {x | w(x) < 0}. (8.6)6|��8o��Q,a`�<
_S	|Y,�~��Q,a`�<
_SLh�f1a`�<
_S��R�h x

(1)
1 , x

(1)
2 , · · · , x(1)

n1
	�
�Q X1 , n1�f1� x

(2)
1 , x

(2)
2 , · · · , x(2)

n2
	�
�Q X2 , n2 �f1�;f1,a`�<
_Sy

µ̂i = x(i) =
1

ni

ni∑

j=1

x
(i)
j , i = 1, 2, (8.7)

Σ̂ =
1

n1 + n2 − 2

2∑

i=1

ni∑

j=1

(
x

(i)
j − x(i)

)(
x

(i)
j − x(i)

)T

=
1

n1 + n2 − 2
(S1 + S2), (8.8)�o

Si =

ni∑

j=1

(
x

(i)
j − x(i)

)(
x

(i)
j − x(i)

)T

, i = 1, 2. (8.9)R��Yf1 x, ��D9#?zy
ŵ(x) = (x − x)T Σ̂−1(x(1) − x(2)), (8.10)�o

x =
x(1) + x(2)

2
.��D�;y

R1 = {x | ŵ(x) ≥ 0}, R2 = {x | ŵ(x) < 0}. (8.11)4j:���Q X1 � X2 <
_SJ℄,1��|
µ1 6= µ2, Σ1 6= Σ2.



8.1 �`\g 445R�f1 x, 6<
_SJ℄,1����D9#y
w(x) = (x − µ2)

T Σ−1
2 (x − µ2) − (x − µ1)

T Σ−1
1 (x − µ1). (8.12)�#XI�,1�+℄�6|��8o�Q,a`�<
_S	|Y,�℄fLh�f1,a`�f1<
_S��R�~��R��Yf1 x, �D9#?zy

ŵ(x) = (x − x(2))T Σ̂−1
2 (x − x(2)) − (x − x(1))T Σ̂−1

1 (x − x(1)), (8.13)�o
Σ̂i =

1

ni − 1

ni∑

j=1

(
x

(i)
j − x(i)

)(
x

(i)
j − x(i)

)T

=
1

ni − 1
Si, i = 1, 2. (8.14)��D�;Iy� (8.11).

3. R NS%#X<
,8[:>p R tO (tO_� discriminiant.distance.R).

discriminiant.distance <- function

(TrnX1, TrnX2, TstX = NULL, var.equal = FALSE){

if (is.null(TstX) == TRUE) TstX <- rbind(TrnX1,TrnX2)

if (is.vector(TstX) == TRUE) TstX <- t(as.matrix(TstX))

else if (is.matrix(TstX) != TRUE)

TstX <- as.matrix(TstX)

if (is.matrix(TrnX1) != TRUE) TrnX1 <- as.matrix(TrnX1)

if (is.matrix(TrnX2) != TRUE) TrnX2 <- as.matrix(TrnX2)

nx <- nrow(TstX)

blong <- matrix(rep(0, nx), nrow=1, byrow=TRUE,

dimnames=list("blong", 1:nx))

mu1 <- colMeans(TrnX1); mu2 <- colMeans(TrnX2)

if (var.equal == TRUE || var.equal == T){
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S <- var(rbind(TrnX1,TrnX2))

w <- mahalanobis(TstX, mu2, S)

- mahalanobis(TstX, mu1, S)

}

else{

S1 < -var(TrnX1); S2 <- var(TrnX2)

w <- mahalanobis(TstX, mu2, S2)

- mahalanobis(TstX, mu1, S1)

}

for (i in 1:nx){

if (w[i] > 0)

blong[i] <- 1

else

blong[i] <- 2

}

blong

}6tOo��O>� TrnX1 � TrnX2 C� X1 �� X2 �Y�f1���OÆ�	#Z|�mUS (f1�G�O), �O>� TstX 	�Yf1���OÆ�	#Z|�mUS (f1�G�O), m3� (l��Yf1). N2J�O TstX(>q`), ;�Yf1y��Y�f1[��|�8Y�f1,d�1���O>�
var.equal 	Ax>�� var.equal=TRUE C����Q,<
_S+℄�p;
(>q`) yJ℄�9#,�{	� “1” � “2” �p,,lzUS� “1” C��Yf1�� X1 �� “2” C��Yf1�� X2 ��6_�tOo��& Mahalanobis \�9# mahalanobis(), �9#,~�Æ�y

mahalanobis(x, center, cov, inverted=FALSE, ...)�o x 	�f1#Z�p,3�mUS (p z), center yf1oA� cov yf1,<
_S����y
D2 = (x − µ)TΣ−1(x − µ).
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4. 97n�� 8.1 u+�[E71℄8$� M(uE>�w�=71�W71$'t$\`�M 12 u� 23 u/X���Ou_ 8.1 $�)$ I <_z=71<� II <_zW71<��iC�=�`$�`;x�dB�`;xC
 35 u/X|�;Q
OB�`;x|�\<��\gf�80�6 8.1: �p
�~n:= �D x1 x2 x3 x4 x5 x6 x7

1 I 6.6 39 1.0 6.0 6 0.12 20

2 I 6.6 39 1.0 6.0 12 0.12 20

3 I 6.1 47 1.0 6.0 6 0.08 12

4 I 6.1 47 1.0 6.0 12 0.08 12

5 I 8.4 32 2.0 7.5 19 0.35 75

6 I 7.2 6 1.0 7.0 28 0.30 30

7 I 8.4 113 3.5 6.0 18 0.15 75

8 I 7.5 52 1.0 6.0 12 0.16 40

9 I 7.5 52 3.5 7.5 6 0.16 40

10 I 8.3 113 0.0 7.5 35 0.12 180

12 I 7.8 172 1.5 3.0 15 0.21 45

13 II 8.4 32 1.0 5.0 4 0.35 75

14 II 8.4 32 2.0 9.0 10 0.35 75

15 II 8.4 32 2.5 4.0 10 0.35 75

16 II 6.3 11 4.5 7.5 3 0.20 15

17 II 7.0 8 4.5 4.5 9 0.25 30

18 II 7.0 8 6.0 7.5 4 0.25 30

19 II 7.0 8 1.5 6.0 1 0.25 30

20 II 8.3 161 1.5 4.0 4 0.08 70

21 II 8.3 161 0.5 2.5 1 0.08 70

22 II 7.2 6 3.5 4.0 12 0.30 30
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�~n:= �D x1 x2 x3 x4 x5 x6 x7

23 II 7.2 6 1.0 3.0 3 0.30 30

24 II 7.2 6 1.0 6.0 5 0.30 30

25 II 5.5 6 2.5 3.0 7 0.18 18

26 II 8.4 113 3.5 4.5 6 0.15 75

27 II 8.4 113 3.5 4.5 8 0.15 75

28 II 7.5 52 1.0 6.0 6 0.16 40

29 II 7.5 52 1.0 7.5 8 0.16 40

30 II 8.3 97 0.0 6.0 5 0.15 180

31 II 8.3 97 2.5 6.0 5 0.15 180

32 II 8.3 89 0.0 6.0 10 0.16 180

33 II 8.3 56 1.5 6.0 13 0.25 180

34 II 7.8 172 1.0 3.5 6 0.21 45

35 II 7.8 283 1.0 4.5 6 0.18 45`��O#Z�;�9# discriminiant.distance() BG�D�kDj:��Q<
_S+℄�<
_SJ℄,1��
> classX1<-data.frame(

x1=c(6.60, 6.60, 6.10, 6.10, 8.40, 7.2, 8.40, 7.50,

7.50, 8.30, 7.80, 7.80),

x2=c(39.00,39.00, 47.00, 47.00, 32.00, 6.0, 113.00, 52.00,

52.00,113.00,172.00,172.00),

x3=c(1.00, 1.00, 1.00, 1.00, 2.00, 1.0, 3.50, 1.00,

3.50, 0.00, 1.00, 1.50),

x4=c(6.00, 6.00, 6.00, 6.00, 7.50, 7.0, 6.00, 6.00,

7.50, 7.50, 3.50, 3.00),

x5=c(6.00, 12.00, 6.00, 12.00, 19.00, 28.0, 18.00, 12.00,

6.00, 35.00, 14.00, 15.00),

x6=c(0.12, 0.12, 0.08, 0.08, 0.35, 0.3, 0.15, 0.16,
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0.16, 0.12, 0.21, 0.21),

x7=c(20.00,20.00, 12.00, 12.00, 75.00, 30.0, 75.00, 40.00,

40.00,180.00, 45.00, 45.00)

)

> classX2<-data.frame(

x1=c(8.40, 8.40, 8.40, 6.3, 7.00, 7.00, 7.00, 8.30,

8.30, 7.2, 7.2, 7.2, 5.50, 8.40, 8.40, 7.50,

7.50, 8.30, 8.30, 8.30, 8.30, 7.80, 7.80),

x2=c(32.0 ,32.00, 32.00, 11.0, 8.00, 8.00, 8.00,161.00,

161.0, 6.0, 6.0, 6.0, 6.00,113.00,113.00, 52.00,

52.00, 97.00, 97.00,89.00,56.00,172.00,283.00),

x3=c(1.00, 2.00, 2.50, 4.5, 4.50, 6.00, 1.50, 1.50,

0.50, 3.5, 1.0, 1.0, 2.50, 3.50, 3.50, 1.00,

1.00, 0.00, 2.50, 0.00, 1.50, 1.00, 1.00),

x4=c(5.00, 9.00, 4.00, 7.5, 4.50, 7.50, 6.00, 4.00,

2.50, 4.0, 3.0, 6.0, 3.00, 4.50, 4.50, 6.00,

7.50, 6.00, 6.00, 6.00, 6.00, 3.50, 4.50),

x5=c(4.00, 10.00, 10.00, 3.0, 9.00, 4.00, 1.00, 4.00,

1.00, 12.0, 3.0, 5.0, 7.00, 6.00, 8.00, 6.00,

8.00, 5.00, 5.00,10.00,13.00, 6.00, 6.00),

x6=c(0.35, 0.35, 0.35, 0.2, 0.25, 0.25, 0.25, 0.08,

0.08, 0.30, 0.3, 0.3, 0.18, 0.15, 0.15, 0.16,

0.16, 0.15, 0.15, 0.16, 0.25, 0.21, 0.18),

x7=c(75.00,75.00, 75.00, 15.0,30.00, 30.00, 30.00, 70.00,

70.00, 30.0, 30.0, 30.0,18.00, 75.00, 75.00, 40.00,

40.00,180.00,180.00,180.00,180.00,45.00,45.00)

)

> source("discriminiant.distance.R")

> discriminiant.distance(classX1, classX2, var.equal=TRUE)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

blong 1 1 1 1 1 1 1 1 2 1 1 1 2 2 2 2 2 2 2 2 2 2 2

24 25 26 27 28 29 30 31 32 33 34 35
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blong 2 2 2 2 1 1 2 2 2 2 2 2

> discriminiant.distance(classX1, classX2)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

blong 1 1 1 1 1 1 1 1 2 1 1 1 2 2 2 2 2 2 2 2 2 2 2

24 25 26 27 28 29 30 31 32 33 34 35

blong 2 2 2 2 2 2 2 2 2 2 2 26Hy��Q<
_S+℄,1���%Y�f1d�BG�D��U�6���kD	4 9 =f1�4 28 =f1�4 29 =f1�6Hy��Q<
_SJ℄,1���%Y�f1d�BG�D�d�l�6���	4 9 =f1�
5. |
�,�fo�97R�\��D�ELv%�k��D
[h+&Tk��P��|_�\��D,1lS	�8 Mahalanobis \���Yf1\h��Q,\�C�SHyB��hl��Æhf1�� k ��kD	 X1, X2, · · · , Xk. RHyM k ��Q,
_	+℄,�|

Σ1 = Σ2 = · · · = Σk = Σ,;�=Mf1�8f1
_ Σ̂ �y�Q
_ Σ ,!�`�RHy k ��Q,
_J+℄�;��
,f1�8f1
_ Σ̂j �y�Q
_ Σj ,!�`�+�,�D�;y
Ri = {x | d(x, Xi) = min

1≤j≤k
d(x, Xj)}, i = 1, 2, · · · , k,�o d(x, Xj) 	�� (8.2) ?zf1 x ��Q Xj , Mahalanobis \��RHy
_+℄y�� (8.2) o, Σ �!�` Σ̂ �R�RHy
_J℄y�� (8.2) o, Σ �!�` Σ̂j �R��_�
[:>p R tO (tO_� distinguish.distance.R).

distinguish.distance <- function

(TrnX, TrnG, TstX = NULL, var.equal = FALSE){

if ( is.factor(TrnG) == FALSE){

mx <- nrow(TrnX); mg <- nrow(TrnG)
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TrnX <- rbind(TrnX, TrnG)

TrnG <- factor(rep(1:2, c(mx, mg)))

}

if (is.null(TstX) == TRUE) TstX <- TrnX

if (is.vector(TstX) == TRUE) TstX <- t(as.matrix(TstX))

else if (is.matrix(TstX) != TRUE)

TstX <- as.matrix(TstX)

if (is.matrix(TrnX) != TRUE) TrnX <- as.matrix(TrnX)

nx <- nrow(TstX)

blong <- matrix(rep(0, nx), nrow=1,

dimnames=list("blong", 1:nx))

g <- length(levels(TrnG))

mu <- matrix(0, nrow=g, ncol=ncol(TrnX))

for (i in 1:g)

mu[i,] <- colMeans(TrnX[TrnG==i,])

D < -matrix(0, nrow=g, ncol=nx)

if (var.equal == TRUE || var.equal == T){

for (i in 1:g)

D[i,] <- mahalanobis(TstX, mu[i,], var(TrnX))

}

else{

for (i in 1:g)

D[i,] <- mahalanobis(TstX, mu[i,], var(TrnX[TrnG==i,]))

}

for (j in 1:nx){

dmin <- Inf

for (i in 1:g)

if (D[i,j] < dmin){

dmin <- D[i,j]; blong[j] <- i

}

}
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blong

}tOkDj:!�Q<
_S+℄��Q<
_SJ℄,�r1���O>�
TrnX C�Y�f1���OÆ�	US (f1�G�O), m#Z|� TrnG 	~�>��C��OY�f1,k�1���O>� TstX	�Yf1���OÆ�	US (f1�G�O), m#Z|�m3� (l��Yf1). N2J�O TstX(>q`),;�Yf1yY�f1��O>� var.equal	Ax>��var.equal=TRUEC��8yHy�Q<
_S	+℄,�p; (>q`) 	J℄,�9#,�{	�#Æ�p,,lzUS�#ÆC�+�,��y!�#l�tO�L�R�Xk��P�iot�I discriminiant.distance 9#,�OÆ��O�� 8.2 Fisher Iris ��� Iris ��U�u���L�${<�L�$/<�-L{<�-L$/<���� 150 u/X�\UW<�2 50 u��~(8<
—Setosa, $℄$ 50 u��~(J< — Versicolor, G( 50 u��~(W< —

Virginica. �P�=�`C Iris ��|��`\g�`�R Q oO�! Iris #Z�#Z,#+#	#Z,+��H�4�#A℄#Z��hl��
> X<-iris[,1:4]

> G<-gl(3,50)

> source("distinguish.distance.R")

> distinguish.distance(X,G)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

blong 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43

blong 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63

blong 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2

64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83

blong 2 2 2 2 2 2 2 3 2 3 2 2 2 2 2 2 2 2 2 2

84 85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102

blong 3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3 3

103 104 105 106 107 108 109 110 111 112 113 114 115 116 117
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blong 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3

118 119 120 121 122 123 124 125 126 127 128 129 130 131 132

blong 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3

133 134 135 136 137 138 139 140 141 142 143 144 145 146 147

blong 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3

148 149 150

blong 3 3 3Æ�872otg{�d�4 71 =f1�4 73 =f1�4 84 =f1���d�,�DV�=y 147/150 = 98%.

8.1.2 Bayes 97
Bayes �D	Æ?R^PR4q�l?,H}�MrH}e� d�=�Y��!9*f1M�Sot�f1�JVq�, d�=kK�*{Md�=kK�&[3Md�=kKBG�r_�hO�
1. 09���09�hj:���Q,�D1��h X1 � X2 kD[��=TK9# f1(x) �

f2(x), �o x 	 p z3��� Ω y x,��oq(Y`,=Q�myf1u��
R1 y�Zdr,;h�y X1 ,i: x ,=Q�V R2 = Ω − R1 	h�y X2i: x ,=Q�df1|��
 X1, �0�y X2 ,�=y

P (2|1) = P{x ∈ R2|X1} =

∫

R2

f1(x)dx, (8.15)�
 X2, �0�y X1 ,�=
P (1|2) = P{x ∈ R1|X2} =

∫

R1

f2(x)dx. (8.16)�,2��
 X1 i0�y X1, �
 X2 i0�y X2 ,�=
P (1|1) = P{x ∈ R1|X1} =

∫

R1

f1(x)dx, (8.17)

P (2|2) = P{x ∈ R2|X2} =

∫

R2

f2(x)dx, (8.18)



454 4�C ��T#k� (I)�h p1, p2 kDC��Q X1 � X2 , d�=�* p1 + p2 = 1, �	
P{V�2�yX1} = P{�
 X1, 0�y X1}

= P{x ∈ R1|X1} · P (X1) = P (1|1) · p1, (8.19)

P{��&X1} = P{�
 X2, 0�y X1}
= P{x ∈ R1|X2} · P (X2) = P (1|2) · p2. (8.20)�,2�

P{V�2�yX2} = P (2|2) · p2, (8.21)

P{��&X2} = P (2|1) · p1. (8.22)h L(1|2) C��
 X2 0��y X1 ��,=u� L(2|1) C��
 X1 0��y X2 ��,=u�F,? L(1|1) = L(2|2|) = 0.%_����=���=u7B���?z�a��=u (expected cost of

misclassification, ��y ECM) N�
ECM(R1, R2) = L(2|1)P (2|1)p1 + L(1|2)P (1|2)p2. (8.23)l�B
,R:	~ ECM �&w7�

2. 
�7�f Bayes 97otW℄�w7[�a��=u9# (8.23) ,Yk7� R1 � R2 y
R1 =

{
x
∣∣∣

f1(x)

f2(x)
≥ L(1|2)

L(2|1)
· p2

p1

}
, R2 =

{
x
∣∣∣

f1(x)

f2(x)
<

L(1|2)

L(2|1)
· p2

p1

}
. (8.24)~��ot%� (8.24) �y Bayes �D,�D�;�6M��;odLh�8�

(1) f16 x ,�=TK9#3 f1(x)/f2(x);

(2) =u3 L(1|2)/L(2|1);

(3)  d�=3 p2/p1.�XI�VEkK1���f16 x ,�=TK9#3,�8�h Xi ∼
N(µi, Σi) (i = 1, 2), kDj:�Q<
_S+℄�<
_SJ℄,1��� j:�Q<
_S+℄,1��| Σ1 = Σ2 = Σ. �y Xi ,TKy

fi(x) = (2π)−π/2|Σ|−1/2 exp

{
−1

2
(x − µi)

T Σ−1(x − µi)

}
, i = 1, 2 (8.25)
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R1 =

{
x
∣∣∣ W (x) ≥ β

}
, R2 =

{
x
∣∣∣ W (x) < β

}
, (8.26)�o

W (x) =
1

2
(x − µ2)

T Σ−1(x − µ2) −
1

2
(x − µ1)

T Σ−1(x − µ1)

=

[
x − 1

2
(µ1 + µ2)

]T

Σ−1(µ1 − µ2), (8.27)

β = ln
L(1|2) · p2

L(2|1) · p1

. (8.28)JnY&�R�VEkK�Q, Bayes �D���D,; (8.26)–(8.28)otgp\��D,h+�! p1 = p2, L(1|2) = L(2|1) y� β = 0, S	\��D�4j:�Q<
_SJ℄,1��| Σ1 6= Σ2. �y R1 � R2 Yk7�
(8.24) .��

R1 =
{
x
∣∣∣ W (x) ≥ β

}
, R2 =

{
x
∣∣∣ W (x) < β

}
, (8.29)�o

W (x) =
1

2
(x − µ2)

T Σ−1(x − µ2) −
1

2
(x − µ1)

T Σ−1(x − µ1), (8.30)

β = ln
L(1|2) · p2

L(2|1) · p1

+
1

2
ln

( |Σ1|
|Σ2|

)
. (8.31)

3. R NS��3�I_�
[>{��Q�D, Bayes �DtO (tO_� discriminiant

.bayes.R).

discriminiant.bayes <- function

(TrnX1, TrnX2, rate = 1, TstX = NULL, var.equal = FALSE){

if (is.null(TstX) == TRUE) TstX<-rbind(TrnX1,TrnX2)

if (is.vector(TstX) == TRUE) TstX <- t(as.matrix(TstX))

else if (is.matrix(TstX) != TRUE)

TstX <- as.matrix(TstX)
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if (is.matrix(TrnX1) != TRUE) TrnX1 <- as.matrix(TrnX1)

if (is.matrix(TrnX2) != TRUE) TrnX2 <- as.matrix(TrnX2)

nx <- nrow(TstX)

blong <- matrix(rep(0, nx), nrow=1, byrow=TRUE,

dimnames=list("blong", 1:nx))

mu1 <- colMeans(TrnX1); mu2 <- colMeans(TrnX2)

if (var.equal == TRUE || var.equal == T){

S <- var(rbind(TrnX1,TrnX2)); beta <- 2*log(rate)

w <- mahalanobis(TstX, mu2, S)

- mahalanobis(TstX, mu1, S)

}

else{

S1 <- var(TrnX1); S2 <- var(TrnX2)

beta <- 2*log(rate) + log(det(S1)/det(S2))

w <- mahalanobis(TstX, mu2, S2)

- mahalanobis(TstX, mu1, S2)

}

for (i in 1:nx){

if (w[i] > beta)

blong[i] <- 1

else

blong[i] <- 2

}

blong

}6tOo��O>� TrnX1 � TrnX2 C� X1 �� X2 �Y�f1���OÆ�	#Z|�mUS (f1�G�O). rate= L(1|2)
L(2|1)

· p2

p1

, >q`y 1. TstX 	�Yf1���OÆ�	#Z|�mUS (f1�G�O), m3� (l��Yf1). N2J�O TstX(>q`), ;�Yf1y��Y�f1[��|�8Y�f1,d�1���O>� var.equal 	Ax>��var.equal=TRUE C�Hy��Q,
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_S	+℄,�p; (>q`) 	J℄,�9#,�{	� “1” � “2” �p,,lzUS� “1” C��Yf1�� X1 �� “2” C��Yf1�� X2 ��� 8.3 _ 8.2 ~�.��aQU`
�$tU=N� x1 \ x2 ~A!aQE>
.��C
��U
�$~ 6 uÆ℄$=N�`
�$~ 8 uÆ℄$=N�+q$u,fa\`P 6/14 � 8/14 3�R�d[hf�'n|%��P Bayes�RC��|�\g�6 8.2: +ED�z-S3f2��� 
 � ` 
 �
1 24.8 −2.0 22.1 −0.7

2 24.1 −2.4 21.6 −1.4

3 26.6 −3.0 22.0 −0.8

4 23.5 −1.9 22.8 −1.6

5 25.5 −2.1 22.7 −1.5

6 27.4 −3.1 21.5 −1.0

7 22.1 −1.2

8 21.4 −1.3`��O#Z
�USF���4;�9# discriminiant.bayes() BG�D (tO_� exam0803.R)

> TrnX1<-matrix(

c(24.8, 24.1, 26.6, 23.5, 25.5, 27.4,

-2.0, -2.4, -3.0, -1.9, -2.1, -3.1),

ncol=2)

> TrnX2<-matrix(

c(22.1, 21.6, 22.0, 22.8, 22.7, 21.5, 22.1, 21.4,

-0.7, -1.4, -0.8, -1.6, -1.5, -1.0, -1.2, -1.3),

ncol=2)

> source("discriminiant.bayes.R")

> discriminiant.bayes(X1, X2, rate=8/6, var.equal=TRUE)
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1 2 3 4 5 6 7 8 9 10 11 12 13 14

blong 1 1 1 2 1 1 2 2 2 2 2 2 2 24 4 =f10���
4. |
�,�f Bayes 97Æ_X,�83toY�Bayes �D,1lS	H&lr�D�;�~*�a��=u�&�7�iS	+�,�=�&���Æhf1�� k ��kD	 X1, X2, · · · , Xk, +�, d�=y p1, p2, · · · , pk,FÆh����=u	+℄,�~�+�,�D�;y

Ri = {x | pifi(x) = max
1≤j≤k

pjfj(x)}, i = 1, 2, · · · , k. (8.32)! k ��Q,<
_S+℄�| Σ1 = Σ2 = · · · = Σk = Σ, �y�=TK9#y
fj(x) = (2π)−π/2|Σ|−1/2 exp

{
−1

2
(x − µj)

T Σ−1(x − µj)

}
, j = 1, 2, · · · , k,

(8.33);�89#
dj(x) =

1

2
(x − µj)

T Σ−1(x − µj) − ln pj, (8.34)6�8o�� (8.34) o
_ Σ ��!�` Σ̂ �R�! k ��Q,<
_SJ℄��y�=TK9#y
fj(x) = (2π)−π/2|Σj |−1/2 exp

{
−1

2
(x − µj)

T Σ−1
j (x − µj)

}
, j = 1, 2, · · · , k,

(8.35);�89#
dj(x) =

1

2
(x − µj)

T Σ−1
j (x − µj) − ln pj −

1

2
ln(|Σj |), (8.36)6�8o�� (8.36) o
_ Σj ��!�` Σ̂j �R��D�; (8.32) .�y

Ri = {x | di(x) = min
1≤j≤k

dj(x)}, i = 1, 2, · · · , k. (8.37)�_�
[:>p R tO (tO_� distinguish.bayes.R).
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distinguish.bayes <- function

(TrnX, TrnG, p = rep(1, length(levels(TrnG))),

TstX = NULL, var.equal = FALSE){

if ( is.factor(TrnG) == FALSE){

mx <- nrow(TrnX); mg <- nrow(TrnG)

TrnX <- rbind(TrnX, TrnG)

TrnG <- factor(rep(1:2, c(mx, mg)))

}

if (is.null(TstX) == TRUE) TstX <- TrnX

if (is.vector(TstX) == TRUE) TstX <- t(as.matrix(TstX))

else if (is.matrix(TstX) != TRUE)

TstX <- as.matrix(TstX)

if (is.matrix(TrnX) != TRUE) TrnX <- as.matrix(TrnX)

nx <- nrow(TstX)

blong <- matrix(rep(0, nx), nrow=1,

dimnames=list("blong", 1:nx))

g <- length(levels(TrnG))

mu <- matrix(0, nrow=g, ncol=ncol(TrnX))

for (i in 1:g)

mu[i,] <- colMeans(TrnX[TrnG==i,])

D <- matrix(0, nrow=g, ncol=nx)

if (var.equal == TRUE || var.equal == T){

for (i in 1:g){

d2 <- mahalanobis(TstX, mu[i,], var(TrnX))

D[i,] <- d2 - 2*log(p[i])

}

}

else{

for (i in 1:g){

S <- var(TrnX[TrnG==i,])

d2 <- mahalanobis(TstX, mu[i,], S)
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D[i,] <- d2 - 2*log(p[i])-log(det(S))

}

}

for (j in 1:nx){

dmin <- Inf

for (i in 1:g)

if (D[i,j] < dmin){

dmin <- D[i,j]; blong[j] <- i

}

}

blong

}tOkDj:!�Q<
_S+℄�<
_SJ℄,1���O>� TrnX C�Y�f1���OÆ�	US (f1�G�O), m#Z|� TrnG 	~�>��C�Y�f1,k�1���O>� p 	 d�=�>q`ay 1. �O>� TstX	�Yf1���OÆ�	US (f1�G�O), m#Z|�m3� (l��Yf1). N2J�O TstX(>q`), ;�Yf1yY�f1��O>� var.equal 	Ax>��var.equal=TRUE C�Hy�Q<
_S	+℄,�p; (>q`) 	J℄,�9#,�{	�#Æ�p,,lzUS�#ÆC�+�,��y!�#X��Q,�DtO�L�R�Xk��P�iot�I discriminiant.bayes9#,�OÆ��O�� 8.4 P Bayes �`C Fisher Iris ��|�\g�[hu,fa~|B$��U 1. �^OwfB$80�`�
> X<-iris[,1:4]

> G<-gl(3,50)

> source("distinguish.bayes.R")

> distinguish.bayes(X,G)

> distinguish.bayes(X,G)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

blong 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41

blong 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60

blong 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2

61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79

blong 2 2 2 2 2 2 2 2 3 2 3 2 3 2 2 2 2 3 2

80 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96 97 98

blong 2 2 2 2 3 2 2 2 2 2 2 2 2 2 2 2 2 2 2

99 100 101 102 103 104 105 106 107 108 109 110 111 112

blong 2 2 3 3 3 3 3 3 3 3 3 3 3 3

113 114 115 116 117 118 119 120 121 122 123 124 125 126

blong 3 3 3 3 3 3 3 3 3 3 3 3 3 3

127 128 129 130 131 132 133 134 135 136 137 138 139 140

blong 3 3 3 3 3 3 3 3 3 3 3 3 3 3

141 142 143 144 145 146 147 148 149 150

blong 3 3 3 3 3 3 3 3 3 3Æ�872otg{�d�4 69 � 71 � 73 � 78 � 84 =f1���d�,�DV�=y 145/150 = 96.67%.

8.1.3 Fisher 97
Fisher
j;��D	��p
_D�7���
_D��,�;�5�D9#,�6M�AI����Q,�D
[�
1. 971�h���Q X1 � X1 ,a`�<
_SkDy µ1, µ2 � Σ1, Σ2, R�F�l�f1 x, j:B,�D9#

u = u(x), (8.38)FÆh
u1 = E(u(x) | x ∈ X1), u2 = E(u(x) | x ∈ X2), (8.39)

σ2
1 = Var(u(x) | x ∈ X1), σ2

2 = Var(u(x) | x ∈ X2). (8.40)



462 4�C ��T#k� (I)

Fisher �D�;S	hXH�D9# u(x), ~�p	_�
�
W0 = σ2

1 + σ2
2�7�V��	_�
�

B0 = (u1 − u)2 + (u2 − u)2����o u =
1

2
(u1 + u2).%_X��h57B6l�� Fisher �D�;S	h59# u(x) ~*

I =
B0

W0
(8.41)�&���~���D�;y

R1 = {x | |u(x) − u1| ≤ |u(x) − u2|}, (8.42)

R2 = {x | |u(x) − u1| > |u(x) − u2|}. (8.43)

2. >P971~$5~fPrÆ
�_(� u(x) ot	Fw9#��R�Fw9# u(x) ~� (8.41) o,
I �&��	E�n,�~��[e9 u(x) y*H9#�|/

u(x) = aT x = a1x1 + a2x2 + · · ·+ apxp. (8.44)~���PS�[y5 u(x) ,�# a, ~*gA9# I �&����\��Dlf�6|��8o��Q,a`�<
_S	|Y,�~�Lh�f1a`�<
_S��R�h x
(1)
1 , x

(1)
2 , · · · , x(1)

n1
	�
�Q X1 , n1 �f1�x

(2)
1 , x

(2)
2 , · · · , x(2)

n2
	�
�Q X1 , n2 �f1��M:f1*& u1, u2, u, σ1� σ2 ,!��

ûi = ui =
1

ni

ni∑

j=1

u(x
(i)
j ) =

1

ni

ni∑

j=1

aT x
(i)
j

= aT x(i), i = 1, 2, (8.45)

û = u =
1

n

2∑

i=1

ni∑

j=1

u(x
(i)
j ) =

1

n

2∑

i=1

ni∑

j=1

aT x
(i)
j

= aT x, (8.46)
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σ̂2
i =

1

ni − 1

ni∑

j=1

[
u(x

(i)
j ) − ui

]2
=

1

ni − 1

ni∑

j=1

[
aT
(
x

(i)
j − x(i)

)]2

=
1

ni − 1
aT

[
ni∑

j=1

(
x

(i)
j − x(i)

)(
x

(i)
j − x(i)

)T
]

a

=
1

ni − 1
aT Sia, i = 1, 2, (8.47)�o

n = n1 + n2,

Si =

ni∑

j=1

(
x

(i)
j − x(i)

)(
x

(i)
j − x(i)

)T

, i = 1, 2. (8.48)~��%�p	_,�
 W0 ���	_�
� B0 �y�p�_�
� Ŵ0 ����	_,�
� B̂0, |
Ŵ0 =

2∑

i=1

(ni − 1)σ̂2
i = aT (S1 + S2) a = aT Sa, (8.49)

B̂0 =

2∑

i=1

ni(ûi − û)2 = aT

(
2∑

i=1

ni

(
x(i) − x

)(
x(i) − x

)T
)

a

=
n1n2

n
aT
(
ddT
)
a, (8.50)�o S = S1 + S2, n = n1 + n2, d =
(
x(2) − x(1)

)
. ~��5 I =

B̂0

Ŵ0

���.��5
aT (ddT )a

aT Sa���M�8	Jvl,�~yRFw, a 6= 0, B,Fwg*-a'v�`J>�Jul H�%5���P�[y+!�[�P
max

a
aT (ddT )a, (8.51)

s.t. aT Sa = 1. (8.52)�+!�P,l26hW *&
a = S−1d. (8.53)
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3. Pr971~R�l�?f1 x, &h�? x ��hl��y
<���Jdh u1 < u2.~���D�; (8.42), ! u(x) < u1 y�;� x ∈ X1. ! u(x) > u2 y�;�
x ∈ X2. iL�! u1 < u(x) < u2 y�x ��hl�Qo��!H u1, u2 ,a`

u =
n1

n
u1 +

n2

n
u2,! u(x) < u y�;� x ∈ X1; p;� x ∈ X2.�

u(x) − u = u(x) −
(n1

n
u1 +

n2

n
u2

)
= aT

(
x − n1

n
x(1) − n2

n
x(2)
)

= aT (x − x) = dTS−1(x − x), (8.54)�o
x(i) =

1

ni

ni∑

j=1

x
(i)
j , i = 1, 2,

x =
n1

n
x(1) +

n2

n
x(2) =

1

n

2∑

i=1

ni∑

j=1

x
(i)
j .�_�oY� x S	f1a`�~���9�D9#

w(x) = dT S−1(x − x), (8.55)�y��D�; (8.42)-(8.43) .�y
R1 = {x | w(x) ≤ 0}, R2 = {x | w(x) > 0}. (8.56)

4. R NS��3�Z#X��
[�:>+�, RtO (tO_�discriminiant.fisher.R)
discriminiant.fisher <- function(TrnX1, TrnX2, TstX = NULL){

if (is.null(TstX) == TRUE) TstX <- rbind(TrnX1,TrnX2)

if (is.vector(TstX) == TRUE) TstX <- t(as.matrix(TstX))

else if (is.matrix(TstX) != TRUE)
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TstX <- as.matrix(TstX)

if (is.matrix(TrnX1) != TRUE) TrnX1 <- as.matrix(TrnX1)

if (is.matrix(TrnX2) != TRUE) TrnX2 <- as.matrix(TrnX2)

nx <- nrow(TstX)

blong <- matrix(rep(0, nx), nrow=1, byrow=TRUE,

dimnames=list("blong", 1:nx))

n1 <- nrow(TrnX1); n2 <- nrow(TrnX2)

mu1 <- colMeans(TrnX1); mu2 <- colMeans(TrnX2)

S <- (n1-1)*var(TrnX1) + (n2-1)*var(TrnX2)

mu <- n1/(n1+n2)*mu1 + n2/(n1+n2)*mu2

w <- (TstX-rep(1,nx) %o% mu) %*% solve(S, mu2-mu1);

for (i in 1:nx){

if (w[i] <= 0)

blong[i] <- 1

else

blong[i] <- 2

}

blong

}6tOo��O>� TrnX1 � TrnX2 C� X1 �� X2 �Y�f1���OÆ�	#Z|�mUS (f1�G�O). TstX 	�Yf1���OÆ�	#Z|�mUS (f1�G�O), m3� (l��Yf1). N2J�O TstX(>q`), ;�Yf1y��Y�f1[��|�8Y�f1,d�1��9#,�{	� “1”� “2” �p,,lzUS� “1” C��Yf1�� X1 �� “2” C��Yf1�� X2 ��� 8.5 P Fisher �`tB 8.1.`��O#Z (�tO exam0801.R), ;�9# discriminiant.fisher().

> source("discriminiant.fisher.R")

> discriminiant.fisher(classX1, classX2)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22
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blong 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2

23 24 25 26 27 28 29 30 31 32 33 34 35

blong 2 2 2 2 2 1 1 2 2 2 2 2 2%Y�f1d�BG�D����6���kD	4 28, 29 =f1�R�T�, Fisher �D��q1$
	+℄,�M�SJ<
!�
8.2 m�Æ2W�k� (cluster analysis)	l�%#Z�^PR4BGk�,_�
[�Ml�
[,�℄K6	�� JY'�D,�#�7��ZtBGk�,#Z	R4[�,+,H (similarity) m+|H (dissimilarity) ,#Z�%M:+,
+|�H#Zgp	R4[�,�\��(C,lrK��%\�C,R4-Ol��J℄�[�,R4\�.(�MS	W�k�
[,�℄)7�W�k��Zk�R4J℄ky Q EW�k�� R EW�k�� Q EW�k�	bRf1BGW�� R EW�k�	bR>�BGW�k��

8.2.1 o�6��5~W�k�	^PRf1m>�,W��6BGW�y�o~�,
[�ET�VM:
[,R:qq�>�,�E	�'�,���#Z,�'{Y�
[,J℄�>��gotky���
(1) ?�>��iS	[e�(,�P��NfK�s��a��Ew�5K��K.�BQ	�Y�m�#�_��*&,��M:>�[�#`KT�my?�>��
(2) ?H>��M:�FgO�#�_,>[�Vd�Hl_,_|�M:�`otky�r�lr	�O>��BN�#�'��d��O'��Ndra
kyl.
�X.
�U.
.�}x,l�ky�}�{}�.lr	_z>��Mr>�|�.}'��i�#�'��NS� (��/), HD (m�z) �\j (�E�y[�-t��M) �a
,E=.�
1. o�h xij y4 i �f1,4 j �bA�#ZUSNC 8.3 ��� 6C 8.3 o�



8.2 W�k� 4676 8.3: ~nk�> �f1
x1 x2 · · · xp

1 x11 x12 · · · x1p

2 x21 x22 · · · x2p

...
...

...
...

n xn1 xn2 · · · xnpO�f1� p �>��#O�f1otgp	 Rp o,l�6� n �f1S	
Rp o, n �6�6 Rp oLh?zdr\��4 i �f1�4 j �f1[�,\��y dij , 6W�3to�\�.C,6-3�-yl��\�.(,6�-�J℄���?z,\�l E�N�+�W �

(1) dij ≥ 0, Rl) i, j;

(2) dij = 0, !*A!4 i �f1�4 j �f1,�>�`+℄�
(3) dij = dji, Rl) i, j;

(4) dij ≤ dik + dkj, Rl) i, j, k.R�\��e�,�t�~r�
(1) `R`\�

dij(1) =

p∑

k=1

|xik − xjk|. (8.57)`R`\�imy “��\�” m “n
17” \��
(2) Euclide \�

dij(2) =

√√√√
p∑

k=1

(xik − xjk)2. (8.58)MS	[ewz�,\��
(3) Minkowski \�

dij(q) =

[
p∑

k=1

(xik − xjk)
q

]1/q

, q > 0. (8.59)



468 4�C ��T#k� (I)Jng{`R`\�� Euclide \�	 Minkowski \�,K��!�>�,�~J℄mY�`,_u+_E�y�J�℄0Q� Minkowski\��V� R�>�,#Z�A�[�
�BM4�A�[M,#ZBG�8�
(4) Chebyshev ()3Uq) \�

dij(∞) = max
1≤k≤p

|xik − xjk|, (8.60)B	 Minkowski \�o q → ∞ ,1��
(5) Mahalanobis \�

dij(M) =
√

(x(i) − x(j))T S−1(x(i) − x(j)), (8.61)�o x(i) = (xi1, xi2, · · · , xip)
T , x(j) = (xj1, xj2, · · · , xjp)

T , S yf1
_US�� Mahalanobis\�,<�	j:&�>�[�,+'H�F*�>�,�~�'�� Mahalanobis \��l�E�,>(�S	 Mahalanobis \���o, S nt�?�
(6) Lance � Williams \�

dij(L) =

p∑

k=1

|xik − xjk|
xik + xjk

, (8.62)�o xij > 0, i = 1, 2, · · · , n, j = 1, 2, · · · , p.t_~r\�,?zah5>�	?�>���X<
lr?H>�\�,?z
[�
(7) ?H>�f1�,\�6#�[,
�o�e%?H>�my1g�V%?H>�,�rJ℄,9

“`” my�g��N�HD	1g�Vmmz	M�1g,�g�QFi	l�1g�V
o������.	M�1g,�g�hf1
x(i) = (δi(1, 1), δi(1, 2), · · · , δi(2, r1), δi(2, 1), δi(2, 2), · · · , δi(2, r2),

· · · , δi(m, 1), δi(m, 2), · · · , δi(m, rm))T , i = 1, 2, · · · , n,



8.2 
<\g 469�o n yf1,�#�m y1g,�#� rk y4 k �1g,�g#� r1 + r2 +

· · ·+ rm = p,

δi(k, l) =

{
1, 4 i �f1o4 k �1g,#Zy4 l ��gy,

0, p;.m δi(k, l) y4 k �1g[ l �64 i �f1o,℄���N�j:1g 1 yHD��g�ym�z�1g 2 ym�r���g�y��J�(�U�1g 3 y�j��g�y_��g��=K�1g 4 y\j��g�y-t��tt�&���f1�4l�E	mH��Tm�	����T�j	=K��\j	�tt�4X�E	zH��Tm�	����T�j	_���\j	-t�C 8.4 �{+�,1g��g�f1,9`1�� M�6 8.4: C,��,6d1fM�J}HD m� �j \jf1 m z � J ( U _� g� =K -t �tt
x(1) 1 0 1 0 0 0 0 0 1 0 1

x(2) 0 1 1 0 0 0 1 0 0 1 0

n = 2, m = 4, r1 = 2, r2 = 4, r3 = 3, r4 = 2, p = 11.h���f1 x(i), x(j), R δi(k, l) = δj(k, l) = 1, ;mM��f164 k �1g,4 l �g_ 1 − 1 �R�R δi(k, l) = δj(k, l) = 0, ;mM��f164 k�1g,4 l �g_ 0− 0 �R�R δi(k, l) 6= δj(k, l), ;mM��f164 k �1g,4 l �g_J�R�� m1 y x(i) � x(j) 6 m �1g���go 1−1 �R,�#�m0 y 0−0�R,�#� m2 yJ�R,�#�%B��
m0 + m1 + m2 = p.f1 x(i) � x(j) [�,\�ot?zy

dij =
m2

m1 + m2

. (8.63)R�C 8.4 o,#Z� m0 = 4, m1 = 1, m2 = 6. ~��\�y d12 = 6/7 =

0.8571429.6 R Q o� dist() 9#�{!�r\�,�872��~�Æ�y
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dist(x, method = "euclidean",

diag = FALSE, upper = FALSE, p = 2)�o x 	f1�p,#ZUS (f1�G�O) m#Z|� method C��8\�,
[�>q`y Euclide \���?z,\��
• "euclidean" — Euclide \��|��� (8.58) �8�
• "maximum" — Chebyshev \��|��� (8.60) �8�
• "manhattan" — `R`\��|��� (8.57) �8�
• "canberra" — Lance \���|_�B	 Lance \�,�x�FJh5

xij > 0, �8��y
dij =

p∑

k=1

|xik − xjk|
|xik + xjk|

. (8.64)

• "minkowski" — Minkowski \���oR# p 	 Minkowski \�,2#�|�� (8.59) o, q.

• "binary" — ?H>�,\����� (8.63) �8�
diag 	Ax>��! diag = TRUE y��{R+*_,\�� upper 	Ax>��! upper = TRUE y��{_U+US,` (>q`A�{�U+US,`).

2. ~n$J<�51<4=6�W�k�3to��T##Zqq	Jq℄0R�18,�Lh %#Z�oA[mA�[�
�
(1) oA[>a�m

x∗
ij = xij − xj, i = 1, 2, · · · , n, j = 1, 2, · · · , p (8.65)yoA[>a�>aM#Z,a`y 0, 
_SJ>�

(2) A�[>a�m
x∗

ij =
xij − xj

sj
, i = 1, 2, · · · , n, j = 1, 2, · · · , p (8.66)yA�[>a�>aM#Z�O�>�,f1a`y 0, A�_y 1, V*A�[M,#Z�>�,�	�'�6 R Q o�o� scale() 9#�#Z,oA[mA�[��~�Æ�y
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scale(x, center = TRUE, scale = TRUE)�o x 	f1�p,#ZUS� center 	Ax>�� TRUE(>q`) C�R#Z�oA[>a� FALSE C�J�>a� scale 	Ax>�� TRUE(>q`) C�R#Z�A�[>a� FALSE C�J�>a�R���� (8.65) ,�89#y x∗ = scale(x, scale = FALSE); R���� (8.66) ,�89#y
x∗ = scale(x).

(3) w_A�[>a�m
x∗

ij =
xij − xj

Rj
, i = 1, 2, · · · , n, j = 1, 2, · · · , p (8.67)yw_A�[>a�>aM#Z�O�>�,f1a`y 0,w_y 1,* |x∗

ij| < 1,6tM,k��8oot�a�_,ao�℄y>aM,#Zi	��	,��6 R Q o�o� sweep() 9#�w_A�[>a��>a3tN��
center <- sweep(x, 2, apply(x, 2, mean))

R <- apply(x, 2, max) - apply(x,2,min)

x_star <- sweep(center, 2, R, "/")�o x 	f1�p,#ZUS�4lG	%#ZoA[�|� (8.65). 4XG	�8w_ Rj , j = 1, 2, · · · , p. 4UG	%oA[M,#Z|tw_�*&#Z,w_A�[#Z�6_�`/o�& sweep() 9#� sweep() 9#R#�mUSBG18��18Æ�y
sweep(x, MARGIN, STATS, FUN="-", ...)�o x 	#�mUS� MARGIN 	18,7��R�US�(� 1 C�G� 2 C�#� STATS 	_���N apply(x, 2, mean) C��#,a`� FUN C�9#,18�>q`y�[18�Æ sweep() 9#,,;oY�N2%`/o,4UG�y
x_star <- sweep(center, 2, sd(x), "/")*&,S	 (�[) A�[>aM,#Z�

(4) w_V,[>a�m
x∗

ij =
xij − min

1≤k≤n
xkj

Rj
, i = 1, 2, · · · , n, j = 1, 2, · · · , p (8.68)



472 4�C ��T#k� (I)yw_V,[>a�>aM#Z 0 ≤ x∗
ij ≤ 1, w_y 1, i	��	,���� sweep() 9#�otELv*&#Z,w_V,[>a��>a3tN��

center <- sweep(x, 2, apply(x, 2, min))

R <- apply(x, 2, max) - apply(x,2,min)

x_star <- sweep(center, 2, R, "/")�o x 	f1�p,#ZUS�
3. ��5~W�k�
[JA��Rf1BGk��V*o��R>�BGk��6R>�BGk�y�e�+,�#�K�>�[�,+,tK�h cij C�>� Xi � Xj �,+,�#�l h5�
(1) cij = ±1 !*A! Xi = aXj (a 6= 0);

(2) |cij | ≤ 1, Rl) i, j p��
(3) cij = cji, Rl) i, j p��

|cij| ,0C 1, ;C� Xi � Xj ,'�,T)� cij ,0C 0, ;�K'�,�(�
(1) 	+�#�>� Xi , n �(Y`y (x1i, x2i, · · · , xni), ; Xi � Xj ,	+�#my�3�,+,�#��y cij(1), |

cij(1) =

n∑
k=1

xkixkj

√
n∑

k=1

x2
ki

√
n∑

k=1

x2
kj

, i, j = 1, 2, · · · , p. (8.69)

! Xi � Xj �Gy� cij(1) = ±1, (℄M�3�n=+,�! Xi � Xj V*y� cij(1) = 0, (℄M�3�J+'�6 R Q o�o� scale() 9#np�3�	+�#,�8���8��N��
y <- scale(x, center = F, scale = T)/sqrt(nrow(x)-1)

C <- t(y) %*% y



8.2 W�k� 473�o x	f1�p,#ZUS�C 	�� (8.69)�8+{,,�#�p,US��w���A�[>a|,	 Si, V�� (8.69) Lh| √
n∑

k=1

x2
ki, +_ √

n − 1-�#�8��o`L4|_ √
n − 1.

(2) +'�#�+'�#S	R#Z�A�[�
M,	+�#�iS	>� Xi �>� Xj ,+'�# rij, M��y cij(2), |
cij(2) =

n∑
k=1

(xki − xi)(xkj − xj)

√
n∑

k=1

(xki − xi)2

√
n∑

k=1

(xkj − xj)2

, i, j = 1, 2, · · · , p. (8.70)! cij(2) = ±1 yC��>�*H+'�6 R Q o� cij(2) ,�8��
<�|f1,+'US�
C <- cor(x)�o x 	f1�p,#ZUS�>�[�e:}�+,�#�?z\��N/

d2
ij = 1 − c2

ij . (8.71)�yi�+,�#�K�f1�,+,tK�
8.2.2 5�l���_W�
[ (hierarchical clustering method) 	W�k�y
[o�*�T,lr��q1)/	�f�% n �f1�
�yl��F,?f1[�,\�����[�,\��BM%\��C,��BFpl�?���8?���A�,\��syBG���C�,BF�O��al��℄f��,f1BFyl��t�� dij C�4 i �f1�4 j �f1,\��G1 , G2, · · · C���DKLC� GK � GL ,\��6�X�<
,�_W�[o���,
[lf�O�f1
pl�����[�,\��f1[�,\�+℄�| DKL = dKL, �t�z,\�US=M+℄��y D(0) = (dij).

1. :vo��
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DKL = min

i∈GK ,j∈GL

dij. (8.72)mMr�_W�[y�M\�[ (single linkage method).!dLx� GK � GL BFy GM M���M\�[�8?� GM ��A� GJ ,��\���5h��y
DMJ = min

i∈GM ,j∈GJ

dij = min

{
min

i∈GK ,j∈GJ

dij, min
i∈GL,j∈GJ

dij

}

= min{DKL, DLJ}. (8.73)

2. :Io��?z���[�,\�y���(f1�,\��|
DKL = max

i∈GK ,j∈GL

dij. (8.74)mMr�_W�[y�f\�[ (complete linkage method).!dLx� GK � GL BFy GM M�; GM �Fl� GJ \�y
DMJ = max{DKL, DLJ}. (8.75)

3. $Ro�����[�,\�|J9���Cf1,\��iJ9���(f1,\��V	9<��Ko�,\��myo�\�[ (median method).hdlL% GK � GL BFy GM , R�Fl� GJ , j:� DKL, DLJ �
DKJ y9f�p,U+F (Ne 8.2 ��), 9 DKL 9,o*�y DMJ . �z.�X~AoY� DMJ ,�8��y

D2
MJ =

1

2
D2

KJ +
1

2
D2

LJ − 1

4
D2

KL. (8.76)MS	o�\�[,5h���o�[oh+y�l ,1F�%� (8.76) oU1,�#n��d�R#
β, |

D2
MJ =

1 − β

2

(
1

2
D2

KJ +
1

2
D2

LJ

)
+ βD2

KL, (8.77)
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GJ GL

GK

DKL
DKJ

DMJ

DLJe 8.2: o�\�[,~AC��o β < 1, Mr
[myo>[�! β = 0 y�5h��>y
D2

MJ =
1

2

(
1

2
D2

KJ +
1

2
D2

LJ

)
. (8.78)m�
[y Mcquitty +,k�[�

4. �>q���a[ (average linkage method) ��r?z�lr?z
[	����[�,\�?zy��f1R[�,�a\��|?z GK � GL [�,\�y
DKL =

1

nKnL

∑

i∈GK ,j∈GL

dij , (8.79)�o nK � nL kDy� GK � GL ,f1�#� dij y GK of1 i � GL o,f1 j [�,\��Lv*&B,l�5h���
DMJ =

1

nMnJ

∑

i∈GM ,j∈GJ

dij

=
1

nMnJ

(
∑

i∈GK ,j∈GJ

dij +
∑

i∈GL,j∈GJ

dij

)

=
nK

nM
DKJ +

nL

nM
DLJ . (8.80).lr?z
[	?z���[�,�
\�yf1R[��
\�,�a`�|

D2
KL =

1

nKnL

∑

i∈GK ,j∈GL

d2
ij . (8.81)B,5h��y

D2
MJ =

nK

nM
D2

KJ +
nL

nM
D2

LJ . (8.82)



476 4�C ��T#k� (I)��a[.<6��!��f1[�,B��6ET1���B0Hy	lr.<,�_W�[�65h�� (8.82) o� DKL ,�0N�0℄	{��y�o%�5h��BlLh+y
D2

MJ = (1 − β)

(
nK

nM
D2

KJ +
nL

nM
D2

LJ

)
+ βD2

KL, (8.83)�o β < 1, mMr�_W�[yo>��a[�
5. 'J����[�,\�?zyBQ,sA (a`) [�, Euclide \��h GK �

GL ,sAkDy xK � xL, ; GK � GL [�,�
\�y
D2

KL = d2
xKxL

= (xK − xL)T (xK − xL) . (8.84)Mr�_W�
[mysA[ (centroid hierarchical method). B,5h��y
D2

MJ =
nK

nM
D2

KJ +
nL

nM
D2

LJ − nKnL

n2
M

D2
KL. (8.85)sA[6�
|e`
X3�A�_�[��!��	6D,
Xl JN��a[m�_�
�[,92<�

6. �D>�6� (Ward ��)��
�[	Ward(1936)O{,�imy Ward[�Bq�
_k�)/�N2�k*V��;℄�f1[�,�_�
��!.7�J℄�f1[�,�_�
��!.��h� GK � GL BFp?,� GM , ; GK , GL, GM ,�_�
�kD	
WK =

∑

i∈GK

(x(i) − xK)T (x(i) − xK),

WL =
∑

i∈GL

(x(i) − xL)T (x(i) − xL),

WM =
∑

i∈GM

(x(i) − xM)T (x(i) − xM).
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�pf1,kVtK�N GK � GL M��+\.C�;BFM�=�,�_�
� WM −WK −WL �.7�p;��.���	?z GK �
GL [�,�
\�y

D2
KL = WM − WK − WL. (8.86)Mr�_W�[my�_�
�[m Ward 
[ (Ward’s minimum variance

method). B,5h��y
D2

MJ =
nJ + nK

nJ + nM
D2

KJ +
nJ + nL

nJ + nM
D2

LJ − nJ

nJ + nM
D2

KL. (8.87)

GK � GL [�,�
\�iot>p
D2

KL =
nKnL

nM
(xK − xL)T (xK − xL) . (8.88)o��M�\���� (8.84)�{,sA[,\�d+_l�e#-�sA[,��\���,f1#�'�V�_�
�[,��\���,f1#�.�,'������-3��.�,\��~VJvBF�M�sBRW�,|�h5��_�
�[6NTbB���sA[�	3.<,lr�_W�[��BR|e`E\��

7. 5�l�f R WWL�6 R Q o� hclust() 9#O�!�_W�,�8� plot() 9#oX{�_W�, Fe (mmy��e� dendrogram).

hclust() 9#,~�Æ�y
hclust(d, method = "complete", members=NULL)�o d 	� "dist" �p,7�� method 	�_W�,
[ (>q	�f\�[), �R#�

• "single" — �M\�[�|�� (8.72)–(8.73).

• "complete" — �f\�[�|�� (8.74)–(8.75).

• "median" — o�\�[�|�� (8.76).

• "mcquitty" — Mcquitty +,[�|�� (8.78).

• "average" — ��a[�M�Q�,	�� (8.79)–(8.80).

• "centroid" — sA[�|�� (8.84)–(8.85).
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• "ward" — �_�
�[�|�� (8.86)–(8.87).

members >q`y NULL, m� d �+℄>�fK,3��[Q~�
[2�6*%}�
plot() 9#X{��e,Æ�y

plot(x, labels = NULL, hang = 0.1,

axes = TRUE, frame.plot = FALSE, ann = TRUE,

main = "Cluster Dendrogram",

sub = NULL, xlab = NULL, ylab = "Height", ...)�o x 	� hclust() 9#op,R4� hang 	C℄��eo���6,~h�! hang 9z`y���eo,�Æ1MX���AR#,wz2�6*%}��X[3l:��,���(℄�_W�
[�t{ R 9#,~�
[�� 8.6 hUau/X�ou/X�U8u�^�\`~ 1,2,6,8,11, /X℄$�= P Euclide �=��PG>�=L�G{�=L%OL|�
<\g�d/�|K$&oH�`�� Euclide \��8�f16�,\����M\�[��f\�[�o�\�[� Mcquitty +,[BGW�k��FX{+r
[,��e�V*%+���eX6l�e_�t�	 R �^ (tO_� exam0806.R)

#### (�*��"_�Æ�q
x<-c(1,2,6,8,11); dim(x)<-c(5,1); d<-dist(x)

#### "_;4�

hc1<-hclust(d, "single"); hc2<-hclust(d, "complete")

hc3<-hclust(d, "median"); hc4<-hclust(d, "mcquitty")

#### |a0Q)D�q5�XL 2 × 2 fD$|VKW5 
opar <- par(mfrow = c(2, 2))

plot(hc1,hang=-1); plot(hc2,hang=-1)

plot(hc3,hang=-1); plot(hc4,hang=-1)

par(opar)X{,eFNe 8.3 ���
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d

H
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e 8.3: +rJ℄\�,��e�h��e�',9#`� as.dendrogram(), �w)	%�_W�*&,R4'iy��e�B,~�Æ�y
as.dendrogram(object, hang = -1, ...)�o object 	� hclust *&,R4�6�y� plot() 9#,�[y

plot(x, type = c("rectangle", "triangle"),

center = FALSE,

edge.root = is.leaf(x) || !is.null(attr(x,"edgetext")),

nodePar = NULL, edgePar = list(),

leaflab = c("perpendicular", "textlike", "none"),

dLeaf = NULL, xlab = "", ylab = "", xaxt = "n", yaxt = "s",

horiz = FALSE, frame.plot = FALSE, ...)



480 (E� KPEb\g (I)�o x	� dendrogram*&,R4�type C�X��e,�E�"rectangle"	UF (>q`), "triangle" yU+F� horiz 	Ax>��! horiz=TRUEy�C���e%�fh��AR#�6*%}�t�`/�eF (�e 8.4) ot%}�Q
8�'R#,wz�
dend1<-as.dendrogram(hc1)

opar <- par(mfrow = c(2, 2),mar = c(4,3,1,2))

plot(dend1)

plot(dend1, nodePar=list(pch = c(1,NA), cex=0.8, lab.cex=0.8),

type = "t", center=TRUE)

0
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1 2 5 3 4
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4

1 2 5 3 4

4 3 2 1 0

1

2

5

3

4

e 8.4: J℄R#�,��e
plot(dend1, edgePar=list(col = 1:2, lty = 2:3),

dLeaf=1, edge.root = TRUE)
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plot(dend1, nodePar=list(pch = 2:1, cex=.4*2:1, col=2:3),

horiz=TRUE)

par(opar)� 8.7 C 305 |�$!ksJEu9��^�|K$|���O_ 8.5 )z�k|�o���|�o��3C�=U
dij = 1 − rij .PG{�=LJoD\g�6 8.5: �{4��Rf�&5~io �\{ 
�{ r�{ 9) �T �T �/

x1 x2 x3 x4 x5 x6 x7 x8io 1.000�\{ 0.846 1.000
�{ 0.805 0.881 1.000r�{ 0.859 0.826 0.801 1.0009) 0.473 0.376 0.380 0.436 1.000�T 0.398 0.326 0.319 0.329 0.762 1.000�T 0.301 0.277 0.237 0.327 0.730 0.583 1.000�/ 0.382 0.277 0.345 0.365 0.629 0.577 0.539 1.000`��O+'�#US�6���eo��&#X(3,9# hclust(),

as.dendrogram() � plot(). y!~��eX,�<g�`=�l�
:,9#��X	+�, R tO (tO_� exam0807.R)

#### (�?r�X
x<-c(1.000, 0.846, 0.805, 0.859, 0.473, 0.398, 0.301, 0.382,

0.846, 1.000, 0.881, 0.826, 0.376, 0.326, 0.277, 0.277,

0.805, 0.881, 1.000, 0.801, 0.380, 0.319, 0.237, 0.345,

0.859, 0.826, 0.801, 1.000, 0.436, 0.329, 0.327, 0.365,

0.473, 0.376, 0.380, 0.436, 1.000, 0.762, 0.730, 0.629,

0.398, 0.326, 0.319, 0.329, 0.762, 1.000, 0.583, 0.577,
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0.301, 0.277, 0.237, 0.327, 0.730, 0.583, 1.000, 0.539,

0.382, 0.415, 0.345, 0.365, 0.629, 0.577, 0.539, 1.000)

names<-c(" !n "," 'R\ ","  Y\ "," <Y\ "," 2^ "," �6 ",

" F6 "," F
 ")

r<-matrix(x, nrow=8, dimnames=list(names, names))

#### e;4�
m:�
#### u* as.dist() feP&��3�Xay7�
m:Pf�Æ�q�
d<-as.dist(1-r); hc<-hclust(d); dend<-as.dendrogram(hc)

#### BKiA`G���f&V|5��℄hP1�#�;5pv	�
nP<-list(col=3:2, cex=c(2.0, 0.75), pch= 21:22,

bg= c("light blue", "pink"),

lab.cex = 1.0, lab.col = "tomato")

addE <- function(n){

if(!is.leaf(n)){

attr(n,"edgePar")<-list(p.col="plum")

attr(n,"edgetext")<-paste(attr(n,"members"),"members")

}

n

}

#### xa�;5�
de <- dendrapply(dend, addE); plot(de, nodePar= nP)�heFNe 8.5 ���Æ_X,��e (e 8.5) Lvg{�>� x2(�7f) � x3(_Zf) � BFpl��0��	>� x1(j
) � x4(�Zf) BFpl��4BFS	%?*&,��BFpl� (otmy “f” �). MXhBF,	 x5(Qs) � x3(Ku). 4BFS	% x7(Iu) �&?�o�4�S	 x8(I{). �MBFyl��
8. ��~fPr6W�3to�,�#NA�?O	
p,o�M	l�wk�n,�P�f>I|H&/EEw,
[��M�	l�Jod8,�P�g#q1,
[�Ur�
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x6e 8.5: ��QEbA,��e

(1) �?l�"`�[3(℄��e��{l�sHy,"` T , h5���[�,\�h�� T .

(2) (Yf1,V6e�R�XzmUz>�,f1�ot[3(Y#Z,V6e��?�,�#�
(3) ~�_���[3l:_����?�,�#�
(4) �Z��e�?k��#,�;�
Bemirmen (1972) O{!�Z^Pg,��?
!,k�
[�FO{l:�Z��e�k�,�;�1� A ��sA,\�6ME��1� B �?,�o����&7,#4FJhDT�1� C �,�#6MsB|�g,�1� D RQ�~rJ℄,W�
[�
�;6�
,W�eo�Y&+℄,��6 R Q o���?�,�#�',9#	 rect.hclust() 9#�B,1l	��?�,�#m�?"`��?W�,1���~�Æ�y
rect.hclust(tree, k = NULL, which = NULL, x = NULL, h = NULL,
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border = 2, cluster = NULL)�o tree 	� hclust op,7�� k 	�,�#� h 	��eo,"`�h5kp,��,\��� h. border 	#m3��A℄UF|,bW�R���QEbA,W�k�o (�� 8.7), %>�kyU��| k = 3, �tO��872N��
plclust(hc, hang=-1); re<-rect.hclust(hc, k=3)*&j
 (x1), �7f (x2), _Zf (x3), �Zf (x4) ky4l��I{ (x8) y4X��Qs (x5), Ku (x6), Iu (x7) ky4U���eFNe 8.6 ���
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hclust (*, "complete")
d

H
ei

gh
t

e 8.6: ��QEbA,��e�W�1�6_�tOo� plclust() 9#	.lrh��e,9#�� plot() 9#�XeF>�_D��[Q~�Æ�N��
plclust(tree, hang=0.1, unit=FALSE, level=FALSE, hmin=0,

square=TRUE, labels=NULL, plot. = TRUE,

axes = TRUE, frame.plot = FALSE, ann = TRUE,

main = "", sub = NULL, xlab=NULL, ylab="Height")o tree 	� hclust() 9#op,R4��AR#� plot() 9#o,R#+℄�
9. n�



8.2 W�k� 485�X�l�[Q,|���7#X<
,W�k�,
[�� 8.8 _ 8.6 O�M 1999 ÆA� 31 um���?#;$��
zX�!�oHAÆ�Z���$Eu.2�^ (℄J) ����Eu℄J~
x1 — s� x4 — 9KOh x6 — Z:p`\1ae
x2 — ;< x5 — nA\A' x7 — 
3
x3 — X�hVP�Mae x8 — r�b��ae\`PG{�=L�<!�L�)
L� Ward OLCv';J
<\g�6 8.6: 31 �g�t�5#LF�P�P~n

x1 x2 x3 x4 x5 x6 x7 x8+F 2959.19 730.79 749.41 513.34 467.87 1141.82 478.42 457.64S? 2459.77 495.47 697.33 302.87 284.19 735.97 570.84 305.08C+ 1495.63 515.90 362.37 285.32 272.95 540.58 364.91 188.63Y� 1046.33 477.77 290.15 208.57 201.50 414.72 281.84 212.10pR" 1303.97 524.29 254.83 192.17 249.81 463.09 287.87 192.96 w 1730.84 553.90 246.91 279.81 239.18 445.20 330.24 163.86v& 1561.86 492.42 200.49 218.36 220.69 459.62 360.48 147.76D4& 1410.11 510.71 211.88 277.11 224.65 376.82 317.61 152.85_5 3712.31 550.74 893.37 346.93 527.00 1034.98 720.33 462.03&1 2207.58 449.37 572.40 211.92 302.09 585.23 429.77 252.54N& 2629.16 557.32 689.73 435.69 514.66 795.87 575.76 323.36�
 1844.78 430.29 271.28 126.33 250.56 513.18 314.00 151.39u# 2709.46 428.11 334.12 160.77 405.14 461.67 535.13 232.29&� 1563.78 303.65 233.81 107.90 209.70 393.99 509.39 160.12Y� 1675.75 613.32 550.71 219.79 272.59 599.43 371.62 211.84Cl 1427.65 431.79 288.55 208.14 217.00 337.76 421.31 165.32R+ 1783.43 511.88 282.84 201.01 237.60 617.74 523.52 182.52



486 (E� KPEb\g (I)6 8.6(N): 31 �g�t�5#LF�P�P~n
x1 x2 x3 x4 x5 x6 x7 x8Rl 1942.23 512.27 401.39 206.06 321.29 697.22 492.60 226.45+� 3055.17 353.23 564.56 356.27 811.88 873.06 1082.82 420.81+� 2033.87 300.82 338.65 157.78 329.06 621.74 587.02 218.275l 2057.86 186.44 202.72 171.79 329.65 477.17 312.93 279.19s3 2303.29 589.99 516.21 236.55 403.92 730.05 438.41 225.80+� 1974.28 507.76 344.79 203.21 240.24 575.10 430.36 223.460v 1673.82 437.75 461.61 153.32 254.66 445.59 346.11 191.48.l 2194.25 537.01 369.07 249.54 290.84 561.91 407.70 330.95�U 2646.61 839.70 204.44 209.11 379.30 371.04 269.59 389.33[� 1472.95 390.89 447.95 259.51 230.61 490.90 469.10 191.34�7 1525.57 472.98 328.90 219.86 206.65 449.69 249.66 228.19+5 1654.69 437.77 258.78 303.00 244.93 479.53 288.56 236.51w� 1375.46 480.99 273.84 317.32 251.08 424.75 228.73 195.93?' 1608.82 536.05 432.46 235.82 250.28 541.30 344.85 214.40`� �O#Z�6�W�k�[#�y℄.2R�O�>��6|#Z6#�},�0�R#Z�A�[�BM�� hclust() �W�k��� plot() 9#X{��e��M� rect.hclust() %27kp 5 ���X	+�, R tO (tO_� exam0808.R).

#### P*��D$(�*�
X<-data.frame(

x1=c(2959.19, 2459.77, 1495.63, 1046.33, 1303.97, 1730.84,

1561.86, 1410.11, 3712.31, 2207.58, 2629.16, 1844.78,

2709.46, 1563.78, 1675.75, 1427.65, 1783.43, 1942.23,

3055.17, 2033.87, 2057.86, 2303.29, 1974.28, 1673.82,

2194.25, 2646.61, 1472.95, 1525.57, 1654.69, 1375.46,

1608.82),

x2=c(730.79, 495.47, 515.90, 477.77, 524.29, 553.90, 492.42,
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510.71, 550.74, 449.37, 557.32, 430.29, 428.11, 303.65,

613.32, 431.79, 511.88, 512.27, 353.23, 300.82, 186.44,

589.99, 507.76, 437.75, 537.01, 839.70, 390.89, 472.98,

437.77, 480.99, 536.05),

x3=c(749.41, 697.33, 362.37, 290.15, 254.83, 246.91, 200.49,

211.88, 893.37, 572.40, 689.73, 271.28, 334.12, 233.81,

550.71, 288.55, 282.84, 401.39, 564.56, 338.65, 202.72,

516.21, 344.79, 461.61, 369.07, 204.44, 447.95, 328.90,

258.78, 273.84, 432.46),

x4=c(513.34, 302.87, 285.32, 208.57, 192.17, 279.81, 218.36,

277.11, 346.93, 211.92, 435.69, 126.33, 160.77, 107.90,

219.79, 208.14, 201.01, 206.06, 356.27, 157.78, 171.79,

236.55, 203.21, 153.32, 249.54, 209.11, 259.51, 219.86,

303.00, 317.32, 235.82),

x5=c(467.87, 284.19, 272.95, 201.50, 249.81, 239.18, 220.69,

224.65, 527.00, 302.09, 514.66, 250.56, 405.14, 209.70,

272.59, 217.00, 237.60, 321.29, 811.88, 329.06, 329.65,

403.92, 240.24, 254.66, 290.84, 379.30, 230.61, 206.65,

244.93, 251.08, 250.28),

x6=c(1141.82, 735.97, 540.58, 414.72, 463.09, 445.20, 459.62,

376.82, 1034.98, 585.23, 795.87, 513.18, 461.67, 393.99,

599.43, 337.76, 617.74, 697.22, 873.06, 621.74, 477.17,

730.05, 575.10, 445.59, 561.91, 371.04, 490.90, 449.69,

479.53, 424.75, 541.30),

x7=c(478.42, 570.84, 364.91, 281.84, 287.87, 330.24, 360.48,

317.61, 720.33, 429.77, 575.76, 314.00, 535.13, 509.39,

371.62, 421.31, 523.52, 492.60, 1082.82, 587.02, 312.93,

438.41, 430.36, 346.11, 407.70, 269.59, 469.10, 249.66,

288.56, 228.73, 344.85),

x8=c(457.64, 305.08, 188.63, 212.10, 192.96, 163.86, 147.76,

152.85, 462.03, 252.54, 323.36, 151.39, 232.29, 160.12,

211.84, 165.32, 182.52, 226.45, 420.81, 218.27, 279.19,
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225.80, 223.46, 191.48, 330.95, 389.33, 191.34, 228.19,

236.51, 195.93, 214.40),

row.names=c(" +F ", " S? ", " C+ ", " Y� ", " pR" ",

"  w ", " v& ", " D4& ", " _5 ", " &1 ", " N& ",

" �
 ", " u# ", " &� ", " Y� ", " Cl ", " R+ ",

" Rl ", " +� ", " +� "," 5l ", " s3 ", " +� ",

" 0v ", " .l "," �U ", " [� ", " �7 ", " +5 ",

" w� ", " ?' ")

)

#### "_�Æ�q�e;4�

d <- dist(scale(X))

hc1 <- hclust(d); hc2 <- hclust(d, "average")

hc3 <- hclust(d, "centroid"); hc4 <- hclust(d, "ward")

#### |a�;5w�
�� (d\�Ækw
��k)

opar<-par(mfrow=c(2,1), mar=c(5.2,4,0,0))

plclust(hc1, hang=-1); re1<-rect.hclust(hc1, k=5, border="red")

plclust(hc2, hang=-1); re2<-rect.hclust(hc2, k=5, border="red")

par(opar)�72Ne 8.7 ����I�f\�[*&,��kD	�jg���Uj���C+�Y��pR"� w�v&�D4&�&1��
�u#�&��Y��Cl�R+�Rl�+��5l�s3�+��0v�.l�[���7�+5�w��?'jY��+�j���S?�N&j.��+F�_5�I��a[*&,��kD	�jg���U
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(I)

�72Ne
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�I�_�
�[

(W
ard[

)*&,��kD	�
jg��+F�_5�N&�+�



8.2 W�k� 491j����UjY��S?�C+�&1�Y��R+�Rl�s3�+��.l�?'j���Y��pR"� w�v&�D4&��7�+5�w�j.���
�u#�&��Cl�+��5l�0v�[�+r
[*&,��,	+℄,��,	J+℄,�ot�Z[Q,#Z�,J4BlL�?H℄hrW�	.yB
,�
8.2.3 s�l���_W�[l�Fp�tMSJq�>�MSh5l�k�k*3.���Rk�,
[O{.
,h5�+�,�8�
Bi.��N Q E�_W�[�W�,3t	6f1�\�US,q}_BG�!f1L�E�y�Lh�Z� �,�8rp��V*6F�3to�Lh%O�f1��Af1�,\�zl�t3.�t_?�BF,�D�Lh.f,�8y���tR��f1�P� Q E�_W�[oqg~�8rp�m�8y�,)iV�[BG�8�M�����l?,J<�q�Mr1��ao!BEW��|BEW�[�BEW��myzLW�[��q1)/	�f� �>2kl���BM�Idr��$;J�JB
,k��℄f�k*3.B
y
�MfSFpl��q,k�72�Mr
[[��8�.7���8rp�.a�
[��,�6�
���f1, Q EW�k��'�BEW�[,8[M�SJ�<
!�FAl1�T#k�	,-m��a��
X,pL�N2Lh,\�HKotgM
X,Rj��M�<
��BEW�, R 9# — kmeans() 9#�

kmeans() 9#Q�,	 K− a`
[�	Q�z�J�
[��8� Mac-

Queen 6 1967 uO{��:MNTER��!NT�B� kmeans() 9#,~�Æ�y
kmeans(x, centers, iter.max = 10, nstart = 1,

algorithm = c("Hartigan-Wong", "Lloyd",

"Forgy", "MacQueen"))�o x 	�#Z�p,USm#Z|� centers 	W�,�#mK	z��,oA� iter.max y��<��# (>q`y 10). nstart :rzB,�# (!
centers yW�,�#y). algorithm yBEW�,8[ (>q` Hartigan–
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Wong 
[).� 8.9 K− ��OL
 kmeans() ���CB 8.8 w�$ 31 um���?#;$�Z�!|�
<\g�`��� 8.8 lf�y6|#Z#�},�0� R#Z�A�[�
�BM4� kmeans() 9#�BEW��y�#X,
[�3.��,�#R:y 5.8[R: "Hartigan-Wong", |>q�E�
km <- kmeans(scale(X), 5, nstart = 20); km*&

K-means clustering with 5 clusters of sizes 1, 1, 16, 10, 3

Cluster means:

x1 x2 x3 x4 x5

1 1.8042004 -1.12776493 0.9368961 1.2959544 3.90904835

2 1.1255255 2.91079330 -1.0645632 -0.4082114 0.53291392

3 -0.7008593 -0.33291790 -0.5450901 -0.2500165 -0.54749319

4 0.2646918 0.04585518 0.2487958 -0.3405821 -0.01812541

5 1.8790347 1.02836873 2.1203833 2.1727806 1.49972764

x6 x7 x8

1 1.6014419 3.8803141 2.01876530

2 -1.0476079 -0.9562089 1.66126641

3 -0.6131804 -0.5420723 -0.57966702

4 0.2587437 0.2874133 -0.02413414

5 2.2232050 0.9583064 1.94532737

Clustering vector:+F S? C+ Y� pR"  w v& D4& _5 &1 N&
5 4 3 3 3 3 3 3 5 4 5�
 u# &� Y� Cl R+ Rl +� +� 5l s3
3 4 3 4 3 4 4 1 4 3 4+� 0v .l �U [� �7 +5 w� ?'
4 3 4 2 3 3 3 3 3

Within cluster sum of squares by cluster:
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[1] 0.00000 0.00000 30.14432 22.12662 10.19134

Available components:

[1] "cluster" "centers" "withinss" "size"M� size C���,�#� means C���,a`� Clustering C�W�M,k�1��y<�g{W�M,k�1��� sort() 9# (sort(km$cluster)) Rk�� 1�~O�FU
*&jg��+�j����UjY��C+�Y��pR"� w�v&�D4&��
�&��Cl�5l�0v�[���7�+5�w��?'j���S?�&1�u#�Y��R+�Rl�+��s3�+��.lj.��+F�_5�N& 4�*
8.1 x��,� w:\H:$p<w X1 Mw:$(Zw
.(\Z<�w�6 8.7: iuD�^(D~n[ : T [ :

X1(p<w) X2((Zw) X1(p<w) X2((Zw)

− 1.9 3.2 0.2 0.2

− 6.9 10.4 −0.1 7.5

5.2 2.0 0.4 14.6

5.0 2.5 2.7 8.3

7.3 0.0 2.1 0.8

6.8 12.7 −4.6 4.3

0.9 −15.4 −1.7 10.9

−12.5 −2.5 −2.6 13.1

1.5 1.3 2.6 12.8

3.8 6.8 −2.8 10.0
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X2 ~aQ{:r[Bfr[$Iu)2E��xU8�=�L$��=N�O_
8.7 )z�ws# x1 = 8.1, x2 = 2.0, �℄aQ{:r[4~aQ{:fr[�\`P�=�`� Bayes �`
�^Ow|B\OwfBI'80�� Fisher�`3# 
)�2$sd�
8.2 �9j+�
+H�^Ch�H
 I ��N1�6�
 II ���

6�
 III �$d`
D�xA#&G/XO_ 8.8 )z��P�=�`
�^Ow|B\OwfBI'80�� Bayes �`
�^Ow|B\OwfBI'80�5u,faU 11/23, 7/23, 5/23 �C��|�\g�6 8.8: 3 � 23 SfJo#�5~n�� <` x1 x2 x3 x4

1 I 8.11 261.01 13.23 7.36

2 I 9.36 185.39 9.02 5.99

3 I 9.85 249.58 15.61 6.11

4 I 2.55 137.13 9.21 4.35

5 I 6.01 231.34 14.27 8.79

6 I 9.64 231.38 13.03 8.53

7 I 4.11 260.25 14.72 10.02

8 I 8.90 259.91 14.16 9.79

9 I 7.71 273.84 16.01 8.79

10 I 7.51 303.59 19.14 8.53

11 I 8.06 231.03 14.41 6.15

12 II 6.80 308.90 15.11 8.49

13 II 8.68 258.69 14.02 7.16

14 II 5.67 355.54 15.03 9.43

17 II 3.71 316.32 17.12 8.17

17 II 5.37 274.57 16.75 9.67

18 II 9.89 409.42 19.47 10.49

19 III 5.22 330.34 18.19 9.61



m8E 4956 8.8(N): 3 � 23 SfJo#�5~n�� <` x1 x2 x3 x4

20 III 4.71 331.47 21.26 13.72

21 III 4.71 352.50 20.79 11.00

22 III 3.36 347.31 17.90 11.19

23 III 8.27 189.56 12.74 6.94

8.3 UMyjP'Mt_�H*$\1�<80�xAP 1990 ÆA�H$%u��CA� 30 um��q��?#;|�
<\g�
x��O_ 8.9 )z�\6 8.9: 1990 2O-S{�C*<NSS$2�'; DXBZ CZBZ WMBZ '; DXBZ CZBZ WMBZS� 9.30 30.55 8.70 #� 0.85 26.55 16.15:x 4.67 29.38 8.92 *S 1.57 23.16 15.79#S 0.96 24.69 15.21 *� 1.14 22.57 12.10^h 1.38 29.24 11.30 
5 1.34 23.04 10.45	r� 1.48 25.47 15.39 
h 0.79 19.14 10.61L� 2.60 32.32 8.81 �� 1.24 22.53 13.97JP 2.15 26.31 10.49 �� 0.96 21.65 16.24$[l 2.14 28.46 10.87 �+ 0.78 14.65 24.27
� 6.53 31.59 11.04 o� 0.81 13.85 25.44l� 1.47 26.43 17.23 hp 0.57 3.85 44.43�l 1.17 23.74 17.46 `h 1.67 24.36 17.62A9 0.88 19.97 24.43 i! 1.10 16.85 27.93bi 1.23 16.87 15.63 6� 1.49 17.76 27.70lh 0.99 18.84 16.22 �t 1.61 20.27 22.06^5 0.98 25.18 16.87 �m 1.85 20.66 12.75g PMWu�^� (1) �!?
\1�<$H*}AiH*$YB (DXBZ);

(2) �$\1�<$H*}AiH*$YB (CZBZ); (3) \jM\jH*}Ai



496 4�C ��T#k� (I)H*$YB (WMBZ) \`P3NOqo�$%�q&\1�<H*$80�
(1) R#/X$ Euclide �=�\`PG{�=L���L�)
L� WardLJ
<\g�d/�|K$&oH�O�k)U/X\U 4 <��	�v'OL$\<s��
(2) P7/
<OL (�\U 4 <), w�|K$\<s��

8.4 C 48 YK ��� (e(W�B 3.17 $$_ 3.5) $?℄JJ
<\g� w℄J$|�o�JU℄J℄$|�o� (cij), �=3CU dij = 1−cij. \`PG{�=L���L�)
L� Ward LJ
<\g�d/�|K$&oH�O�k)U℄J\U 5 <��	�v'OL$\<s��



kj� ux}�Æ2 (II)#XlC<
!�Dk��W�k��M�r
[a	�
#Zk��P�1C<
T#k�,.lMkpL — {pkk��~�k��7E+'k��MUr
[,�℄6	R#Z�)z�
�Æ#ZoO9d:��Mk�BMMM��MkBGk���
�*&�QLh,7���_lC+℄�1C,s6`	f6� R Q �BG{pkk��~�k��7E+'k��VR��rk���&,�vd���<
�
9.1 ,LÆÆ2{pkk� (principal component analysis) 	%TbA[ya#~��BbA,lr_�k�
[�	� Pearson(1901) O{�M�0 Hotelling(1933) Y?!�{pkk�	lr[3)z���T�>�[pa#~�{pk,
[�M:{pkq Y	$�>�,`�MkB��BQ[eC�y$�>�,*H�B�

9.1.1 7�+K

1. +K
frm�bPh X 	 p z:r>��FÆh µ = E(X), Σ = Var(X). j:N�*H>a






Z1 = aT
1 X

Z2 = aT
2 X

...

Zp = aT
p X

, (9.1)v�
Var(Zi) = aT

i Σai, i = 1, 2, · · · , p, (9.2)

Cov(Zi, Zj) = aT
i Σaj , i, j = 1, 2, · · · , p, i 6= j. (9.3)�Q�r Z1 
_�&���| a1 	+!�[�P

max aT Σa

s.t. aT a = 1

497



498 4QC ��T#k� (II),8�~��a1 	 Σ��KT` (Jdhy λ1),KT3���y�m Z1 = aT
1 X y4l{pk��,2��r Z2 ,
_�&���F*h5 Cov(Z1, Z2) = aT

1 Σa2 =

0. �� a1 	 λ1 ,KT3���t�R:, a2 �� a1 V*��,�#X,h%� a2 	 Σ 4X�KT` (Jdhy λ2) ,KT3��m Z2 = aT
2 X y4X{pk�l 1��R�<
_S Σ, �6V*S Q, %B[yR+S�|

QT ΣQ = Λ =




λ1

λ2
. . .

λp


 , (9.4)* λ1 ≥ λ2 ≥ · · · ≥ λp. ; Q ,4 i #SR�� ai, +�, Zi y4 i {pk�

2. +K
fP"'�{pk�N�Hl�
(1) {pk,a`�<
_S��

Z =




Z1

Z2
...

Zp


 , ν = E(Z), Λ =




λ1

λ2

. . .

λp


 ,��

Z = QT X, (9.5)�t�
ν = E(Z) = E(QT X) = QT E(X) = QT µ,

Var(Z) = QT Var(X)Q = QT ΣQ = Λ.

(2) {pk,�
_���
tr(Λ) = tr(QT ΣQ) = tr(ΣQQT ) = tr(Σ),



9.1 {pkk� 499�t�
p∑

i=1

λi =

p∑

i=1

σii m p∑

i=1

Var(Zi) =

p∑

i=1

Var(Xi).��otg{�{pkk�� p �$�>� X1, X2, · · · , Xp ,�
_k8p! p�J+'>� Z1, Z2, · · · , Zp ,
_[��m�
_o4 i �{pk Zi ,3� λi/
p∑

i=1

λi y{pk Zi ,�'=�4l{pk Z1 ,�'=���C℄B8�$�>� X1, X2, · · · , Xp ,q��'�V
Z2, Z3, · · · , Zp ,8�q�n�5��{pkk�,g,S	y!�a>�,�#�~Vl 	Jg~���, p �{pk�P>l:�.7
_,{pk�%Jg��
_���,�0�m# m �{pk,�'=[� m∑

i=1

λi/
p∑

i=1

λi y{pk Z1, Z2, · · · , Zm ,	s�'=�BC℄ Z1, Z2, · · · , Zm 8� X1, X2, · · · , Xp,q��+R� p, [e9.7, m, ~*	s�'=�&l�.
,�k3 (N
80% f 90%). �y� Z1, Z2, · · · , Zm o���R X1, X2, · · · , Xp, �&)z,g,�VB�,=u?JT�

(3) $�>� Xj �{pk Zi [�,+'�#���� (9.5), Y
X = QZ, (9.6)|

Xj = qj1Z1 + qj2 + · · ·+ qjpZp, (9.7)�t�
Cov(Xj , Zi) = Cov(qijZj , Zi) = qjiλi, j, i = 1, 2, · · · , p, (9.8)

ρ(Xj , Zi) =
Cov(Xj , Zi)√

Var(Xj)
√

Var(Zi)
=

√
λi√
σjj

qji, j, i = 1, 2, · · · , p. (9.9)6|���o�[edR Xj � Zi ,+'�#�D:�
(4) m �{pkR$�>�,�'=�#XO&,	s�'=M��vK�! m �{pk Z1, Z2, · · ·, Zm Æ$�>� X1, X2, · · ·, Xp oO9B�,Ta�iL Z1, Z2, · · ·, Zm &7� Xj(j =

1, 2, · · · , p) ,TaB����zLbA�K�o�M�bAS	 Xj � Z1, Z2,
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· · ·, Zm ,y+'�#,�
�my m �{pk Z1, Z2, · · ·, Zm R$�>� Xj,�'=��y ρ2
j·1···m, |

ρ2
j·1···m =

m∑

i=1

ρ2(Xj , Zi) =
m∑

i=1

λiq
2
ji/σjj. (9.10)R� (9.7) �99
_�*&

σjj = q2
j1λ1 + q2

j2λ2 + · · · + q2
jpλp, (9.11)�� q2

j1 + q2
j2 + · · ·+ q2

jp = 1, # σjj |�_	 λ1, λ2, · · · , λp ,�<�a��� (9.10)– � (9.11), ot*& Z1, Z2, · · · , Zp R Xj ,�'=
ρ2

j·1···p =

p∑

i=1

ρ2(Xj, Zi) =

p∑

i=1

λiq
2
ji/σjj = 1. (9.12)

(5) $�>�R{pk,�0�� (9.5) iotC�p
Zi = q1iX1 + q2iX2 + · · · + qpiXp,m qji y4 i {pk64 j �$�>� Xj _,3>�BK�! Xj R Zi ,shtK�

3. U�&k�P�K+K
!�>�,�~J=+℄�m9�~+℄��>��,#`�7+_.�y�℄0Æ<
_S Σ {YBG{pkk�S%*Jl�y!~{pkk�q a.,R�Ol�$�>��6|���~J℄yoq��,�0�ee%$�>��A�[�
�|/
X∗

j =
Xj − µj√

σjj
, j = 1, 2, · · · , p. (9.13)%B� X∗ = (X∗

1 , X
∗
2 , · · · , X∗

p )T ,
_USS	 X ,+'US R.Æ+'US R {Y%{,{pk
[�Æ<
_S Σ {Y,%{,{pk
[n=�,�F**&,{pk,l:Hl���6�



9.1 {pkk� 501h λ∗
1 ≥ λ∗

2 ≥ · · · ≥ λ∗
p ≥ 0 y+'US R , p �KT`� a∗

1, a
∗
2, · · · , a∗

p y+�,�~KT3��*+TV*�;+�, p �{pky
Z∗

i = a∗
i
T X∗

i , i = 1, 2, · · · , p./ Z∗ = (Z∗
1 , Z

∗
2 , · · · , Z∗

p)
T , Q∗ = (a∗

1, a
∗
2, · · · , a∗

p), �	
Z∗ = Q∗T X∗.'�+'US R ,{pk�N�Hl�

(1) E(Z∗) = 0, Var(Z∗) = Λ∗, �o Λ∗ = diag(λ∗
1, λ

∗
2, · · · , λ∗

p).

(2)
p∑

i=1

λ∗
i = p.

(3) >� X∗
j �{pk Z∗

i [�,+'�#
ρ(X∗

j , Z∗
i ) =

√
λ∗

i q
∗
ji, j, i = 1, 2, · · · , p.

(4) {pk Z∗
1 , Z

∗
2 , · · · , Z∗

m R X∗
j ,�'=

ρ2
j·1···m =

m∑

i=1

ρ2(X∗
j , Z∗

i ) =

m∑

i=1

λ∗
i q

2
ji.

(5)

ρ2
j·1···p =

p∑

i=1

ρ2(X∗
j , Z∗

i ) =

p∑

i=1

λiq
2
ji = 1.

9.1.2 d1+K
#XI�,	�Q{pk�V6|��Po�l �Q,<
_S Σ m+'US R 	|Y,�Lh[3f1�!��h X(k) = (xk1, xk2, · · · , xkp)
T (k = 1, 2, · · · , n) y�
�Q X ,f1��f1#ZUSy

X =




x11 x12 · · · x1p

x21 x22 · · · x2p
...

...
...

xn1 xn2 · · · xnp


 =




XT
(1)

XT
(2)

...

XT
(n)




= [X1, X2, · · · .Xp],



502 4QC ��T#k� (II)�o X(k) C�f1#ZUS,�G�Xj C�f1#ZUS,�#��t�f1,
_US S y
S =

1

n − 1

n∑

k=1

(
X(k) − X

) (
X(k) − X

)T
= (sij)p×p ,�o

X =
1

n

n∑

k=1

X(k) = (x̄1, x̄2, · · · , x̄p)
T ,

sij =
1

n − 1

n∑

k=1

(xki − x̄i)(xkj − x̄j), i, j = 1, 2, · · · , p.{f1,+'US R y
R =

1

n − 1

n∑

k=1

X∗
(k)X

∗
(k)

T = (rij)p×p ,�o
X∗

(k) =

[
xk1 − x̄1√

s11

,
xk2 − x̄2√

s22

, · · · , xkp − x̄p√
spp

]
,

rij =
sij√
siisjj

, i, j = 1, 2, · · · , p.

1. U S P�K+K
h λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 yf1<
_S S ,KT`� a1 , a2, · · · , ap y+�,�~KT3��*4�V*�;4 i �{pk zi = aT
i x, i = 1, 2, · · · , p, �o

x = (x1, x2, · · · , xp)
T . /

z = (z1, z2, · · · , zp)
T = (a1, a2, · · · , ap)

T x = QT x,�o Q = (a1, a2, · · · , ap) = (qij)p×p.�X�9f1{pk�/
Z(k) = QT X(k),
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Z =




z11 z12 · · · z1p

z21 z22 · · · z2p
...

...
...

zn1 zn2 · · · znp


 =




ZT
(1)

ZT
(2)

...

ZT
(n)




=




XT
(1)Q

XT
(2)Q
...

XT
(n)Q




= XQ

= [Xa1,Xa2, · · · ,Xap] = [Z1, Z2, · · · , Zp],�o Z(k) C�f1{pk,�G� Zj C�f1{pk,�#�R�f1{pk�N�Hl�
(1) Var(Zj) = λj, j = 1, 2, · · · , p.

(2) Cov(Zi, Zj) = 0, i, j = 1, 2, · · · , p, i 6= j.

(3) f1�
_
p∑

j=1

sjj =

p∑

j=1

λj.

(4) Xj � Zi ,f1+'�#
r(Xj, Zi) =

√
λi√
sjj

qji, j, i = 1, 2, · · · , p.6|���o�ee%f1#ZoA[�MJ�0f1<
_S S. j:oA[#ZUS
X − 1X

T
=




(X(1) − X)T

(X(2) − X)T

...

(X(n) − X)T


 ,�o 1 = (1, 1, · · · , 1)T ∈ Rn, R�,{pk#Zy

Z =




z11 z12 · · · z1p

z21 z22 · · · z2p
...

...
...

zn1 zn2 · · · znp


 =




ZT
(1)

ZT
(2)

...

ZT
(n)




=




(X(1) − X)T Q

(X(2) − X)T Q
...

(X(n) − X)T Q


 .

2. U R P�K+K




504 4QC ��T#k� (II)h λ∗
1 ≥ λ∗

2 ≥ · · · ≥ λ∗
p ≥ 0 yf1+'US R ,KT`� a∗

1, a
∗
2, · · · , a∗

p y+�,�~KT3��*4�V*�/
Z∗

(i) = QT X∗
(i),�o Q = (a∗

1, a
∗
2, · · · , a∗

p), ~�f1{pky
Z∗ =




z∗11 z∗12 · · · z∗1p

z∗21 z∗22 · · · z∗2p
...

...
...

z∗n1 z∗n2 · · · z∗np




=




Z∗
(1)

T

Z∗
(2)

T

...

Z∗
(n)

T




=




X∗
(1)

T Q

X∗
(2)

T Q
...

X∗
(n)

T Q




= X∗Q

= [X∗a∗
1,X

∗a∗
2, · · · ,Xa∗

p] = [Z∗
1 , Z

∗
2 , · · · , Z∗

p ],�o Z∗
(k) C�f1{pk,�G� Z∗

j C�f1{pk,�#�R�f1{pk�N�Hl�
(1) Var(Z∗

j ) = λ∗
j , j = 1, 2, · · · , p.

(2) Cov(Z∗
i , Z

∗
j ) = 0, i, j = 1, 2, · · · , p, i 6= j.

(3)
p∑

j=1

λ∗
j = 1.

(4) X∗
j � Z∗

i ,f1+'�#
r(X∗

j , Z
∗
i ) =

√
λi qji, j, i = 1, 2, · · · , p.

9.1.3 �&f R 1~kIn��X<
�{pkk��',9#�
1. princomp 1~�{pkk��{h,9#	 princomp() 9#��~�Æ�y

princomp(formula, data = NULL, subset, na.action, ...)�o formula 	N�0�>�,�� (�,d-k��
_k����0�>�).

data 	#Z| (�,�d-k��
_k�). mK
princomp(x, cor = FALSE, scores = TRUE, covmat = NULL,

subset = rep(TRUE, nrow(as.matrix(x))), ...)



9.1 .�\\g 505�o x 	��{pkk�,#Z�t#`USm#Z|,F��{� cor 	Ax>��! cor=TRUE C��f1,+'US R �{pkk��! cor=FALSE

(>q`) C��f1,<
_S S �{pkk�� covmat 	<
_S�N2#ZJ� x O��o�<
_SO���AR#,wz�6*%}�
prcomp() 9#,wz�~�
[� princomp() 9#+℄�
2. summary 1~
summary() �d-k�o,�[+℄��g,	O9{pk,B�����Æ�y

summary(object, loadings = FALSE, cutoff = 0.1, ...)�o object	� princomp()*&,R4�loadings 	Ax>��! loadings

= TRUE C�%� loadings ,pL ([Q7z6�X, loadings() 9#), !
loadings = FALSE ;J%��

3. loadings 1~
loadings() 9#	%�{pkk�m~�k�o loadings(3>��~�k�) ,pL�6{pkk�o��pL|�_	{pkR�,�#�|#Xk�,V*US Q. 6~�k�o��pLS	3>~�US� loadings() 9#,~�Æ�y

loadings(x)�o x 	�9# princomp() m factanal()(�~�k�) *&,R4�
4. predict 1~
predict() 9#	!Y{pk,` (�,�d-k�o,~�
[), �~�Æ�y

predict(object, newdata, ...)�o object 	� princomp() *&,R4� newdata 	�!Y`�p,#Z|�! newdata >qy�!Yq�#Z,{pk`�
5. screeplot 1~
screeplot() 9#	X{{pk,<xe��~�Æ�y

screeplot(x, npcs = min(10, length(x$sdev)),
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type = c("barplot", "lines"),

main = deparse(substitute(x)), ...)�o x 	� princomp() *&,R4� npcs 	X{,{pk,�#� type 	Y�X{,<xe,�E�"barplot" 	℄
e�E�"lines" 	℄*e�E�
6. biplot 1~
biplot() 	X{#Z'�{pk,V6e�$�A6{pk�,
3��~�Æ�y
biplot(x, choices = 1:2, scale = 1, pc.biplot = FALSE, ...)�o x 	� princomp() *&,R4� choices 	R:,{pk�>q`	4

1�4 2{pk� pc.biplot 	Ax>� (>q`y FALSE), ! pc.biplot=TRUE,� Gabriel (1971) O{,Xe
[�
7. n��X�l���(℄#X<
,9#,~�
[�� 9.1 (oTojQ+1bA,{pkk�)u�$!%F�=�ÆP 30 |!k�sJ)io (X1) �9) (X2) ��T

(X3) �Ko (X4), ��O_ 9.1 )z��C� 30 |$!ki9���^��I.�\\g�`��#Z|,F��O#Z�� princomp() �{pkk���#X,k��R:+'US�{pkk��B
�~��M�R:,R#	 cor=TRUE. �M� summary() #{{pkk�,`�M�R: loadings=TRUE. t�	+�,tO (tO_� exam0901.R).

#### P*��D$(�*�
> student<-data.frame(

X1=c(148, 139, 160, 149, 159, 142, 153, 150, 151, 139,

140, 161, 158, 140, 137, 152, 149, 145, 160, 156,

151, 147, 157, 147, 157, 151, 144, 141, 139, 148),

X2=c(41, 34, 49, 36, 45, 31, 43, 43, 42, 31,

29, 47, 49, 33, 31, 35, 47, 35, 47, 44,

42, 38, 39, 30, 48, 36, 36, 30, 32, 38),



9.1 .�\\g 5076 9.1: 30 &$Ye
��C�5~n�� X1 X2 X3 X4 �� X1 X2 X3 X4

1 148 41 72 78 16 152 35 73 79

2 139 34 71 76 17 149 47 82 79

3 160 49 77 86 18 145 35 70 77

4 149 36 67 79 19 160 47 74 87

5 159 45 80 86 20 156 44 78 85

6 142 31 66 76 21 151 42 73 82

7 153 43 76 83 22 147 38 73 78

8 150 43 77 79 23 157 39 68 80

9 151 42 77 80 24 147 30 65 75

10 139 31 68 74 25 157 48 80 88

11 140 29 64 74 26 151 36 74 80

12 161 47 78 84 27 144 36 68 76

13 158 49 78 83 28 141 30 67 76

14 140 33 67 77 29 139 32 68 73

15 137 31 66 73 30 148 38 70 78

X3=c(72, 71, 77, 67, 80, 66, 76, 77, 77, 68,

64, 78, 78, 67, 66, 73, 82, 70, 74, 78,

73, 73, 68, 65, 80, 74, 68, 67, 68, 70),

X4=c(78, 76, 86, 79, 86, 76, 83, 79, 80, 74,

74, 84, 83, 77, 73, 79, 79, 77, 87, 85,

82, 78, 80, 75, 88, 80, 76, 76, 73, 78)

)

#### e__mm:�X=%m:�t
> student.pr <- princomp(student, cor = TRUE)

> summary(student.pr, loadings=TRUE)

Importance of components:

Comp.1 Comp.2 Comp.3 Comp.4
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Standard deviation 1.8817805 0.55980636 0.28179594 0.25711844

Proportion of Variance 0.8852745 0.07834579 0.01985224 0.01652747

Cumulative Proportion 0.8852745 0.96362029 0.98347253 1.00000000

Loadings:

Comp.1 Comp.2 Comp.3 Comp.4

X1 -0.497 0.543 -0.450 0.506

X2 -0.515 -0.210 -0.462 -0.691

X3 -0.481 -0.725 0.175 0.461

X4 -0.507 0.368 0.744 -0.2326_�tOo��^ student.pr <- princomp(student, cor = TRUE) ot�p student.pr <- princomp(~X1+X2+X3+X4, data=student, cor=TRUE),�K	.�,�
summary() 9##{!{pkk�,shB�� Standard deviation GC�,	{pk,A�_�|{pk,
_,f
�iS	+S,KT` λ1,

λ2, λ3, λ4 ,f
� Proportion of Variance GC�,	
_,�'=�
Cumulative Proportion GC�,	
_,	s�'=���6 summary9#,R#oR9! loadings=TRUE,~�#{! loadings

(3>) ,pL�B|�_	{pkR��$�>� X1, X2, X3, X4 ,�#�|#X<
,US Q. ~��*&
Z∗

1 = −0.497X∗
1 − 0.515X∗

2 − 0.481X∗
3 − 0.507X∗

4 ,

Z∗
2 = 0.543X∗

1 − 0.210X∗
2 − 0.725X∗

3 + 0.368X∗
4 ,��#��{pk,	s�'=q�& 96%, .mX�{pkotd;��&)z,g,�4 1 {pkR��#,s=F+℄��`6 0.5 ���B℄	!oTojN�	tK�jQ
�,To�A, 4 �Mk,w�F3.��~��4 1 {pk,`S.7 (~y�#ayz`); VjN�7,To�A, 4 Mk,w�F3.7�~��4 1 {pk`R`S.���Qm4 1 {pky�7~��4 2 {pk	
K�uK,_�4 2 {pk`�,ToC℄�To “�
”, V4 2 {pk`,7,ToC℄�To “��”, ~��m4 2 {pkyQF~��



9.1 .�\\g 509�Qgl��f1,{pk,` (� predict() 9#).

#### eSZ
> predict(student.pr)

Comp.1 Comp.2 Comp.3 Comp.4

1 0.06990950 -0.23813701 -0.35509248 -0.266120139

2 1.59526340 -0.71847399 0.32813232 -0.118056646

3 -2.84793151 0.38956679 -0.09731731 -0.279482487

4 0.75996988 0.80604335 -0.04945722 -0.162949298

5 -2.73966777 0.01718087 0.36012615 0.358653044

6 2.10583168 0.32284393 0.18600422 -0.036456084

7 -1.42105591 -0.06053165 0.21093321 -0.044223092

8 -0.82583977 -0.78102576 -0.27557798 0.057288572

9 -0.93464402 -0.58469242 -0.08814136 0.181037746

10 2.36463820 -0.36532199 0.08840476 0.045520127

11 2.83741916 0.34875841 0.03310423 -0.031146930

12 -2.60851224 0.21278728 -0.33398037 0.210157574

13 -2.44253342 -0.16769496 -0.46918095 -0.162987830

14 1.86630669 0.05021384 0.37720280 -0.358821916

15 2.81347421 -0.31790107 -0.03291329 -0.222035112

16 0.06392983 0.20718448 0.04334340 0.703533624

17 -1.55561022 -1.70439674 -0.33126406 0.007551879

18 1.07392251 -0.06763418 0.02283648 0.048606680

19 -2.52174212 0.97274301 0.12164633 -0.390667991

20 -2.14072377 0.02217881 0.37410972 0.129548960

21 -0.79624422 0.16307887 0.12781270 -0.294140762

22 0.28708321 -0.35744666 -0.03962116 0.080991989

23 -0.25151075 1.25555188 -0.55617325 0.109068939

24 2.05706032 0.78894494 -0.26552109 0.388088643

25 -3.08596855 -0.05775318 0.62110421 -0.218939612

26 -0.16367555 0.04317932 0.24481850 0.560248997

27 1.37265053 0.02220972 -0.23378320 -0.257399715
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28 2.16097778 0.13733233 0.35589739 0.093123683

29 2.40434827 -0.48613137 -0.16154441 -0.007914021

30 0.50287468 0.14734317 -0.20590831 -0.122078819Æ4 1 {pk�g�.7,~�`	 25 =f1� 3 =f1� 5 =f1�~�(℄M~�TojN�	�V 11 =f1� 15 =f1� 29 =f1,,`.��(℄M~�TojN�7�Æ4 2 {pk�g�.�,~�`	 23 =f1� 19 =f1� 4 =f1�~�(℄M~�To�� “�
” E�V 17 =f1� 8 =f1� 2 =f1,,`.7�(℄M~�TojN�� “��” E�X{{pk,,<xe�
> screeplot(student.pr,type="lines")R#R:,℄*E��eFNe 9.1 ���

student.pr
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9.1.4 +K

1ftwMl75(���P�y{pkk�,���l�	>�k��P�.l�	{pkd-�P�

1. +K

�� 9.2 C 128 u�Æ�>$ij|�sJ�oHvs# 16 ��^�io (X1) �Ko (X2) ��T (X3) �Go (X4) �,{ (X5) �r� (X6) ��{ (X7) �VT (X8) �2� (X9) �(T (X10) �^& (X11) �^/ (X12) ��{ (X13) �;T (X14) �0T (X15) �K; (X16). 16 ��^$|��� R O_ 9.2 )z (SW|���~C�$��w�rWoi\). ��|��� R �K|�.�\\g�C 16 ��^|�\<�



512 (�� KPEb\g (II)6 9.2: 16 C
��5~nf�&k�
X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14 X15 X16

X1 1.00

X2 0.79 1.00

X3 0.36 0.31 1.00

X4 0.96 0.74 0.38 1.00

X5 0.89 0.58 0.31 0.90 1.00

X6 0.79 0.58 0.30 0.78 0.79 1.00

X7 0.76 0.55 0.35 0.75 0.74 0.73 1.00

X8 0.26 0.19 0.58 0.25 0.25 0.18 0.24 1.00

X9 0.21 0.07 0.28 0.20 0.18 0.18 0.29 -0.04 1.00

X10 0.26 0.16 0.33 0.22 0.23 0.23 0.25 0.49 -0.34 1.00

X11 0.07 0.21 0.38 0.08 -0.02 0.00 0.10 0.44 -0.16 0.23 1.00

X12 0.52 0.41 0.35 0.53 0.48 0.38 0.44 0.30 -0.05 0.50 0.24 1.00

X13 0.77 0.47 0.41 0.79 0.79 0.69 0.67 0.32 0.23 0.31 0.10 0.62 1.00

X14 0.25 0.17 0.64 0.27 0.27 0.14 0.16 0.51 0.21 0.15 0.31 0.17 0.26 1.00

X15 0.51 0.35 0.58 0.57 0.51 0.26 0.38 0.51 0.15 0.29 0.28 0.41 0.50 0.63 1.00

X16 0.21 0.16 0.51 0.26 0.23 0.00 0.12 0.38 0.18 0.14 0.31 0.18 0.24 0.50 0.65 1.00`�� �O+'US�4� princomp() R+'US�{pkk���MX{�>�64l�4X{pk�,V6e (tO_� exam0902.R)

#### (�*��P<��(��q_��
x<-c(1.00,

0.79, 1.00,

0.36, 0.31, 1.00,

0.96, 0.74, 0.38, 1.00,

0.89, 0.58, 0.31, 0.90, 1.00,

0.79, 0.58, 0.30, 0.78, 0.79, 1.00,

0.76, 0.55, 0.35, 0.75, 0.74, 0.73, 1.00,

0.26, 0.19, 0.58, 0.25, 0.25, 0.18, 0.24, 1.00,

0.21, 0.07, 0.28, 0.20, 0.18, 0.18, 0.29,-0.04, 1.00,

0.26, 0.16, 0.33, 0.22, 0.23, 0.23, 0.25, 0.49,-0.34, 1.00,
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0.07, 0.21, 0.38, 0.08,-0.02, 0.00, 0.10, 0.44,-0.16, 0.23,

1.00,

0.52, 0.41, 0.35, 0.53, 0.48, 0.38, 0.44, 0.30,-0.05, 0.50,

0.24, 1.00,

0.77, 0.47, 0.41, 0.79, 0.79, 0.69, 0.67, 0.32, 0.23, 0.31,

0.10, 0.62, 1.00,

0.25, 0.17, 0.64, 0.27, 0.27, 0.14, 0.16, 0.51, 0.21, 0.15,

0.31, 0.17, 0.26, 1.00,

0.51, 0.35, 0.58, 0.57, 0.51, 0.26, 0.38, 0.51, 0.15, 0.29,

0.28, 0.41, 0.50, 0.63, 1.00,

0.21, 0.16, 0.51, 0.26, 0.23, 0.00, 0.12, 0.38, 0.18, 0.14,

0.31, 0.18, 0.24, 0.50, 0.65, 1.00)

#### (�U��^
names<-c("X1", "X2", "X3", "X4", "X5", "X6", "X7", "X8", "X9",

"X10", "X11", "X12", "X13", "X14", "X15", "X16")

#### ��X"_?r�X
R<-matrix(0, nrow=16, ncol=16, dimnames=list(names, names))

for (i in 1:16){

for (j in 1:i){

R[i,j]<-x[(i-1)*i/2+j]; R[j,i]<-R[i,j]

}

}

#### e__mm:
pr<-princomp(covmat=R); load<-loadings(pr)

#### x�g5
plot(load[,1:2]); text(load[,1], load[,2], adj=c(-0.4, 0.3))*&,eF�e 9.3 ���e 9.3 o�_+,6gpl��BQ	 “f” ��|j
 (X1) ��
 (X2) �b
 (X4) �yf (X5) ��# (X6) ��f (X7) �Kf (X13).��+,6gpl��BQ	 “u” ��|jIu (X3) �-u (X8) ��J
(X11) �
u (X14) �gu (X15) �iJ (X16).
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e 9.3: 16 �>�64l�4X{pk�,V6eo�,6gpl��yQFKTbA�|#I (X9)�M, (X10)��{ (X12).

2. +K
>+6d-k�lCo�>I(3�!
>�{&Ts�*Hy�I7d-
[�d-�#,�7Xs!��l 92g._�VQ�{pkd-q pt℄0d-,J���X�l����(℄NA�{pkd-�F*	NAptI7d-,J��� 9.3 ([1I�k�#Z)�^|*BF Y \Wu?℄J��	Bx� X1, �	J X2, B�ZJ X3(�YU 10 AL7) �℄$�o�x�LM 1949 Æ� 1959 Æ� 11 ÆU���O_ 9.3 )z� �CÆ��J�*;�\g�.�\;�\g�`��O#Z (Q�#Z|F�), 4�l *Hd-
[�d-k� (tO_� exam0903.R).

#### P*��fD$(�*�
> conomy<-data.frame(

x1=c(149.3, 161.2, 171.5, 175.5, 180.8, 190.7,



9.1 .�\\g 5156 9.3: �-gK
1~n�� X1 X2 X3 Y

1 149.3 4.2 108.1 15.9

2 161.2 4.1 114.8 16.4

3 171.5 3.1 123.2 19.0

4 175.5 3.1 126.9 19.1

5 180.8 1.1 132.1 18.8

6 190.7 2.2 137.7 20.4

7 202.1 2.1 146.0 22.7

8 212.4 5.6 154.1 26.5

9 226.1 5.0 162.3 28.1

10 231.9 5.1 164.3 27.6

11 239.0 0.7 167.6 26.3

202.1, 212.4, 226.1, 231.9, 239.0),

x2=c(4.2, 4.1, 3.1, 3.1, 1.1, 2.2, 2.1, 5.6, 5.0, 5.1, 0.7),

x3=c(108.1, 114.8, 123.2, 126.9, 132.1, 137.7,

146.0, 154.1, 162.3, 164.3, 167.6),

y=c(15.9, 16.4, 19.0, 19.1, 18.8, 20.4, 22.7,

26.5, 28.1, 27.6, 26.3)

)

#### e>E{s
> lm.sol<-lm(y~x1+x2+x3, data=conomy)

> summary(lm.sol)

Call:

lm(formula = y ~ x1 + x2 + x3, data = conomy)

Residuals:

Min 1Q Median 3Q Max
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-0.52367 -0.38953 0.05424 0.22644 0.78313

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -10.12799 1.21216 -8.355 6.9e-05 ***

x1 -0.05140 0.07028 -0.731 0.488344

x2 0.58695 0.09462 6.203 0.000444 ***

x3 0.28685 0.10221 2.807 0.026277 *

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.4889 on 7 degrees of freedom

Multiple R-Squared: 0.9919, Adjusted R-squared: 0.9884

F-statistic: 285.6 on 3 and 7 DF, p-value: 1.112e-07Æ�872otg{��U�>�*&d-
t
Y = −10.12799 − 0.05140X1 + 0.58695X2 + 0.28685X3. (9.14)��k�
t (9.14), Y&BFJB
�d&�P1j� Y 	Bw�� X1 	1p�a`�VR��#,s=�yz�iS	(�1p,�a`,
��Bw��,a�M�|�1�	J+s,���$~�U�>��6	Ts�*H (MX�Q%gg&�7KT`0C� 0).yptTs�*H,�0�R>���{pkd-� �{pkk��

#### e__mm:
> conomy.pr<-princomp(~x1+x2+x3, data=conomy, cor=T)

> summary(conomy.pr, loadings=TRUE)

Importance of components:

Comp.1 Comp.2 Comp.3

Standard deviation 1.413915 0.9990767 0.0518737839

Proportion of Variance 0.666385 0.3327181 0.0008969632

Cumulative Proportion 0.666385 0.9991030 1.0000000000
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Loadings:

Comp.1 Comp.2 Comp.3

x1 0.706 0.707

x2 -0.999

x3 0.707 -0.707#��{pkq�& 99% ,�'=�4 1 {pk	'�1p�a`��6j�~�m4 1 {pkya5~��4 2 {pkd��~��'�my�~~���w�
λ3 = 0.05187378392 = 0.002690889 ≈ 0,�t>��6	Ts�*H��X�{pkd-�� �8f1,{pk,!Y`�F%4 1 {pk,!Y`�4 2 {pk,!Y`�f6#Z| conomy o�BM4R{pk�d-k���`/Æ�N�

#### SZZJQ__m�Xe__mm:
> pre<-predict(conomy.pr)

> conomy$z1<-pre[,1]; conomy$z2<-pre[,2]

> lm.sol<-lm(y~z1+z2, data=conomy)

> summary(lm.sol)

Call:

lm(formula = y ~ z1 + z2, data = conomy)

Residuals:

Min 1Q Median 3Q Max

-0.89838 -0.26050 0.08435 0.35677 0.66863

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 21.8909 0.1658 132.006 1.21e-14 ***

z1 2.9892 0.1173 25.486 6.02e-09 ***

z2 -0.8288 0.1660 -4.993 0.00106 **

---
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Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 0.55 on 8 degrees of freedom

Multiple R-Squared: 0.9883, Adjusted R-squared: 0.9853

F-statistic: 337.2 on 2 and 8 DF, p-value: 1.888e-08d-�#�d-
ta[3�d�V*92%|�|*&d-
t
Y = 21.8909 + 2.9892Z∗

1 − 0.8288Z∗
2 ._�
t*&	0�>��{pk,'�������FJ
<�`	�r*&0�>��$>�[�,'�����

Y = β∗
0 + β∗

1Z
∗
1 + β∗

2Z
∗
2 ,

Z∗
i = ai1X

∗
1 + ai2X

∗
2 + ai3X

∗
3 ,

=
ai1(X1 − x̄1)√

s11
+

ai2(X2 − x̄2)√
s22

+
ai3(X3 − x̄3)√

s33
, i = 1, 2,�t�

Y = β∗
0 − β∗

1

(
a11x̄1√

s11
+

a12x̄2√
s22

+
a13x̄3√

s33

)
− β∗

2

(
a21x̄1√

s11
+

a22x̄2√
s22

+
a23x̄3√

s33

)

+
(β∗

1a11 + β∗
2a21)√

s11
X1 +

(β∗
1a12 + β∗

2a22)√
s22

X2 +
(β∗

1a13 + β∗
2a23)√

s33
X3

= β0 + β1X1 + β2X2 + β3X3, (9.15)�o
β0 = β∗

0 − β∗
1

(
a11x̄1√

s11
+

a12x̄2√
s22

+
a13x̄3√

s33

)
− β∗

2

(
a21x̄1√

s11
+

a22x̄2√
s22

+
a23x̄3√

s33

)
,(9.16)

βi =
(β∗

1a1i + β∗
2a2i)√

sii
, i = 1, 2, 3. (9.17)�I� (9.16)–(9.17) :>�8�#,9#

#### eUz�edTfV<fr;W
$
> beta<-coef(lm.sol); A<-loadings(conomy.pr)

> x.bar<-conomy.pr$center; x.sd<-conomy.pr$scale

> coef<-(beta[2]*A[,1]+ beta[3]*A[,2])/x.sd

> beta0 <- beta[1]- sum(x.bar * coef)



9.2 ~�k� 5196tOo� coef 9#	O9d-�#� loadings 	O9{pkR�,KT3��conomy.pr$center 	#Z,oA�iS	#Z X ,a`�conomy.pr$scale	#Z,A�_�| sii ,f
�~�*&+�,�#
> c(beta0, coef)

(Intercept) x1 x2 x3

-9.13010782 0.07277981 0.60922012 0.10625939|d-
ty
Y = −9.13010782 + 0.07277981X1 + 0.60922012X2 + 0.10625939X3. (9.18)�y�R� X1, X2, X3 ,�#ayV#�3$d-
t (9.14) �B
�

9.2 p4Æ2~�k� (factor analysis) 	{pkk�,h+�Y?�Bi	T#_�k�o)z,lr
[�	lr��k��U6CX&4,M,~���,l�_�aE�~�k�	^P+'Sm<
_S,pMn�'��B%T�>��Bya#~�~��t4&$�>��~�[�,+''��~�k��'� 20 ��z� K. Pearson � C. Spearman .TKy?z�Y?j���,_�k��g#~�k�6A
T�ggT�I�T.Tm9*!p�,���
9.2.1 q��X�~���(℄NA�~�k���9~�aE�� 9.4 UMt!k$!m
D�	sM n u!k$ p u!�$�I (\�), P
X1, X2, · · · , Xp _z p u!� (BO���Q �̂ \�J^��#� · · ·), X(i) =

(xi1, xi2, · · · , xip)
T , (i = 1, 2, · · · , n) _z( i u!k$ p !�$�I�x2\g.2S��E��3!k$!m
D�&RM:
"BG-jk��otg{��mg (>�) ��Mk�p�

Xi = aif + εi, i = 1, 2, · · · , p, (9.19)



520 4QC ��T#k� (II)�o f 	R�� Xi(i = 1, 2, · · · , p) F���,��~� (common factor), BC�jq
/,~���# ai my~�3> (loading); εi 	mg (>�)Xi K�,K�~� (specific factor). MS	l����,~�aE�BlL�o���~�aEh+&T�~�,1��|mg X ��,~�� m ��N#Th%~���y~���8~�.�kD�y f1, f2, · · · , fm, |
Xi = ai1f1 + ai2f2 + · · ·+ aimfm + εi, i = 1, 2, · · · , p. (9.20)�M m �Jo(Y,TJ+',��~� f1, f2, · · · , fm(imy$~�) �l�K�~� εi �Y�$�oY,+'>� (mg)X1, X2, · · · , Xp, F8�k�To,T�q��BQ,�# ai1, ai2, · · · , aip my~�3>�C�4 i �mg6 m �
X,C&�MS	l�~�aE�� 9.5 Linden CJ��~?3DP�#q�A
$#\J+��*�LM 160E���? X1, X2, · · · , X10 \`_zq�A
$^;#\��?q�A
:�~� 100 s>��<h�<o� 400 s�� 110 s-4�=b�~j<o�^3� 1500 s��x2\g.2S��E��3q�A
$�I�?Æ"P3��q7e$ G�R�Mw1*k�q1_ot-7�M�5K�*YH7��*YHi��k�+�
X�Ol
XFmyl�~��~����Po�~�k�aE;�
�� 9.6 �vH9$a�k>�^��(( (X1) �
�( (X2) �
<℄t (X3) �)i℄t (X4) �erZ< (X5). ����^�vH9$h�80�Æo
T,Y}oY�M�1bA	�^
lIX�,�^
lI�ky*�lI�w*�lI�~�M�1bAfa�&����~�,�0�io�~�k�,aE;�
�[3t_~���otg&�~�k�,{h�����
X�l	X5q17���[(Y�_�%[���y2'�,R4 (>�mf1) �Bya#~�~� (Jo(Y,:r>�), t4&~��$�>�[�,p6���X	��k��R� p �>�m n �f1BGk��~�k��Z^PR4,J℄otky R E� Q E~�k�� R E~�k�^P>� (bA) [�,+''��[3R>�,+'Sm<
_SpM7�,^P�H{vi��>�,~���~� (mm{~��$6~�), �tR



9.2 ~�k� 521>�mf1BGk�� Q E~�k�^Pf1[�,+''��[3Rf1,+,USpM7�,^PH{vif1,~�{h~4 (mmy{~�). M�r~�k�,�

[	lf,�d	{Y6J℄� R EÆ>�,+'S{Y�
Q EÆf1,+,US{Y�Rl�(Y#Z�ot�Z|��P,Lh�_?Q�hlr�E,~�k��
9.2.2 o3(L

1. ~Y(Lh X = (X1, X2, · · · , Xp)
T 	o(Y,:r3��*

E(X) = µ = (µ1, µ2, · · · , µp)
T , Var(X) = Σ = (σij)p×p.~�k�,l aEy





X1 − µ1 = a11f1 + a12f2 + · · ·+ a1mfm + ε1

X2 − µ2 = a21f1 + a22f2 + · · ·+ a2mfm + ε2

...

Xp − µp = ap1f1 + ap2f2 + · · ·+ apmfm + εp

(9.21)

�o f1, f2, · · · , fm (m < p) y��~�� ε1, ε2, · · · , εp yK�~��BQF	Jo(Y,:r>����~� f1, f2, · · · , fm {&6Ol�$�>� Xi(i =

1, 2, · · · , p) ,C��o�o
8y$�>��℄[�,��~4�O���~�
fj(j = 1, 2, · · · , m) l faR��$�>�����p;B%-OK�~��O�K�~� εi(i = 1, 2, · · · , p) AA{&6�[+�,4 i �$�>� Xi ,C��o�BdRM�$�>�����o%� (9.21) >pUSC�F�

X = µ + AF + ε, (9.22)�o F = (f1, f2, · · · , fm)T y��~�3�� ε = (ε1, ε2, · · · , εp)
T yK�~�3�� A = (aij)p×m y~�3>US�[eÆh

E(F ) = 0, Var(F ) = Im, (9.23)

E(ε) = 0, Var(ε) = D = diag(σ2
1, σ

2
2 , · · · , σ2

p), (9.24)

Cov(F, ε) = 0. (9.25)



522 4QC ��T#k� (II)�_�Æ?otg{���~�4�J+'*[��~
S�K�~�i4�J+'*���~�iJ+'�
2. o3(LfP"
(1) Σ ,k8

Σ = AAT + D. (9.26)

(2) aEJ��~,�0�R X∗ = CX, ;�
X∗ = µ∗ + A∗F ∗ + ε∗,�o µ∗ = Cµ, A∗ = CA, F ∗ = F , ε∗ = Cε.

(3)~�3>J	wl,�h T 	l m2V*US�/ A∗ = AT , F ∗ = T TF ,;aE (9.22) oC�y
X = µ + A∗F ∗ + ε. (9.27)~�3>USJwlR|���	�<�,�[e��Ml6�[3~�Q��~*?~���<,|�wz�

3. o3�5k�f�Llm
(1)

Cov(X, F ) = A m Cov(Xi, fj) = aij . (9.28)|~�3> aij 	4 i �>��4 j ���~�,+'�#��� Xi 	 f1, f2,

· · ·, fm ,*H�B��t�# ai1, ai2, · · · , aim 	��K� Xi o� f1, f2, · · · , fm*H�BC�,tK�
(2) / h2

i =
m∑

j=1

a2
ij , ;�

σii = h2
i + σ2

i , i = 1, 2, · · · , p. (9.29)

h2
i ℄	!��~�R$�>� Xi ,�0�otgp	��~�R Xi ,
_�'�my>� Xi ,�℄K (communality) m�H
_ (common variance); V σ2

i	K�~� εi R Xi ,
_�'�my>� Xi K�
_ (specifie variance). !
X y�k�qA�[,:r>� (σii = 1), �y�

h2
i + σ2

i = 1, i = 1, 2, · · · , p. (9.30)
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(3) / g2
j =

p∑
i=1

a2
ij, ;�

p∑

i=1

Var(Xi) =

m∑

j=1

g2
j +

p∑

i=1

σp
i . (9.31)

g2
j ℄	!��~� fj R X1, X2, · · · , Xp ,�0�	G���~� fj shH,l�wK�oÆy��~� fj R X1, X2, · · · , Xp ,�
_�'�

9.2.3 ?~%Lh X(1), X(2), · · · , X(n) 	l� p zf1��o X(i) = (xi1, xi2, · · · , xip)
T . ;

µ � Σ okD!�y
X =

1

n

n∑

i=1

X(i) m S =
1

n − 1

n∑

i=1

(
X(i) − X

) (
X(i) − X

)T
.y!#�~�aE�� h!�~�3>US A = (aij)p×m �K�
_US

D = diag(σ2
1 , σ

2
2, · · · , σ2

p). e�,R#!�
[�N�Ur�{pk[�{~�[�w�,B[�
1. +K
�hf1,<
_S S ,KT`y λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0, +��~V*KT3�y l1, l2, · · · , lp, ; S ��k8�

S =

p∑

i=1

λilil
T
i .!�M p − m �KT`.7y� S oC,2k8p

S = λ1l1l
T
1 + · · · + λmlmlTm + λm+1lm+1l

T
m+1 + · · ·+ λplpl

T
p

≈ λ1l1l
T
1 + · · · + λmlmlTm + D

= AAT + D, (9.32)�o
A = (

√
λ1l1,

√
λ2l2, · · · ,

√
λmlm) = (aij)p×m (9.33)

D = diag(σ2
1 , σ

2
2, · · · , σ2

p), (9.34)

σ2
i = sii −

m∑

j=1

a2
ij = sii − h2

i , i = 1, 2, · · · , p. (9.35)



524 (�� KPEb\g (II)� (9.33)–(9.35) �{, A � D S	~�aE,l�8�3>US A o,4
j #� X ,4 j ��pk,�#+_l�-# √

λj(j = 1, 2, · · · , m). #��
(9.33)–(9.35) �{,M�8my~�aE,{pk8�!+'>��9�~J℄y�ee R>�A�[�A�[>�,f1<
_SS	$�>�,f1+'S R, 4� R �R S, �_�,�|o*{pk8��X>{{pk[, R tO (tO_� factor.analy1.R)

factor.analy1<-function(S, m){

p<-nrow(S); diag_S<-diag(S); sum_rank<-sum(diag_S)

rowname<-paste("X", 1:p, sep="")

colname<-paste("Factor", 1:m, sep="")

A<-matrix(0, nrow=p, ncol=m,

dimnames=list(rowname, colname))

eig<-eigen(S)

for (i in 1:m)

A[,i]<-sqrt(eig$values[i])*eig$vectors[,i]

h<-diag(A%*%t(A))

rowname<-c("SS loadings","Proportion Var","Cumulative Var")

B<-matrix(0, nrow=3, ncol=m,

dimnames=list(rowname, colname))

for (i in 1:m){

B[1,i]<-sum(A[,i]^2)

B[2,i]<-B[1,i]/sum_rank

B[3,i]<-sum(B[1,1:i])/sum_rank

}

method<-c("Principal Component Method")

list(method=method, loadings=A,

var=cbind(common=h, spcific=diag_S-h), B=B)

}9#�O` S 	f1
_Sm+'US� m 	{~�,�#�9#,�{`	#CF���pL�!�R#,
[ ({pk[), ~�3> (loadings), �H
_�K�
_�t{~� F R>� X ,�'��'=�	s�'=�



9.2 E>\g 525� 9.7 C 55 u�X�';$�>�VT\JDR�oYq7eT\ 8 ��^�
100 s� (X1) � 200 s� (X2) � 400 s� (X3) � 800 s� (X4) � 1500 s�
(X5) � 5000 s� (X6) � 10000 s� (X7) �f2� (X8). 8 ��^$|��� R O_ 9.4 )z�= m = 2, P.�\L�RE>s����Ow%�^�6 9.4: 16 C
��5~nf�&k�

X1 X2 X3 X4 X5 X6 X7 X8

X1 1.000

X2 0.923 1.000

X3 0.841 0.851 1.000

X4 0.756 0.807 0.870 1.000

X5 0.700 0.775 0.835 0.918 1.000

X6 0.619 0.695 0.779 0.864 0.928 1.000

X7 0.633 0.697 0.787 0.869 0.935 0.975 1.000

X8 0.520 0.596 0.705 0.806 0.866 0.932 0.943 1.000`��O+'US��:>,9# factor.analy1() {pk[!�3>�+'bA (tO_� exam0907.R)

x<-c(1.000,

0.923, 1.000,

0.841, 0.851, 1.000,

0.756, 0.807, 0.870, 1.000,

0.700, 0.775, 0.835, 0.918, 1.000,

0.619, 0.695, 0.779, 0.864, 0.928, 1.000,

0.633, 0.697, 0.787, 0.869, 0.935, 0.975, 1.000,

0.520, 0.596, 0.705, 0.806, 0.866, 0.932, 0.943, 1.000)

names<-c("X1", "X2", "X3", "X4", "X5", "X6", "X7", "X8")

R<-matrix(0, nrow=8, ncol=8, dimnames=list(names, names))

for (i in 1:8){

for (j in 1:i){

R[i,j]<-x[(i-1)*i/2+j]; R[j,i]<-R[i,j]

}



526 4QC ��T#k� (II)

}

source("factor.analy1.R")

fa<-factor.analy1(R, m=2); fa*&
$method

[1] "Principal Component Method"

$loadings

Factor1 Factor2

X1 -0.8171700 -0.53109531

X2 -0.8672869 -0.43271347

X3 -0.9151671 -0.23251311

X4 -0.9487413 -0.01184826

X5 -0.9593762 0.13147503

X6 -0.9376630 0.29267677

X7 -0.9439737 0.28707618

X8 -0.8798085 0.41117192

$var

common spcific

X1 0.9498290 0.05017099

X2 0.9394274 0.06057257

X3 0.8915931 0.10840689

X4 0.9002505 0.09974954

X5 0.9376883 0.06231171

X6 0.9648716 0.03512837

X7 0.9734990 0.02650100

X8 0.9431254 0.05687460

$B

Factor1 Factor2

SS loadings 6.6223580 0.8779264

Proportion Var 0.8277947 0.1097408

Cumulative Var 0.8277947 0.9375355
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E = S − (AAT + D) = (eij)p×p,otW℄�

Q(m) =

p∑

i=1

p∑

j=1

e2
ij ≤ λ2

m+1 + · · · + λ2
p, (9.36)! m R:
!�;C,�� (9.32) ,�_�
� Q(m) E7��8{� 9.7 , Q(m) `�

> E<- R-fa$loadings %*% t(fa$loadings)-diag(fa$var[,2])

> sum(E^2)

[1] 0.01740023�~��# m ,�?
[l ��r�l	�Z|��P,wzm�j
�Y}��?�X	��?{pk�#,$;�R m yE��
m∑

i=1

λi

/
p∑

i=1

λi ≥ P0,�7�# (3N9 P0 ≥ 0.70 * P0 < 1).

2. +o3�{~�[	R{pk[,JV�M�Æ?>�qIA�[�h R = AAT +D,;
R − D = AAT = R∗,my++'S (reduced correlation matrix). v�� R∗ oR+*#4	 h2

i , VJ	 1, gR+*#4� R o	n=lf,�F* R∗ il?	gzUS�h σ̂2
i 	K�
_ σ2

i ,l�B
,z�!��;++'USo!�y
R̂∗ =




ĥ2
1 r12 · · · r1p

r21 ĥ2
2 · · · r2p

...
...

...

rp1 rp2 · · · ĥ2
p


 ,�o ĥ2

i = 1 − σ̂2
i 	 h2

i ,z�!��



528 (�� KPEb\g (II)h R̂∗ ,# m �KT`n�y λ̂∗
1 ≥ λ̂∗

2 ≥ · · · ≥ λ̂∗
m > 0, +�,�~V*KT3�y l̂∗1, l̂

∗
2, · · · , l̂∗m, ;�C,k8��

R̂∗ = ÂÂT , (9.37)�o
Â =

(√
λ̂∗

1 l̂∗1,

√
λ̂∗

2 l̂∗2, · · · ,
√

λ̂∗
m l̂∗m

)
. (9.38)/

σ̂2
i = 1 − ĥ2

i = 1 −
m∑

j=1

â2
ij , i = 1, 2, · · · , p, (9.39); Â� D̂ = diag(σ̂2

1, σ̂
2
2, · · · , σ̂2

p) y~�aE,l�8�M�8Smy{~�8�N2�r5*rBtK�<,8�;otQ�<�,
[�|� (9.39)o,
σ̂2

i 4�yK�
_,z�!��sy_�Lx�℄f8�?y
��{pk[�,�{~�[o, R iotapf1
_S S, dJ3�y
ĥ2

i = sii − σ̂2
i .�I{~�[,)/:>+�, R tO (tO_� factor.analy2.R)

factor.analy2<-function(R, m, d){

p<-nrow(R); diag_R<-diag(R); sum_rank<-sum(diag_R)

rowname<-paste("X", 1:p, sep="")

colname<-paste("Factor", 1:m, sep="")

A<-matrix(0, nrow=p, ncol=m,

dimnames=list(rowname, colname))

kmax=20; k<-1; h <- diag_R-d

repeat{

diag(R)<- h; h1<-h; eig<-eigen(R)

for (i in 1:m)

A[,i]<-sqrt(eig$values[i])*eig$vectors[,i]

h<-diag(A %*% t(A))

if ((sqrt(sum((h-h1)^2))<1e-4)|k==kmax) break

k<-k+1

}
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rowname<-c("SS loadings","Proportion Var","Cumulative Var")

B<-matrix(0, nrow=3, ncol=m,

dimnames=list(rowname, colname))

for (i in 1:m){

B[1,i]<-sum(A[,i]^2)

B[2,i]<-B[1,i]/sum_rank

B[3,i]<-sum(B[1,1:i])/sum_rank

}

method<-c("Principal Factor Method")

list(method=method, loadings=A,

var=cbind(common=h,spcific=diag_R-h),B=B,iterative=k)

}9#�O` R 	f1+'USmf1
_US�m 	{~�,�#�d 	K�
_,!�`�9#,�{`	#CF���pL�!�R#,
[ ({~�[),~�3> (loadings), �H
_�K�
_�~� F R>� X ,�'��'=�	s�'=�t{58,<��#�� 9.8 = m = 2, 5�Ow$�R� σ̂2
i U

0.123, 0.112, 0.155, 0.116, 0.073, 0.045, 0.033, 0.095,P.E>L�RB 9.7 E>s����Ow%�^�`�
> d<-c(0.123, 0.112, 0.155, 0.116, 0.073, 0.045, 0.033, 0.095)

> source("factor.analy2.R")

> fa<-factor.analy2(R, m=2, d); fa

$method

[1] "Principal Factor Method"

$loadings

Factor1 Factor2

X1 -0.8123397 -0.5138770

X2 -0.8610033 -0.4156335

X3 -0.9005036 -0.2105394

X4 -0.9370464 -0.0178458
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X5 -0.9545376 0.1186825

X6 -0.9384689 0.2861327

X7 -0.9470951 0.2858694

X8 -0.8728340 0.3770009

$var

common spcific

X1 0.9239653 0.07603473

X2 0.9140779 0.08592213

X3 0.8552337 0.14476635

X4 0.8783744 0.12162560

X5 0.9252275 0.07477251

X6 0.9625958 0.03740416

X7 0.9787105 0.02128951

X8 0.9039690 0.09603103

$B

Factor1 Factor2

SS loadings 6.54088 0.8012746

Proportion Var 0.81761 0.1001593

Cumulative Var 0.81761 0.9177692

$iterative

[1] 16�! 16 �<�*&�?8�4�8 Q(m),

> E<- R-fa$loadings %*% t(fa$loadings)-diag(fa$var[,2])

> sum(E^2)

[1] 0.005421902h��{pk[�K�
_ σ2
i ,e�z�!�
[�t�~r�

(1) 9 σ̂2
i = 1/rii, �o rii 	 R−1 ,4 i �R+*#4�

(2) 9 ĥ2
i = max

j 6=i
|rij|, �y� σ̂2

i = 1 − ĥ2
i .

(3) 9 ĥ2
i = 1, �y� σ̂2

i = 0.

3. HY�Q�



9.2 E>\g 531h��~� F ∼ Nm(0, I), K�~� ε ∼ Np(0, I), *+TG��iLot*&~�3>US�K�
_,w�,B!��h pz(Y3� X(1), X(2), · · · , X(n)y�
�Q Np(µ, Σ) ,:rf1�;f1,,B9#y µ, Σ ,9# L(µ, Σ).h Σ = AAT + D, 9 µ = X, ;,B9# L(X, AAT + D) ,R#,B9#y A, D ,9#��y ϕ(A, D). h (A, D) ,w�,B!�y (Â, D̂), |�
ϕ(Â, D̂) = maxϕ(A, D),; Â, D̂ E�t�
t�̂

ΣD̂−1Â = Â
(
I + ÂT D̂−1Â

)
, (9.40)

D̂ = diag
(
Σ̂ − ÂÂT

)
, (9.41)�o

Σ̂ =
1

n

n∑

i=1

(X(i) − X)(X(i) − X)T .y!'W
t� (9.40) *&wl8�o|��8_
<,wlHW �
AT DA = R+US. (9.42)

Jöreskog � Lawley .E (1967)O{!lr.y|�,<�[�~w�,B[zL0EQQ���q1)/	� 9l�z�US
D0 = diag(σ̂2

1 , σ̂
2
1, · · · , σ̂2

p),&�8 A0, �8 A0 ,$[	 5 D
−1/2
0 Σ̂D

−1/2
0 ,KT` θ1 ≥ θ2 ≥ θp, {+�,KT3� l1, l2, · · · , lp. / Θ = diag(θ1, θ2, · · · , θm), L = (l1, l2, · · · , lm) */

A0 = D
1/2
0 L (Θ − Im)1/2 . (9.43)4�� (9.41) *& D1, BM4�_�
[*& A1, ℄&E�
t (9.40) y
��X	�_�)/:>, R tO (tO_� factor.analy3.R)

factor.analy3<-function(S, m, d){

p<-nrow(S); diag_S<-diag(S); sum_rank<-sum(diag_S)

rowname<-paste("X", 1:p, sep="")
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colname<-paste("Factor", 1:m, sep="")

A<-matrix(0, nrow=p, ncol=m,

dimnames=list(rowname, colname))

kmax=20; k<-1

repeat{

d1<-d; d2<-1/sqrt(d); eig<-eigen(S * (d2 %o% d2))

for (i in 1:m)

A[,i]<-sqrt(eig$values[i]-1)*eig$vectors[,i]

A<-diag(sqrt(d)) %*% A

d<-diag(S-A%*%t(A))

if ((sqrt(sum((d-d1)^2))<1e-4)|k==kmax) break

k<-k+1

}

rowname<-c("SS loadings","Proportion Var","Cumulative Var")

B<-matrix(0, nrow=3, ncol=m,

dimnames=list(rowname, colname))

for (i in 1:m){

B[1,i]<-sum(A[,i]^2)

B[2,i]<-B[1,i]/sum_rank

B[3,i]<-sum(B[1,1:i])/sum_rank

}

method<-c("Maximum Likelihood Method")

list(method=method, loadings=A,

var=cbind(common=diag_S-d, spcific=d),B=B,iterative=k)

}� 9.9 = m = 2, 5�Ow$�R� σ̂2
i U

0.123, 0.112, 0.155, 0.116, 0.073, 0.045, 0.033, 0.095,PK��CL�RB 9.7 E>s����Ow%�^�`�
> d<-c(0.123, 0.112, 0.155, 0.116, 0.073, 0.045, 0.033, 0.095)

> source("factor.analy3.R")
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> fa<-factor.analy3(R, m=2, d); fa

$method

[1] "Maximum Likelihood Method"

$loadings

Factor1 Factor2

[1,] -0.7310172 -0.62009641

[2,] -0.7919994 -0.54575786

[3,] -0.8549232 -0.34252454

[4,] -0.9158820 -0.16063750

[5,] -0.9580091 -0.02492734

[6,] -0.9725436 0.14485411

[7,] -0.9806291 0.14276290

[8,] -0.9226101 0.24953974

$var

common spcific

X1 0.9189057 0.08109428

X2 0.9251146 0.07488539

X3 0.8482167 0.15178334

X4 0.8646442 0.13535579

X5 0.9184028 0.08159724

X6 0.9668237 0.03317631

X7 0.9820147 0.01798529

X8 0.9134795 0.08652046

$B

Factor1 Factor2

SS loadings 6.407848 0.9297541

Proportion Var 0.800981 0.1162193

Cumulative Var 0.800981 0.9172002

$iterative

[1] 14�! 14 �<�*&�?8�4�8 Q(m),
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> E<- R-fa$loadings %*% t(fa$loadings)-diag(fa$var[,2])

> sum(E^2)

[1] 0.006710651%_�Ur!�
[7B6l��Fj:6{pk!�o<
,~��#
m ,R9
[��6{~�[o<
K�
_ σ̂2

i z�!�
[�:>+�, RtO (tO_� factor.analy.R)

factor.analy<-function(S, m=0,

d=1/diag(solve(S)), method="likelihood"){

if (m==0){

p<-nrow(X); eig<-eigen(S)

sum_eig<-sum(diag(S))

for (i in 1:p){

if (sum(eig$values[1:i])/sum_eig>0.70){

m<-i; break

}

}

}

source("factor.analy1.R"); source("factor.analy2.R")

source("factor.analy3.R")

switch(method,

princomp=factor.analy1(S, m),

factor=factor.analy2(S, m, d),

likelihood=factor.analy3(S, m, d)

)

}9#�Of1
_US S mf1+'US R. ~��# m(>q`��'=�8{ m `). K�
_,z�!� d(>q`y σ̂2
i = 1/rii). �8~�3>,
[� method=princomp Q�{pk
[� method=factor Q�{~�
[�

method=likelihood(>q`) Q�w�,B
[�9#�{S	Q�#X<
Ur
[,�{Æ��



9.2 ~�k� 535

9.2.4 �D:Yf�ZW/~�k�,g,JA	5{��~���{h,	��Y'O��~�,|�wz����#X<
,!�
[�5{,�~�8��z�~�3>USFJE� “��7��;”, |���~�,7E�C>�EJd{�~VLv~�~�,|�wz7QJ.�J��R~�,8��y��6MR~�3>USvGQ�>a�~*~�3>,Ol#�#4,�
�#3 0 m 1 �w�[��&�7��[,g,�
1. ��jnh~�aE� X = AF + ε, �o F y�~�3��R F vGV*>a�/ Z = ΓT F (Γ yFl m 2V*US), ;

X = AΓZ + ε, (9.44)*
Var(Z) = Var(ΓTF ) = ΓT Var(F )Γ = Im, (9.45)

Cov(Z, ε) = Cov(ΓT F, ε) = ΓTCov(F, ε) = 0, (9.46)

Var(X) = Var(AΓZ) + Var(ε) = AΓVar(Z)ΓT AT + D

= AAT + D. (9.47)� (9.44)–(9.47) (℄�R F 	~�aE,�~�3��;RFlV*US Γ,

Z = ΓT F i	�~�3��+�, AΓ 	�~� Z ,~�3>US����Hl�6~�k�,|��8o�!5*z�~�3>US A M�℄y�sV*US Γ, ~* AΓ [��℄%,|�wz�Mr>a3>US,
[�my~�w,V*Q��
2. o3�5�Dh~�aE X = AF + ε, A = (aij)p×m y�~�3� F ,~�3>US�

h2
i =

m∑
j=1

a2
ij (i = 1, 2, · · · , p) y>� Xi ,�℄K�N2 A ,Ol# (|~�3>3�) #`,kV�+�,~�3>3�,
_,��y6|�� aij s=J℄,�0{�>�R��~�n�tKJ℄,�
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d2

ij =
a2

ij

h2
i

, i = 1, 2, · · · , p, j = 1, 2, · · · , m,%4 j #, p �#Z d2
1j, d

2
2j , · · · , d2

pj ,
_?zy
Vj =

1

p

p∑

i=1

(
d2

ij − dj

)2
=

1

p2


p

p∑

i=1

a4
ij

h4
i

−
(

p∑

i=1

a2
ij

h2
i

)2

 ,�o dj = 1

p

p∑
i=1

d2
ij , j = 1, 2, · · · , m. ;~�3>US A ,
_y

V =

m∑

j=1

Vj =
1

p2






m∑

j=1


p

p∑

i=1

a4
ij

h4
i

−
(

p∑

i=1

a2
ij

h2
i

)2






 .R Vj `,��A ,4 j �~�3>3�#`,kV�N23>`m	6� 1 m	6� 0, My+�,��~� Fj [���[7��~V�Q�r~�3>US A ,
_Doq��
3. �D:Yf�ZW/[eQ�V*Q�*&
_��,3>US�h m = 2, ~�3>USy

A =




a11 a12

a21 a22
...

...

ap1 ap2


 ,9V*US Γ =

[
cos ϕ − sin ϕ

sin ϕ cos ϕ

]
, ;

B =




a11 cos ϕ + a12 sin ϕ −a11 sin ϕ + a12 cos ϕ

a21 cos ϕ + a22 sin ϕ −a21 sin ϕ + a22 cos ϕ
...

...

ap1 cos ϕ + ap2 sin ϕ −ap1 sin ϕ + ap2 cos ϕ


 =




b11 b12

b21 b22
...

...

bp1 bp2


	 Z = ΓT F ,~�3>US�M+!�% f1, f2 �?,~��X_Q�l�+K ϕ. �y�

Vj =
1

p2



p

p∑

i=1

b4
ij

h4
i

−
(

p∑

i=1

b2
ij

h2
i

)2


 , j = 1, 2.
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∂V

∂ϕ
=

∂

∂ϕ
(V1 + V2) = 0,

ϕ �E�
tan ϕ =

d − 2αβ/p

c − (α2 − β2)/p
, (9.48)�o

α =

p∑

i=1

µi, β =

p∑

i=1

νi, c =

p∑

i=1

(µ2
i − ν2

i ), d = 2

p∑

i=1

µiνi, (9.49)

µi =

(
ai1

hi

)2

−
(

ai2

hi

)2

, i = 1, 2, · · · , p. (9.50)R� m > 2 ,1��Lh�T�,Q�>a�M�SJ4<
�
[!�~y R Q o, varimax() 9#otnp~�3>US,Q�>a (m℄e>a). BQ,~�Æ�y
varimax(x, normalize = TRUE, eps = 1e-5)�o x 	~�3>US� normalize 	Ax>��|	pR>�BG Kaiser V;[� eps 	<�q
HK�� 9.10 P varimax() ��CB 9.7 �B 9.8 �B 9.9 $# $E>s���J�6℄5�w)Ow� G��`��
:,9# factor.analy() *&Ur
[�8,~�3>!�US�4� varimax() 9#*&
_��,~�3>US�t{~�
[�8y��q1Æ�y

> source("factor.analy.R")

> fa<-factor.analy(R, m=2, method="princomp")

> vm1<-varimax(fa$loadings, normalize = F); vm1%tOo, "princomp" �y "factor" � "likelihood", So*&.m�r
[,�872�[Q,�872#6C 9.5 o�
9.2.5 o3
1fL�1~�|_�6 RQ o�O�!�~�k��8,9# — factanal() 9#�BotÆf1#Z�f1,
_US�+'US{YR#Z�~�k��Fo℄0�{
_��,3>~�US�
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f ∗

1 f ∗
2 f ∗

1 f ∗
2 f ∗

1 f ∗
2

X1 −0.278 −0.934 −0.299 −0.913 −0.297 −0.911

X2 −0.380 −0.891 −0.399 −0.869 −0.388 −0.880

X3 −0.547 −0.770 −0.561 −0.736 −0.548 −0.740

X4 −0.715 −0.624 −0.711 −0.610 −0.695 −0.617

X5 −0.816 −0.521 −0.812 −0.516 −0.803 −0.524

X6 −0.904 −0.385 −0.906 −0.377 −0.904 −0.387

X7 −0.905 −0.393 −0.912 −0.382 −0.910 −0.393

X8 −0.937 −0.257 −0.913 −0.265 −0.916 −0.272�' 4.211 3.289 4.215 3.127 4.152 3.186�'= 0.526 0.411 0.527 0.391 0.519 0.398	s�'= 0.526 0.938 0.527 0.918 0.519 0.917Q� 0.762 0.648 0.771 0.637 0.851 0.525US −0.648 0.762 −0.637 0.771 −0.525 0.8519# factanal() Q�w�,B[!�R#��~�Æ�y
factanal(x, factors, data = NULL, covmat = NULL, n.obs = NA,

subset, na.action, start = NULL,

scores = c("none", "regression", "Bartlett"),

rotation = "varimax", control = NULL, ...)�o x	#Z,���mK	�#Z (O�f1�G�O) �p,US�mK	#Z|� factors 	~�,�#� data 	#Z|�! x ���F��{y~��
covmat 	f1,<
_USmf1,+'US��yJ6�O>� x. scoresC�~�*k,
[� scores="regression", C��d-
[�8~�*k�!R#y scores="Bartlett", C�� Bartlett 
[�8~�*k ([Qwz��75), >q`y "none"", |J�8~�*k� rotation C�Q��>q`y
_��Q��! rotation="none" y�J�Q�>a�� 9.11 = m = 2, P factanal() ���RB 9.7 E>s����Ow%�
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> fa<-factanal(factors=2, covmat=R); fa

Call:

factanal(factors = 2, covmat = R)

Uniquenesses:

X1 X2 X3 X4 X5 X6 X7 X8

0.081 0.075 0.152 0.135 0.082 0.033 0.018 0.087

Loadings:

Factor1 Factor2

X1 0.291 0.913

X2 0.382 0.883

X3 0.543 0.744

X4 0.691 0.622

X5 0.799 0.529

X6 0.901 0.393

X7 0.907 0.399

X8 0.914 0.278

Factor1 Factor2

SS loadings 4.112 3.225

Proportion Var 0.514 0.403

Cumulative Var 0.514 0.917

The degrees of freedom for the model is 13 and the fit was 0.33186_�B�o� call C�;�9#,
[� uniquenesses 	K�
_�| σ2
i ,`� loadings 	~�3>US��o Factor1 Factor2 	~��

X1 X2 ... X8 	R�,>�� SS loadings 	��~� fj R>� X1, X2,

· · ·, Xp ,�
_�'�| g2
j =

p∑
i=1

a2
ij. Proportion Var 	
_�'=�|

g2
j /

p∑
i=1

Var(Xi). Cumulative Var 		s
_�'=�| j∑
k=1

g2
k/

p∑
i=1

Var(Xi).6�872o�~� f1 M~�>� (X6, X7, X8) ,3>~�0C� 1, M:>�f{,	f��~�om f1 	k�~��V~� f2 o#~�>� (X1, X2)



540 (�� KPEb\g (II)0C 1, f{,	M��~�om f2 	5K~��� 9.12 xU 48 |K �K �}�$��Y�}�U��K �$ 15 ��^�\�)�^\#\80e(W�B 3.17. �PE>\g$OLC 15 ��^JE>\g�uE>\g$ = 5 uE>�`�H#Z (�� 3.17 Y�#Z6#Z� applicant.data o), 4;�9# factanal() BG~�k��
> rt<-read.table("applicant.data")

> factanal(~., factors=5, data=rt)

Call:

factanal(x = ~., factors = 5, data = rt)

Uniquenesses:

FL APP AA LA SC LC HON SMS EXP DRV

0.439 0.597 0.509 0.197 0.118 0.005 0.292 0.140 0.365 0.223

AMB GSP POT KJ SUIT

0.098 0.119 0.084 0.005 0.267

Loadings:

Factor1 Factor2 Factor3 Factor4 Factor5

FL 0.127 0.722 0.102 -0.117

APP 0.451 0.134 0.270 0.206 0.258

AA 0.129 0.686

LA 0.222 0.246 0.827

SC 0.917 0.167

LC 0.851 0.125 0.279 -0.420

HON 0.228 -0.220 0.777

SMS 0.880 0.266 0.111

EXP 0.773 0.171

DRV 0.754 0.393 0.199 0.114

AMB 0.909 0.187 0.112 0.165

GSP 0.783 0.295 0.354 0.148 -0.181

POT 0.717 0.362 0.446 0.267

KJ 0.418 0.399 0.563 -0.585
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SUIT 0.351 0.764 0.148

Factor1 Factor2 Factor3 Factor4 Factor5

SS loadings 5.490 2.507 2.188 1.028 0.331

Proportion Var 0.366 0.167 0.146 0.069 0.022

Cumulative Var 0.366 0.533 0.679 0.748 0.770

Test of the hypothesis that 5 factors are sufficient.

The chi square statistic is 60.97 on 40 degrees of freedom.

The p-value is 0.01794lG	H#Z�*&, rt 	#Z|Æ��4XG�~�k�� ~. C�=M>��6*&,72o���~�`�3.!℄,|�wz�4l��~�o��#`R`�,>�{h	� SC(
BA), LC(C℄�),

SMS(h5q�), DRV(��%�), AMB(�jA), GSP(
8q�), POT($6q�), M:{hC&5\Km6q��4X��~��#`R`�,>�{h	�FL(5\B,F�), EXP(Id),

SUIT(
�H), M:{h℄	!5\K,Id�4U��#`R`�,>�{h	� LA(IE�^), HON(u|), B{h℄	!5\KOpIE�^�4+����~��#`R`.7�M(℄M����~�+R�hl:�4+��~�+R.�,>�	� AA(�jq�), KJ(*�q�), B{h℄	!5\K,�jq��4���~�+R.�,>�	� APP(mK), LC(C℄�),B{h℄	5\K,mK�
9.2.6 o3e
�>y
�q<
!NAÆf1<
_US S m+'US R �*&��~��~�3>�F�{+�,|�,J�!�Q*&��~��~�3>M�S�!℄3�j℄Ol�f1�NR�� 9.12, 6*&����~�M��!j℄
48 _�ÆK6��~�,*k1��Mfot<��*ÆoVR�
B1�*Lh,E%�!�~�*k,
[��r�l	�<�7Xs[�X	d-
[�

1. PN:G�M�



542 4QC ��T#k� (II)h X E�~�aE (Jdh µ = 0),

X = AF + ε.Æ?~�3>US A �K�~�
_US D qY�j:�<�7Xs9#
ϕ(F ) = (X − AF )T D−1 (X − AF ) .5 F ,!�` F̂ , ~* ϕ(F̂ ) = min ϕ(F ). �w`,6hW *&

F̂ =
(
AT D−1A

)−1
AT D−1X, (9.51)MS	~�*k,�<�7Xs!��N2Æ? X ∼ Np(AF, D), ;�� (9.51) *&, F̂ i	R F ,w�,B!���
[my Bartlett ~�*k�6|��Po�� (9.51) o, A � D �!�` Â � D̂ �R� X �f1

X(i) ��R��y�*&~�*k F(i).

2. >+�6~�aEo�iot℄3��%~�C�p>�,*H�B�|
fi = βi1X1 + βi2X2 + · · ·+ βipXp, i = 1, 2, · · · , m (9.52)��8~�*k�m� (9.52) y~�*k9#�>pUSF�

F = BX, (9.53)�o F = (f1, f2, · · · , fm)T , B = (βij)m×p.�X�d-,
[�8� (9.53) o B ,!�`�Æh>� X qA�[���~� F iqA�[�FÆh��~� F �>� X E�d-
t
fj = bj1X1 + bj2X2 + · · ·+ bjpXp + εj, j = 1, 2, · · · , m. (9.54)�~�3>US A = (aij)p×n ,wz��

aij = Cov(Xi, fj) = Cov(Xi, bj1X1 + bj2X2 + · · ·+ bjpXp + εj)

= bj1ri1 + bj2ri2 + · · ·+ bjprip,

=

p∑

k=1

rikbjk, i = 1, 2, · · · , p, j = 1, 2, · · · , m, (9.55)
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A = RBT , (9.56)�o R = (rij)p×p y+'US� B = (bij)m×p. ~���
B = AT R−1 (9.57)�y B ,!�`��O� (9.53) *&

F̂ = AT R−1X. (9.58)� (9.58) 	~�*k,�8��������	�d-
t*&,�~�myd-[��
[	 Thompson (1939) O{�,�imy Thompson 
[�&g#y
��8~�*k,�r!�
[&1hl�<`N�?��~�� R Q o�~�k�,9# factanal() ℄y�{!�r
[�!R#
scores="regression" y�Q�,d-[�!R#y scores="Bartlett" y�Q�,	�<�7Xs[�� 9.13 R#B 9.12 $ 48 |K �$E>#\�`�
> rt<-read.table("applicant.data")

> fa<-factanal(~., factors=5, data=rt, scores="regression")M�Q�,	d-[� fa$scores %�{ 48 _�ÆK6 5 ���~�,*k1� (>). y℄(���X{ 48 ~�ÆK64l�4X��~��,V6e�
> plot(fa$scores[, 1:2], type="n")

> text(fa$scores[,1], fa$scores[,2])�eFNe 9.4 ��� �#Xk�oY�4l��~�{hC&5\Km6q��4X��~�{hC&5\K,Id��*otR:�K*kF3.
,�ÆK�N 39 � 40 � 7 � 8 � 9 � 2 =�ÆK�N	sm6q��;R94l��~�*k.�,�ÆK�N	sId�;otj:4X��~�*k.�,�ÆK��*iot�Z1��X{4X�4U��~�*k,V6e�mR:
Bartlett 
[�8~�*k�
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e 9.4: 48 ~�ÆK64l�4X��~��,V6e
9.3 nMA'Æ27E+'k� (canonical correlation analysis) 	��k���:r>�[�,+'HtK,lr_�
[�Bq �92/���:r>�[�,+T*Hn�'��Ml
[	� Hotelling (nK&� 1935) � O{�,�6|��Po�Ie�&h^PlMk>��.lMk>�[�,+T'���N�6�g�j℄$",{hbA (X1, X2, · · · , Xp) �a
,{hbA

(Y1, Y2, · · · , Yp); 6I�To�^P{hM{
,�Æ�5�[�,'��62lTo�y^P_xFp,p~'��j℄_x,[Tpk��uu_[Tpk,+'H�6- To�j℄^PoOTj�pu�1m2Nl:{hstpu,+'H�..�l 2�Æh���:r>� X1, X2, · · · , Xp � Y1, Y2, · · · , Yq,^PBQ,+''��! p = q = 1y�S	[e��>� X � Y ,+''��! p > 1, q > 1y�Q��,�{pkk�,
[�H{4l�>�,*H�B U �4X�>



9.3 7E+'k� 545�,*H�B V , |
U = a1X1 + a2X2 + · · ·+ apXp,

V = b1Y1 + b2Y2 + · · ·+ bqYq,�	%^P��>�,+'H�P�[p^P��>�,+'H�P�F*ot
!2;U+�,�# a, b, ~*>� U � V ,+'H�&���mMr+'y7E+'�q�Mr$;,k�
[my7E+'k��
9.3.1 7�mL�&

1. mL�&frmh X = (X1, X2, · · · , Xp)
T , Y = (Y1, Y2, · · · , Yq)

T y:r3��� X � Y ,*H�B aT X � bT Y [�,+'�^P X � Y [�,+'�F�rH& a �
b, ~ ρ(aT X, bT Y ) ����+'�#,?z�

ρ(aT X, bT Y ) =
Cov(aT X, bT Y )√

Var(aT X)
√

Var(bT Y )
. (9.59)RFw, α, β � c, d, �

ρ
(
α(aT X) + β, c(bT Y ) + d

)
= ρ

(
aT X, bT Y

)
. (9.60)� (9.60) (℄~*+'�#��, aT X � bT Y FJwl�~��6�B>�y�o)?

Var(aT X) = 1, Var(bT Y ) = 1.h X = (X1, X2, · · · , Xp)
T , Y = (Y1, Y2, · · · , Yq)

T , p + q z:r3� (
X

Y

),a`y 0, <
_S Σ > 0. R�6 a1 = (a11, a12, · · ·, a1p)
T � b1 = (b11, b12,

· · ·, b1q)
T ~* ρ(aT

1 X, bT
1 Y ) 	+!�P

max ρ(αT X, βT Y ), (9.61)

s.t. Var(αT X) = 1, (9.62)

Var(βTY ) = 1. (9.63)



546 4QC ��T#k� (II)gA9#,��`�;m U1 = aT
1 X, V1 = bT

1 Y y X, Y ,4lR (�) 7E>� (canonical variates), mBQ[�,+'�# ρ(U1, V1) y4l7E+'�#
(canonical correlation).N2�6 ak = (ak1, ak2, · · · , akp)

T � bk = (bk1, bk2, · · · , bkq)
T ~*

(1) aT
k X, bT

k Y �#X, k − 1 R7E>�FJ+'�
(2) Var(aT

k X) = 1, Var(bT
k Y ) = 1;

(3) aT
k X � bT

k Y +'�#���;m Uk = aT
k X, Vk = bT

k Y y X, Y ,4 k R (�) 7E>��mBQ[�,+'�# ρ(Uk, Vk) y4 k (k = 2, 3, · · · , min{p, q}) 7E+'�#�
2. mL4�6mL�&5~fL�/ Z =

(
X

Y

)
, ;�
E(Z) = 0, Var(Z) = Σ =

[
Σ11 Σ12

Σ21 Σ22

]
,/ U = aT X, V = bT Y , ~��584lR7E>��7E+'�#,+!�[�P (9.61)–(9.63) S.�y

max ρ(U, V ) = αT Σ12β, (9.64)

s.t. αTΣ11α = 1, (9.65)

βTΣ22β = 1. (9.66)M	l�7E,+!��P�M�Q�+!�P,l26hW BG58��9+!�P (9.64)–(9.66) , Lagrange 9#
L(α, β, λ) = αTΣ12β − λ1

2

(
αT Σ11α − 1

)
− λ2

2

(
βT Σ22β − 1

)
,�o λ = (λ1, λ2)

T y Lagrange s���+!�P (9.64)–(9.66) ,l26hW 
∂L

∂α
= 0,

∂L

∂β
= 0, αTΣ11α = 1, βT Σ22β = 1.
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t
Σ12β − λ1Σ11α = 0, (9.67)

Σ21α − λ2Σ22β = 0, (9.68)

αT Σ11α = 1, (9.69)

βT Σ22β = 1. (9.70)�X58�
t�6� (9.67) _�s αT , � (9.68) _�s βT , 4���
(9.69) �� (9.70), *& λ1 = λ2 = λ.�� Σ > 0, �t Σ−1

11 , Σ−1
22 �6�U
� (9.67) �� (9.68) *&

λα = Σ−1
11 Σ12β, λβ = Σ−1

22 Σ21α, (9.71)�t�
λ2α = Σ−1

11 Σ12Σ
−1
22 Σ21α = M1α, λ2β = Σ−1

22 Σ21Σ
−1
11 Σ12β = M2β, (9.72)�o M1 = Σ−1

11 Σ12Σ
−1
22 Σ21, M2 = Σ−1

22 Σ21Σ
−1
11 Σ12.~�� λ2 	US M1 m M2 ,KT` (�w� M1 � M2 �+℄,KT`),

α 	 M1 KT` λ2 R�,KT3�� β 	 M2 KT` λ2 R�,KT3����
αTΣ12β = λαT Σ11α = λβT Σ11β = λ,~���[�P (9.64)–(9.66) ,8 a1, b1 	5 M1 m M2 ��KT` λ2

1 �+�,E� ∥∥∥Σ1/2
11 α

∥∥∥ = 1,
∥∥∥Σ1/2

22 β
∥∥∥ = 1,KT3� α � β.�X�{�83t�

(1) / M1 = Σ−1
11 Σ12Σ

−1
22 Σ21;

(2) �8 M1 ,��KT` λ2
1 �+�,KT3� α1, /

β1 = Σ−1
22 Σ21α1, a1 = α1

/√
αT

1 Σ11α1, b1 = β1

/√
βT

1 Σ22β1,; λ1 =
√

λ2
1 y4lR7E+'�#�U1 = aT

1 X, V1 = bT
1 Y y4lR7E>��



548 4QC ��T#k� (II)R�4 k R7E+'>�,58
[�,�4 1 R7E+'>��584
k ���KT`�+�,KT3��>;h%3t�dL%_X,4XL�y�

(2′) �8 M1 ,4 k �KT` λ2
k �+�,KT3� αk, /

βk = Σ−1
22 Σ21αk, ak = αk

/√
αT

k Σ11αk, bk = βk

/√
βT

k Σ22βk,; λk =
√

λ2
k y4 k R7E+'�#� Uk = aT

k X, Vk = bT
k Y y4 k R7E>��

9.3.2 d1mL�&h�Q Z = (X1, X2, · · · , Xp, Y1, Y2, · · · , Yq)
T , 6|�o��Q,a`3�

E(Z) = µ �<
_US Cov(Z) = Σ [e	|Y,�~V�[5*�Q,7E>��7E+'�#�~�Lh�Zf1R Σ BG!��qY�Q Z , n �(Y#Z
Z(i) =

(
X(i)

Y(i)

)

(p+q)×1

, i = 1, 2, · · · , n,�	f1
"y



x11 x12 · · · x1p y11 y12 · · · y1q

x21 x22 · · · x2p y21 y22 · · · y2q
...

...
...

...
...

...

xn1 xn2 · · · xnp yn1 yn2 · · · ynq


 .Æh Z ∼ Np+q(µ, Σ), ;<
_US Σ ,w�,B!�y

Σ̂ =
1

n

n∑

i=1

(
Z − Z

) (
Z − Z

)T
,�o Z = 1

n

n∑
i=1

Z(i), mUS Σ̂ yf1<
_S�~��'�f17E>�,�8�dLh%US M1 m M2 o, Σ11, Σ12,

Σ21, Σ22 ap Σ̂11, Σ̂12, Σ̂21, Σ̂22 |o�~��83ty�
(1) / M1 = Σ̂−1

11 Σ̂12Σ̂
−1
22 Σ̂21;
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(2) �8 M1 ,=MKT` λ2
1 ≥ λ2

2 ≥ · · · ≥ λ2
m, �o m = min(p, q), �+�,KT3� αk, k = 1, 2, · · · , m, /

βk = Σ−1
22 Σ21αk, ak = αk

/√
αT

k Σ̂11αk, bk = βk

/√
βT

k Σ̂22βk,; λk =
√

λ2
k y4 k Rf17E+'�#� Uk = aT

k X, Vk = bT
k Y y4 k Rf17E>��

9.3.3 mL�&
1fL�
R Q O�!7E+'k�,�8���8F�y

cancor(x, y, xcenter = TRUE, ycenter = TRUE)�o x, y 	+�,#ZUS� xcenter, ycenter 	Ax>�� TRUE 	%#ZoA[� FLASE 	JoA[ (>q`	 TRUE).� 9.14 ��
�:iC 20 |$ÆHsJMWuk>�^�9) (X1) �0T
(X2) �he (X3) �Wu&G�^�H9�
 (Y1) �+��� (Y2) �<m��
(Y3). )��Ou_ 9.6 $��C�E��|�*�|�\g�6 9.6: t�p�>B�fe��56℄	�5�� X1 X2 X3 Y1 Y2 Y3 �� X1 X2 X3 Y1 Y2 Y3

1 191 36 50 5 162 60 11 189 37 52 2 110 60

2 193 38 58 12 101 101 12 162 35 62 12 105 37

3 189 35 46 13 155 58 13 182 36 56 4 101 42

4 211 38 56 8 101 38 14 167 34 60 6 125 40

5 176 31 74 15 200 40 15 154 33 56 17 251 250

6 169 34 50 17 120 38 16 166 33 52 13 210 115

7 154 34 64 14 215 105 17 247 46 50 1 50 50

8 193 36 46 6 70 31 18 202 37 62 12 210 120

9 176 37 54 4 60 25 19 157 32 52 11 230 80

10 156 33 54 15 225 73 20 138 33 68 2 110 43



550 (�� KPEb\g (II)`��#Z|,F��O#Z�y6|#Z#�},�0� %#ZA�[�4;�9# cancor() BG�8 (tO_� exam0914.R)

test<-data.frame(

X1=c(191, 193, 189, 211, 176, 169, 154, 193, 176, 156,

189, 162, 182, 167, 154, 166, 247, 202, 157, 138),

X2=c(36, 38, 35, 38, 31, 34, 34, 36, 37, 33,

37, 35, 36, 34, 33, 33, 46, 37, 32, 33),

X3=c(50, 58, 46, 56, 74, 50, 64, 46, 54, 54,

52, 62, 56, 60, 56, 52, 50, 62, 52, 68),

Y1=c( 5, 12, 13, 8, 15, 17, 14, 6, 4, 15,

2, 12, 4, 6, 17, 13, 1, 12, 11, 2),

Y2=c(162, 101, 155, 101, 200, 120, 215, 70, 60, 225,

110, 105, 101, 125, 251, 210, 50, 210, 230, 110),

Y3=c(60, 101, 58, 38, 40, 38, 105, 31, 25, 73,

60, 37, 42, 40, 250, 115, 50, 120, 80, 43)

)

test<-scale(test)

ca<-cancor(test[,1:3],test[,4:6])�872y
> ca

$cor

[1] 0.79560815 0.20055604 0.07257029

$xcoef

[,1] [,2] [,3]

X1 -0.17788841 -0.43230348 -0.04381432

X2 0.36232695 0.27085764 0.11608883

X3 -0.01356309 -0.05301954 0.24106633

$ycoef

[,1] [,2] [,3]

Y1 -0.0801801 -0.08615561 -0.29745900

Y2 -0.2418067 0.02833066 0.28373986
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Y3 0.1643596 0.24367781 -0.09608099

$xcenter

X1 X2 X3

2.331468e-16 4.385381e-16 -2.220446e-16

$ycenter

Y1 Y2 Y3

1.443290e-16 -1.776357e-16 2.775558e-17�o cor 	7E+'�#� xcoef 	R��#Z X ,�#�imy'�#Z X,7E3> (canonical loadings), |f17E>� U �#US A,�h� ycoef	R��#Z Y ,�#�imy'�#Z Y ,7E3>�|f17E>� V�#US B ,�h� $xcenter 	#Z X ,oA�|#Z X ,f1a` X.

$ycenter 	#Z Y ,oA�|#Z Y ,f1a` Y . ��#Zq�!A�[�
�~�M��8{,f1a`y 0.R�hy℄�M#Z���872+R�,#Twz	




U1 = −0.178X∗
1 + 0.362X∗

2 − 0136X∗
3 ,

U2 = −0.432X∗
1 + 0.271X∗

2 − 0.0530X∗
3 ,

U3 = −0.0438X∗
1 + 0.116X∗

2 + 0.241X∗
3 ,

(9.73)





V1 = −0.0802Y ∗
1 − 0.242Y ∗

2 + 0.164Y ∗
3 ,

V2 = −0.08615Y ∗
1 + 0.0283Y ∗

2 + 0.244Y ∗
3 ,

V3 = −0.297Y ∗
1 + 0.284Y ∗

2 − 0.0961Y ∗
3 ,

(9.74)�o X∗
i , Y ∗

i , i = 1, 2, 3 	A�[M,#Z�+�,+'�#y
ρ(U1, V1) = 0.796, ρ(U2, V2) = 0.201, ρ(U3, V3) = 0.0726.�� (9.60) oY�� (9.73) �� (9.74) ,�#FJwl�	BQ,Fw-ao��X�8f1#Z67E>��,*k��� U = AX, V = BY , �t*k, R tOy

U<-as.matrix(test[, 1:3])%*% ca$xcoef

V<-as.matrix(test[, 4:6])%*% ca$ycoef
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plot(U[,1], V[,1], xlab="U1", ylab="V1")

plot(U[,3], V[,3], xlab="U3", ylab="V3")�eFNe 9.5 �e 9.6 ���
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−0
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−0
.2
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0

0.
2

0.
4

U1

V
1

e 9.5: 4l7E>�y�A,V6e

−0.4 −0.2 0.0 0.2 0.4
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e 9.6: 4U7E>�y�A,V6e



9.3 7E+'k� 553(℄M�De�sgY&�e 9.5 o,6q1_6lW℄*|C�Ve 9.6o,6�q1_kKEV�M	yzLo��|_�e 9.5 X,	4l7E>�,V6e��+'�#y 0.796, 0C� 1, �t6l℄*|C�Ve 9.6 X,	4U7E>�,V6e��+'�#y 0.0726, 0C� 0, �tEkV�
9.3.4 mL�&5~f9-PSb�+'k�,g,��#X,{pkk��~�k��,�F	��)z,
[��
#Z�M�℄f�6	l��P�S	R:TaR7E>��hd�Ml�P�SLh�7E+'�#,%|H�d�RHy7E+'�# ρk = 0,;SJ6j:4 k R7E>��

1. O>7�mL�&5~q&�fSbh (
X

Y

)
∼ Np+q(µ, Σ), Σ > 0, S yf1,<
_US� n yf1�#�*

n > p + q.j:Æh�d�P�
H0 : ρ1 = ρ2 = · · · = ρm = 0, H1 : fal� ρi Jy 0, (9.75)�o m = min{p, q}.R�d0� H0, ;HyI���>�[�,+'HN�wz�R�dX`

H0, ;Hy4lR7E>�	%|,��|_�� (9.75) .��Æh�d�P
H0 : Σ12 = 0, H1 : Σ12 6= 0. (9.76)! H0 p��C℄ X � Y TJ+'�,B3�d_��y

Λ1 =

m∏

i=1

(
1 − r2

i

)
(9.77)R�xk�, n, ! H0 p�y�_��

Q1 = −
[
n − 1

2
(p + q + 3)

]
ln Λ1 (9.78)C,tÆ
�Ky pq , χ2 kK�6�?,%|H%� α ��R Q1 ≥ χ2

α(pq),;X`$Æh H0, Hy7E>� U1 � V1 [�+'H%|�p;Hy4l7E+'�#J%|�6Mr1���SN�6h�7E+'k�!�
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2. >
7�mL�&5~q&�fSbÆh# k �7E+'�#	%|,�&h�d4 k +1 �7E+'�#	p%|�;�N��d�
H0 : ρk+1 = ρk+2 = · · · = ρm = 0, H1 : fal� ρi Jy 0. (9.79)��d_��y

Λk+1 =
m∏

i=k+1

(
1 − r2

i

)
(9.80)R�xk�, n, ! H0 yOy�_��

Qk+1 = −
[
n − k − 1

2
(p + q + 3) +

k∑

i=1

r−2
i

]
ln Λk+1 (9.81)C,tÆ
�Ky (p − k)(q − k) , χ2 kK�6�?,%|H%� α ��R

Qk+1 ≥ χ2
α((p− k)(q − k)), ;X`$Æh H0, Hy4 k +1 �7E+'�# ρk+1	%|,�p;H7E+'�#J%|�iL7E>�d9& k y
�

3. �&5~Sbf R NS�I#X<
�
[:>{+�, R tO (tO_� corcoef.test.R)

corcoef.test<-function(r, n, p, q, alpha=0.1){

m<-length(r); Q<-rep(0, m); lambda <- 1

for (k in m:1){

lambda<-lambda*(1-r[k]^2);

Q[k]<- -log(lambda)

}

s<-0; i<-m

for (k in 1:m){

Q[k]<- (n-k+1-1/2*(p+q+3)+s)*Q[k]

chi<-1-pchisq(Q[k], (p-k+1)*(q-k+1))

if (chi>alpha){

i<-k-1; break

}

s<-s+1/r[k]^2
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}

i

}tO,�O`	+'�# r, f1�# n, ��:r3�,z# p � q, t{hB%� α(>q`y 0.1). tO,�{`	7E>�,R#�� 9.15 (P� 9.14) CB 9.14 $*�|�o�J_,�`����8���:>, R 9# corcoef.test() ��d�
> source("corcoef.test.R")

> corcoef.test(r=ca$cor, n=20, p=3, q=3)

[1] 1dL4lR7E>��Æe 9.6, �Qiotg&�V6eEkV��[�{+'B��℄f�X4X7E>�,V6e��eFiEkV�~���Qd��4l7E>�k��P��&)z,g,�4�j
9.1 P.�\OL14��z5.9s��_ 9.7 ~��z5ipqWu�5�\`~3v (1) �+D (2) �m2 (3) �1! (4) �F
 (5) �ij (6) �Zz

(7) �s� (8) �R� (9) �^J (10) ��r (11) �v� (12) �\p��P�
(13), Eu�^�\`~ÆW�3=x�� X1
Pb���zH� X2
H��z5Bx� X3
Pb��Ae87kxa X4
b / HÆ��Jb�3
�txx� X5
b��=vA�a X6
 % ��^;DN�ZJ X7
D��
gAP��
X8
Pb / D�$���

(1) �P.�\\gOLB3 8 u�^$Qu.�\�dC.�\|�t��
(2) AP.�\#\C 13 u�5|����\<�

9.2 C�';$�<�Z�$��J Y |�.u�+\rw�u℄JU��X1
z"���P�X2 e<�Z�!�\s���X3 g<e�Z�OUJ�X4)*�Z�!�\s����v=NO_ 9.8 )z� �AP.�\;�OLiC��J Y \�u℄J X1, X2, X3 � X4 $;�O��
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X1 X2 X3 X4 X5 X6 X7 X8

1 90342 52455 101091 19272 82.0 16.1 197435 0.172

2 4903 1973 2035 10313 34.2 7.1 592077 0.003

3 6735 21139 3767 1780 36.1 8.2 726396 0.003

4 49454 36241 81557 22504 98.1 25.9 348226 0.985

5 139190 203505 215898 10609 93.2 12.6 139572 0.628

6 12215 16219 10351 6382 62.5 8.7 145818 0.066

7 2372 6572 8103 12329 184.4 22.2 20921 0.152

8 11062 23078 54935 23804 370.4 41.0 65486 0.263

9 17111 23907 52108 21796 221.5 21.5 63806 0.276

10 1206 3930 6126 15586 330.4 29.5 1840 0.437

11 2150 5704 6200 10870 184.2 12.0 8913 0.274

12 5251 6155 10383 16875 146.4 27.5 78796 0.151

13 14341 13203 19396 14691 94.6 17.8 6354 1.5746 9.8: +�F�=Eyf�p~n
X1 X2 X3 X4 Y

1 82.9 92 17.1 94 8.4

2 88.0 93 21.3 96 9.6

3 99.9 96 25.1 97 10.4

4 105.3 94 29.0 97 11.4

5 117.7 100 34.0 100 12.2

6 131.0 101 40.0 101 14.2

7 148.2 105 44.0 104 15.8

8 161.8 112 49.0 109 17.9

9 174.2 112 51.0 111 19.6

10 184.7 112 53.0 111 20.8
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9.3 C 305|�$!ksJEu9��^�|K$|���eB 8.7$$_ 8.5)z��PE>\g$OLC�Eu9��^|�\g���}�E>�dw�!>$t��
9.4 U�u!k$!m80�!�%F$�= 12 |!k$ 5 p&'���$�I�)��eB 3.18 $$_ 3.6, �PE>\g$OLC�'��|�\g�

(1) ��ap&�$}�E>�d|�!>$t��
(2) P;�OLB Bartlett OLR#/X$E>#\�/�E>#\$(8�(J}�E>$X)H�A���X)H3\g� 12 |!k$!m80�

9.5 _+�HC�/\WA.{
$�o�s#��! 40 | 8∼12 &h�HC�/ (io�9)��T) \WA.{
 (W?J��kA.�o\%G�A.J), ��O_ 9.9 )z��\gHC�/�^\WA.�^$|�o�B3*�℄J$C�� 6 9.9: ~�N�
�E!/�56HC�/ WA.{
� io 9) �T W?J �kA. o\%G�� (cm)X1 (kg)X2 (cm)X3 (L)Y1 J (L)Y2 A.J (L)Y3

1 140.6 43.7 77.9 2.67 7.00 108.0

2 135.7 39.5 63.9 2.08 6.98 91.7

3 140.2 48.0 75.0 2.62 6.17 101.8

4 152.1 52.3 88.1 2.89 10.42 112.5

5 132.2 36.7 62.4 2.14 7.47 97.5

6 147.1 45.2 78.9 2.86 9.25 92.4

7 147.5 47.4 76.2 3.14 8.78 95.4

8 130.6 38.4 61.8 2.03 5.31 77.2

9 154.9 48.2 87.2 2.91 10.69 80.8

10 142.4 42.6 74.1 2.33 11.15 76.7

11 136.5 38.4 69.6 1.98 7.77 49.9

12 162.0 58.7 95.6 3.29 3.35 58.0

13 148.9 42.4 80.6 2.74 10.11 82.4



558 (�� KPEb\g (II)6 9.9(V): ~�N�
�E!/�56HC�/ WA.{
� io 9) �T W?J �kA. o\%G�� (cm)X1 (kg)X2 (cm)X3 (L)Y1 J (L)Y2 A.J (L)Y3

14 136.3 33.1 68.3 2.44 7.82 76.5

15 159.5 49.1 87.7 2.98 11.77 88.1

16 165.9 55.7 93.5 3.17 13.14 110.3

17 134.5 41.6 61.9 2.25 8.75 75.1

18 152.5 53.4 83.2 2.96 6.60 71.5

19 138.2 35.5 66.1 2.13 6.62 105.4

20 144.2 42.0 76.2 2.52 5.59 82.0

21 128.1 37.3 57.0 1.92 5.81 92.7

22 127.5 32.0 57.9 2.02 6.42 78.2

23 140.7 44.7 73.7 2.64 8.00 89.1

24 150.4 49.7 82.4 2.87 9.09 61.8

25 151.5 48.5 81.3 2.71 10.20 98.9

26 151.3 47.2 84.3 2.92 6.16 83.7

27 150.2 48.1 85.8 2.79 9.50 84.0

28 139.4 33.6 67.0 2.27 8.92 71.0

29 150.8 45.6 84.9 2.86 12.03 125.4

30 140.6 46.7 67.9 2.67 7.00 108.0

31 135.7 47.5 57.9 2.38 6.98 91.7

32 140.2 48.0 71.0 2.62 6.17 101.8

33 152.1 50.3 88.1 2.89 10.42 112.5

34 132.2 43.7 62.4 2.14 7.47 97.5

35 147.1 41.2 78.9 2.66 9.25 92.4

36 147.5 45.4 76.2 2.75 8.78 95.4

37 130.6 38.4 65.8 2.13 5.31 77.2

38 154.9 48.2 91.2 2.91 10.69 80.8

39 142.4 42.6 83.1 2.63 11.15 76.7

40 136.5 40.4 69.6 2.01 7.77 49.9



kk� M�F)16��_,
[nt8_,�Po��E�lMkot��=_�aEBGY����M�aEnt�?�k��*J&8�72�mK�8�72����D�tf�[|&�.m�|<	�?HaE�i�oq*J&8�,72�6Mr1���otQ��8rar,
[�k��8_�P�1C<
�q1,�8rar
[����8rarTJok, Monte Carlo
[�
10.1 ��Æ2� Monte Carlo ��

10.1.1 ��
1�=k�	b��=,
[�k��I�:raE��X2gl����� 10.1 (�ki�P)8O�}� A ��Q B ���Ho:lQ B �
�}�*=Mt �}�
A � B �$q�r℄~a���U 30 \%�^;wU 2 \%$Æ/%F℄J��}�krb 13 )=� A ��ÆH�k 13:30 � B ���}=� A �$r$MfaO_ 10.1 )z�ÆH � B �$r$MfaO_ 10.2 )z�℄*
l
�}$fa~Ed�6 10.1: AJ�s A �flyI���}=�r$ 13:00 13:05 13:10fa 0.7 0.2 0.16 10.2: +S
X B �flyI��H �r$ 13:28 13:30 13:32 13:34fa 0.3 0.4 0.2 0.1`�� T1 ykiÆ A B{Y,yq� T2 ykiÆ A B&� B B1G,y��T3 y�E&� BB,yq�~��T1 , T2, T3a	:r>��* T2 ∼ N(30, 22),

T1, T3 ,kK<�C 10.3 �C 10.4 ���
559



560 (q� R#F~�6 10.3: T1 f
;�yq T1/ k 0 5 10�= p 0.7 0.2 0.1�o� 13 yyyq t = 0. 6 10.4: T3 f
;�yq T3/ k 28 30 32 34�= p 0.3 0.4 0.2 0.1�o� 13 yyyq t = 0.[3k�oY��Eq{y�_ki,xk6hW 	� T1 + T2 > T3. ��*&��E�_ki,�=y P{T1 +T2 > T3}. _�k�
[my�=k��`�NNTT,�=k��P�O&�=k�S6MO& Monte Carlo
RKdC�
[�~y Monte Carlo 
[	np�=k���8rar,sh�N�
10.1.2 Monte Carlo ��

Monte Carlo 
[��my Monte Carlo ar�m_��d
[m:rar.���arS	�dl&|,my4,�_,Mk�EmKT��.l��_
(myaE) ��Rmae�6aE_�|dmyar|d���9,aEyaraE�

Monte Carlo 	bj
1,�9|_In�4X��9�A���Von Neu-

man (o · {nF) � Ulam(��e) %AQÆ�,�^i$� �',ST���tIn Monte Carlo �yST�=,mN�AQ,[Q��	R$>
l,o�:r�VBGar�
Monte Carlo 
[,q1)/	%�r:r� ,�=KT
�=kK�#T�r��:r� ,ar�������d,
[�?� ,+��=�#T�r�~V� Monte Carlo 
[,d{K6	�=aE,8	��d*&,�VJ	�8{�,��m�arFAl�|�3t� Monte Carlo 
[FLh�&��,:r#��8�E��E��8	Joq,�dq6�8r_|&��Qo� Monte Carlo 
[|&64lC<
, Buffon eP�P�



10.1 �=k�� Monte Carlo 
[ 561� 10.2 (Buffon eP�P)ufad$�/|$ Buffon �	℄8	~PDR�,$OL:f*a π $*��_�xP~�$OL)x Buffon �	℄8�`��4lC,� 1.2 oY�P��G*+*,xk6hW 	
x ≤ l

2
sin θ.

Buffon ,aP�d6�8r_|&�Lh�t���Lx�
(1) ao:r#�� ao n �+TG�,:r>� θ, x ,yfO# θi, xi,

i = 1, 2, · · · , n, �o θi ∼ U(0, π), x ∼ U(0, a
2
).

(2) ar�d��dJ.�
xi ≤

l

2
sin θi (10.1)	pp��R� (10.1) p��C�4 i ��dp� (|P��G*+*). h n ��do� k �p��; π ,!`y

π̂ =
2ln

ak
, (10.2)�o a > l, ay! �?�%_�Lx:>p R artO (tO_� buffon.R)

buffon<-function(n, l=0.8, a=1){

k<-0

theta<-runif(n, 0, pi); x<-runif(n, 0, 1/2)

for (i in 1:n){

if (x[i]<= l/2*sin(theta[i]))

k<-k+1

}

2*l*n/(k*a)

};�q:<, R tO buffon.R, BGar�9 n = 100000, l = 0.8, a = 1.

> source("buffon.R")

> buffon(100000, l=0.8, a=1)

[1] 3.142986



562 (q� R#F~�
Buffon ,aP�d,ar3t9B����q1℄�! Monte Carlo 
[58|��P,q1Lx��QLh�#a�aE�B�ar|d�58+�3t�y!<�
8aE�B�M���=k�
[4I�5 π ,.lrar
[�� 10.3 Pfa\gOL|�~��R#f*a π $�R��`�j:tÆ (0, 1) 7�_a/kK,G�,:r>� X � Y , ~��Xz:r>� (X, Y ) ,�B�=TKy

f(x, y) =

{
1, 0 < x < 1, 0 < y < 1,

0, �B.; P
{
X2 + Y 2 ≤ 1

}
=

π

4
.j:9fy 1 ,V
F�tl�+ (6 O) y&A� 1 y#N, 1/4 &S�BM�6V
Fp.�=2ao n �:r6 (xi, yi), i = 1, 2, · · · , n, | xi � yi	 (0, 1) _a/kK,:r#�Ne 10.1 ��� h n �6o� k �6B6 1/4

6

-
1

1

O

(xi, yi)

x

y

e 10.1: � Monte Carlo 
[5 π ,!�`&p�|� k �6 (xi, yi) E� x2
i + y2

i ≤ 1. ;! n → ∞, �N�'��
(

k

n

)

n→∞

−→ 1/4&XsV
FXs ,

(
k

n

)

n→∞

−→ π

4
.~�� π ,!�`y

π̂ =
4k

n
.�X:>,artO (tO_� MC1.R)



10.1 �=k�� Monte Carlo 
[ 563

MC1 <- function(n){

k <- 0; x <- runif(n); y <- runif(n)

for (i in 1:n){

if (x[i]^2+y[i]^2 < 1)

k <- k+1

}

4*k/n

}�o runif() 	aoa/kK,:r#��~�
[y runif(n, a, b)ao7� n � (a, b) 7�_a/kK,:r#�R a, b `q>�;ao n � (0, 1) 7�_a/kK,:r#�;� MC1 9#�9 n = 100000, *&
> source("MC1.R"); MC1(100000)

[1] 3.14268_XI�,� Monte Carlo 
[5 π ,
[�1l_S	� Monte Carlo 
[5?sk ∫ 1

0

√
1 − x2dx. �X�{5?sk,l 
[�� 10.4 P Monte Carlo OL:3G\

I =

∫ b

a

g(x)dx. (10.3)`�e 10.2(a) ,��XsC�	?sk (10.3) ,`�y�[�P�%9#)i6�~V
F (0 ≤ x ≤ 1, 0 ≤ y ≤ 1)p�Ne 10.2(b)���dh9# g(x)

6

- x

y

c

a b

y = g(x)

-

6

y = f(x)

y

x
A = k

n
= ÎS = c(b − a) k

n

1

1

OO
(a) (b)e 10.2: � Monte Carlo 
[5?sk,�we



564 4wC �8rar67� [a, b] p�9�;ot
!R:�Aw,3�wK��ot*&e 10.2(b),F��&6dj:e 10.2(b) ,1���8?sk
I =

∫ 1

0

f(x)dx. (10.4)/ x, y y+TG�, (0, 1) 7�_a/:r#�6�~V
Fp:r,ae n �6 (xi, yi), i = 1, 2, · · · , n. R4 j �:r6 (xj , yj) B�8* f(x) �,7�p
(e 10.2(b) p���,7�), C℄4 j ��dp��M+��E��=aE

yj ≤ f(xj). (10.5)hp�,�6#� k ���,�d�#y n, ;�'�#?<��
lim

n→∞

k

n
= p,ÆV�

Î =
k

n
≈ p. (10.6)%B��= p |ye 10.2(b) ,Xs A. ÆV�:r6B67� A ,�= p  	�5sk,!` Î.�_���ot� Monte Carlo 
[8P,l 3t-jyt�U6�

(1) �9�P,�=aER:rHl,�P�No�������V1B.�{h	Y��ar1B,�=3t�#��=aEm�D��Ml�P�6MX,��o`%BlLI��R�?H�P�N�? π `��8?sk�;L%�P�[y:rH�P��Ne 10.2(a) �8�P9# g(x) 67� [a, b] ,?sk�;	6 c(b − a) ,�97npaoR�:r6�F�#E�J.� yj ≤ g(xj) ,6#�ÆV�p!�P,�=aE�
(2) ÆqY�=kKyfÆqY�=kKyf�|�_	aoqYkK,:r#O#�ÆV|&R:r� ,ar��N�h*&!` Î,'�6�ao f(x),yfO# f(x1), f(x2),

· · ·, f(xn), |ao[�TK9#y f(x) ,:rO#�



10.1 �=k�� Monte Carlo 
[ 565

(3) #��L,_��R58,�P���d,:r>� k/n �y�P8,!`�R k/n ,�r` <	�5�P,8�;�*72y�	!��Mr1�6 Monte Carlo 
[o�*�T�|�	!�m��yi�w�,B!��"C!�.�
10.1.3 Monte Carlo ��ffu
1

Monte Carlo 
[	t:r>�yf,_�!`;hO�=kK,�yfJ	�Q�M�S�l��_!�,sh�P� Monte Carlo 
[�q�&,HK����_u,�7�T+'��Q�rqt.a,�d�#
|./,j��*&.
,HK��XI�Ml�P�h�:r>� X, �yf`y x1, x2, · · ·, &�5��r` E(X), ot��r
[�
1. 
E!l��:ra6
[ (�� 10.3 �� 10.4), 	BG n ��d�! n xk�y�t:r>� k/n �y�r` E(X) ,C,!`�|

E(X) ≈ p = k/n.�o k 	 n ��dop�,�#�Rl�a6�d,p��=y p, Ft
Xi =

{
1, C℄�dp�,

0, C℄�du�,;l��dp�,a`�
_y
E(Xi) = 1 · p + 0 · (1 − p) = p,

Var(Xi) = 12 · p + 02 · (1 − p) − p2 = p(1 − p).RBG n ��d��o k ��dp��; k y[�R#y (n, p) ,X1kK��y�:r>� k ,!`y
p = k/n.



566 4wC �8rar%B�:r>� p ,a`�
_E�
E(p) = E

(
k

n

)
=

1

n
E(k) = p, Var(p) =

p(1 − p)

n
.~VA�_ S =

√
p(1 − p)/n. ! p = 0.5 y�A�_�&���&6I��!�d�# n 9T�y�J.� |p− p| < ε ,�=J7� 1−α,|

P{|p − p| < ε} = 1 − α. (10.7)MS	(�.� (10.7),hBKy α, �HKy ε. �N�R9 α = 0.05, ε = 0.01,;6 100 ��do�!` p �O` p [_��+� 95 �Jh3 1% ,�_��oAw)?
oY�! n → ∞y�(p−p)/S "C�A�VEkK N(0, 1),~��
P

{ |p − p|
S

< Zα/2

}
= 1 − α, (10.8)�o Zα/2 VEkK,_ α/2 k~6�3.� (10.7) �� (10.8), *&

ε = Zα/2S = Zα/2

√
p(1 − p)/n,Æ;�

n ≥ p(1 − p)

ε2
Z2

α/2. (10.9)� 10.3 	�:ra6[�!�&u= π, �X��8BLhTa��dOq�&HKh5�� 10.5 (�B 10.3) �^�Æ<U 5%, �<2:U 0.01 $80r�:B 10.3 )�$�,���`��PwY α = 0.05,~y π/4S	ar,�r`�*& p = π/4 = 0.785,

ε = 0.01/4. \CmI�8 (qnorm(1-0.05/2)) *& Zα/2 = 1.96, ~�
n =

⌊
p(1 − p)

ε2
Z2

α/2

⌋
=

⌊
0.785 × 0.215 × 1.962

(0.01/4)2

⌋
= 103739.�o ⌊·⌋ C�_9U�~��� 100000 �ar�*& π ,ar`�O|`� 95% ,oq�_6

1% tp�



10.1 �=k�� Monte Carlo 
[ 5676 10.5: !l��fubT~ (α = 0.05)

p ε = 0.05 ε = 0.01 ε = 0.005 ε = 0.001

0.1(0.9) 140 3500 14000 350000

0.2(0.8) 250 6200 25000 620000

0.3(0.7) 330 8100 33000 810000

0.4(0.6) 370 9300 37000 930000

0.5(0.5) 390 9600 39000 960000��� (10.9), o*&J℄HK ε �J℄�= p 1��:ra6
[,�d�#�NC 10.5 ���
2. >q����a`
[	� n ��d,�a`

x =
1

n
(x1 + x2 + · · · + xn) =

1

n

n∑

i=1

xi,�y X ,�r` E(X) ,C,!`�h� n �G�℄kK,:r>�O# x1, x2, · · · , xn, O�:r>�,a`y
µ, 
_y σ2, ;

x1 + x2 + · · ·+ xn − nµ

σ
√

n"C2tÆA�VEkK�iS	(�! n → ∞ y��
P

{∣∣∣∣
x1 + x2 + · · ·+ xn − nµ

σ
√

n

∣∣∣∣ ≤ Zα/2

}
−→ 1√

2π

∫ Zα/2

−Zα/2

exp
(
−x2/2

)
dx = 1 − α,mK

P
{
|x − µ| ≤ Zα/2

√
σ2/n

}
= 1 − α.℄f�Rh5 |x − µ| ≤ ε, ;

ε = Zα/2

√
σ2/n,ÆV�

n ≥ Z 2
α/2σ

2/ε2. (10.10)



568 4wC �8rar� (10.10) |y�a`
[6�? α � ε ��L,�d�#�6BG�8y�[eFJY'
_ σ2, l ��!�`�R�| � n0 ��d�*&
_ σ2 ,!�
S̀2 =

1

n0 − 1

n0∑

i=1

(xi − x)2.6*& S2 M�� S2 C,� (10.10) o, σ2, ;�a`
[,�d�#y
n ≥ Z 2

α/2S
2/ε2. (10.11)R n > n0, Lh�Hx�d�� 10.6 P!��L�Rf*a π, d�^�Æ<U 5%, �<2:U 0.01 $80r)�$�,���`��|_��8 π/4,1l_S	��=,
[�8sk ∫ 1

0

√
1 − x2dx. iS	(�:r>� X ∼ U [0, 1], / g(X) =

√
1 − X2, ��r`y

E[g(X)] =

∫ ∞

−∞

g(x)f(x)dx =

∫ 1

0

√
1 − x2dx =

π

4
,~��

π

4
= E[g(X)] ≈ 1

n

n∑

i=1

√
1 − x2

i , (10.12)�o xi 	 [0,1] 7�_a/kK,:r#��� (10.12) :> R tO (tO_� MC1_2.R)

MC1_2 <- function(n){

x <- runif(n)

4*sum(sqrt(1-x^2))/n

}� 10 o�ar�
> source("MC1_2.R"); MC1_2(100000)

[1] 3.141816



10.1 �=k�� Monte Carlo 
[ 569�X!��L,�d�#��� (10.10) oY��'�	5
_ σ2. �_�Y}*&
σ2 = E[g(X)2] − (E[g(X)])2 =

∫ 1

0

(1 − x2)dx −
(π

4

)2

=
2

3
−
(π

4

)2

= 0.04981641�y� α = 0.05, Zα/2 = 1.96, ε = 0.01/4, �t�
n =

⌊
Z2

α/2σ
2

ε2

⌋
=

⌊
1.962 × 0.04981641

(0.01/4)2

⌋
= 30620.o���&℄fHK,1�����a`[,:r�d�#d	:ra6[, 1/3. ÆM���otg{��a`[h��:ra6[�Æ� 10.6 ,�83t�ot*&��a`[�8l ?sk,
[�Nh�8?sk ∫ b

a
g(x)dx. / y = (x − a)/(b − a), ;� dy = dx/(b − a),

I =

∫ b

a

g(x)dx =

∫ 1

0

g(a + (b − a)y)(b − a)dy =

∫ 1

0

h(y)dy,�o h(y) = (b − a)g(a + (b − a)y).R Y ∼ U(0, 1), ;
E[h(Y )] =

∫ ∞

−∞

h(y)f(y)dy =

∫ 1

0

h(y)dy = I,�t�
I ≈ 1

n

n∑

i=1

h(yi) =
1

n

n∑

i=1

(b − a)g(a + (b − a)yi),�o yi 	 [0,1] 7�_a/kK,:r#��_I��o-jN��
(1) Monte Carlo 
[,!`HK ε ��d�# n ,�
�p℄3�| ε ∝

1/
√

n. RHK ε O
 10 -�;�d�# n Lh=� 100 -�Mw}	8P,y�hG 100 -�#��5KG	 Monte Carlo 
[,{h>6�
(2) � (10.9) �� (10.11) C℄�! ε l?y��d�# n 9_�
_,#`�| n ∝ S2. ~V)/
_	�5 Monte Carlo 
[��,{hfN�
(3) Monte Carlo 
[,HK!�[��=Hl�BFJqOaHKl?7� ε, Vd	C℄��8HKt0C� 1 ,�=Jh3 ε.



570 jj� L�E(0
10.2 ÆF�gGf6_l5<
, Monte Carlo 
[o�Lh�&:r#�6Ml5<
:r#ao,
[�:r#ao,
[�gokyU��4l�	���P,:r#C��l:qi.<,:r#Co�~��$;_ot�:r#C�O&�8ro~���t.~������8yeeLh��,:r#V�8r,~���)�~�Mr
[l JQ��4X�	�

�h|:r#Yo�ao:r#���p1D
�4U�	��P,#T
[��8r�8{�,�M:#l 	�l?,<5h�8{�,�~�BQJ	OV,:r#
my{:r#���*,##I3l?y�g{&u�H,sy��	�N2�8
[R* !�BQ	ot℄OV,:r#�C,,:rKT�B,���6	�85Kz���p�7�Fo��8r�ao��d��X�Q<
~re�,:r#ao,
[�

10.2.1 q�
;
E~fFe
1. M�~��tao (0, 1) a/kK:r#,5h��y

xi = λxi−1(mod M) i = 1, 2, · · · , (10.13)�o λ 	s~�
�ms��� M 	a#�!�?l�z�` x0 [M�Sot��� (10.13), �8{O# x1, x2, · · ·, xk, · · ·. 49
ri =

xi

M
, (10.14); ri S	a/kK,4 i �:r#��� xi 	|#y M ,0|#,�#��t� 0 ≤ xi ≤ M , ; 0 ≤ ri ≤ 1.~�O# {ri} 	 (0, 1) 7�_a/kK��� (10.13) �� (10.14) otg{�Ol� xi � ri fT� M �T|,`�~� xi � ri 	�u� L ,�| L ≤ M .~� {ri} J	OV,:r##��	�! L xk��;6l�u�p,#oqI�~G�H�a/H�d�VM:n=9_�R# x0 � λ � M ,R:�l:�'h��#R#�9 x0 = 1 mV�#� M = 2k, λ = 52q+1, �o k, q F



10.2 :r#,ao 571	VU#�� k ���; L ���R�8r~#y n, l 9 k ≤ n, q 	E�
52q+1 < 2n ,��U#�

2. �7�~�iB℄�[,5h��y
xi = (λxi + c)(mod M), i = 1, 2, · · · , (10.15)

ri =
xi

M
. (10.16)[3
!,R9R#ot�\{:r#,_�Hl��N�R c 9VU#�M =

2k, λ = 4q + 1, x0 9FwgzU#�oao:rH<�*���u� L = 2k ,O# {ri}.

10.2.2 q�
E~fSb��8[ao,:r#	{:r#�~�LhRao,{:r#BG_��d��X<
�re�,�d
[�
1. ?~SbR�Q X tÆ (0, 1) 7�_,a/kK�;

E(X) =
1

2
, Var(X) = E(X2) − [E(X)]2 =

1

12
,

E(X2) =
1

3
, Var(X2) = E(X4) −

[
E(X2)

]2
=

4

45
.R r1, r2, · · · , rn 	 n ��
�Q X ,G�,(Y`�/

r =
1

n

n∑

i=1

ri, r2 =
1

n

n∑

i=1

r2
i ,;BQ,a`�
_kDy

E (r) =
1

2
, Var (r) =

1

12n
, E

(
r2
)

=
1

3
, Var

(
r2
)

=
4

45n�oAw)?
�! n .�y_��
u1 =

r − E (r)√
Var (r)

=
√

12n

(
r − 1

2

)
, (10.17)

u2 =
r2 − E

(
r2
)

√
Var

(
r2
) =

1

2

√
45n

(
r̄ − 1

3

)
, (10.18)



572 4wC �8rar"C2tÆA�VEkK N(0, 1). !�?%|H%� α M�|o�ZVEkKC�?,'9`��O r̄ � X ,a` E(X) � r2 � X2 ,a` E(X2) ,_|	p%|�ÆV_?qp� r1, r2, · · · , rn gp�
�Qy7� (0, 1) _a/kK,:r# X , n �G�,9`��dy�l o9%|H%� α = 0.05, �y'9`y 1.96, |! |ui| > 1.96 y�Hy�%|_|�
2. q�PSb:r#,a/H�d�m�=�d�B���dId�=�
��=	p�%|H_|��7� [0, 1) kp k .k�t [

i − 1

k
,
i

k

)
(i = 1, 2, · · · , k) C�4 i ��7��N rs 	 [0,1) _a/kK,:r# X ,l�9`�;BB6O��7�,�=a�.�M:�7�,fK 1

k
, # n �6oB64 i ��7�_,�a#y mi = npi =

n

k
, h|�_ r1, r2, · · · , rn o��4 i ��7�,#gy ni, ;_��

χ2 =

k∑

i=1

(ni − mi)
2

mi
=

k

n

k∑

i=1

(
ni −

n

k

)2

, (10.19)"C2tÆ
�Ky k − 1 , χ2 kK�Z�BG%|H�d�[e9%|H%� α = 0.05, �
�Ky k − 1 , χ2 kKC\{'9` χ2
0.05(k − 1). N2

χ2 > χ2
0.05(k − 1), ;X`a/HÆh�

3. t�PSbG�H�d{h�d:r# r1, r2, · · · , rn o#M,_�+'H	p%|��QY'���:r>�,+'�#℄	!BQ[�,*H+'tK�R��:r>�+TG��;BQ,+'�#6y 0(℄[Jl?). ~��o�+'�#��d:r>�,G�H��?:r# r1, r2, · · · , rn, �8#M+\y k ,f1,+'�#
ρk =

(
1

n − k

n−k∑

i=1

riri+k − (r)2

)/
S2, k = 1, 2, · · · , (10.20)�o S2 =

1

n − 1

n∑

i=1

(ri − r)2.



10.2 :r#,ao 573RR��J℄, k `��d�O{$Æh H0k : ρk = 0. RÆhp��;! n − k xk�y�_�� ρk "C�A�VEkK N(0, 1). 6�?%|H%���RX`$Æh�;oHy r1, r2, · · · , rn �l?,*H+'H�;BQJ	+TG�,�:r#,_��d|_�Ur�dm�`��B,�d
[�`ot�&#XC5(3,R#mgR#�d
[�M�SJll<
!�
10.2.3 Tl
;
E~fFe

1. �ZL
E4�fJNh:r>� X [�kK< P{X = xi} = pi, i = 1, 2, · · ·. / p(0) = 0,

p(i) =
i∑

j=1

pj, i = 1, 2, · · ·, % {p(i)} �y7� (0, 1)_,k~6�h r 	7� (0, 1)_a/kK,:r>��!*A! p(i−1) < r ≤ p(i) y�/ X = xi, ;
P{p(i−1) < r ≤ p(i)} = P{X = xi} = p(i) − p(i−1) = pi, i = 1, 2, · · · .[Q,_G3t	�Oao (0, 1) 7�_,l�:r# r, R p(i−1) < r ≤ p(i), ;/ X = xi.� 10.7 xk�U\g`

X = xi 0 1 2

pi 0.3 0.3 0.4$=X�%F℄J X $%F��`�h r1, r2, · · · , rn 	 (0, 1) _a/kK,:r#�/
xi =






0, 0 < ri ≤ 0.3,

1, 0.3 < ri ≤ 0.6,

2, 0.6 < ri ≤ 1,; x1, x2, · · · , xn 	[� X ,kK<,:r#�� 10.8 xk Possion \g$%F�



574 jj� L�E(0`�Possion kK	�VEkK� Possion kK,kK<y
P{X = k} =

λke−λ

k!
, k = 0, 1, 2, · · · , (10.21)~��� (0, 1) 7�_a/kKao,:r# r, F�{R# λ `[M�o�

e−λ
k−1∑

j=0

λj

j!
< r ≤ e−λ

k∑

j=0

λj

j!
, k = 0, 1, 2, · · · , (10.22)�?{ k `�F/ X = k, ; X y[� Possion kK (10.21) ,:r#�

2. �VL
E4�fJNl 2(�R[��?kK,�PE:r>� X, ao�� (0, 1) 7�_a/kK,:r#�aokK,:r#��o�e�,
[	℄9#[�h�PE:r>� X ,�=TK9#y f(x), /
r =

∫ x

−∞

f(t)dt,; r y (0, 1) 7�_a/kK,:r>��!�{! (0, 1) 7�_,a/:r#
r1, r2, · · · y�o�Z
t

ri =

∫ xi

−∞

f(t)dt, i = 1, 2, · · · , (10.23)8{ x1, x2, · · ·. �y x1, x2, · · · o�y:r>� X ,:r#�� 10.9 xkn�U λ $��\g$%F��`���b#kK,�=TKy f(x) = λe−λx(x > 0), ��� (10.4) *&
ri =

∫ xi

0

λe−λtdt = 1 − e−λxi , i = 1, 2, · · · ,|
xi = −1

λ
ln(1 − ri), i = 1, 2, · · · .�� 1 − ri � ri ℄kK�#_�o�[y

xi = −1

λ
ln ri, i = 1, 2, · · · . (10.24)℄9#
[	lr�[,
[��	!℄9#nt5*y��
[Jp~��
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10.2.4 ��
;
E~fFeM�<
�raoVEkK:r#,
[�
1. H=e��h r1, r2, · · · , rn 	 (0, 1) 7�_ n �G�,a/kK,:r#��oAw)?
*&

x =

n∑
i=1

ri − n/2

√
n/12

(10.25)C,2tÆVEkK N(0, 1). y!'Wl?,HK�� (10.25) o, n �9*� ��l �+9 n = 10 ���y
<���o9 n = 12. �y� (10.25) ����,F�
x =

12∑

i=1

ri − 6. (10.26)! ri 	 (0, 1) _,:r#�; 1− ri i	 (0, 1) _,:r#�~�� (10.26)o�>y
x =

6∑

i=1

ri −
12∑

i=7

ri. (10.27)R:r# x tÆ N(0, 1) y�/
y = σx + µ, (10.28); y 	VE N(µ, σ2) ,:r#���ot*&FwR# µ, σ2 ,VEkK,:r#�

2. <54=�otW℄��N�'��! r1, r2 	��+TG�, (0, 1) 7�_a/kK,:r#y��>a
x1 =

√
−2 ln r1 cos(2πr2), x2 =

√
−2 ln r1 sin(2πr2). (10.29); x1, x2 	��G�,A�VEkK N(0, 1) ,:r#�4�� (10.28), ot*&FwR#,VEkK N(µ, σ2) ,��G�,:r#�
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10.2.5 w R WWeK
E~#X(!�rao:r#,
[�|�_��ETQ ot
Bop�rkK,:r#�&t R Q y��<
��8rQ op:r#,
[�6 R Q o#{!�rkK (�4 3 C,C 3.1), 6M:kK,9##� r,;C�	op�kK,:r#�N

(1) runif — aoa/kK,:r#�R#y n, a, b, �o n y:r#,�#� a, b y7� (a, b) L6`�! a, b q>y�y (0,1) 7�_,:r#�
(2) rnorm — aoVEkK,:r#�R#y n, µ, σ, �o n y:r#,�#� µ ya`� σ yA�_�! µ, σ q>y�yA�VEkK N(0, 1) ,:r#�
(3) rpois — ao Poisson kK,:r#�R#y n, λ, �o n y:r#,�#� λ y Poisson kK,R#�
R Q `otao�AkK,:r#�M�SJll#V!�

10.3 6 )1�_ar	^P�_,sh
[�R�l�7�y2,�_�h#�l�#TaE�Y�B	ge�n,�nf	�J&,�|~q�9{#TaE����7�y2�Q�8�,
[*&aE,8iFgv��mK�1*J&8�8��:�_�9B7�FJy2���pMr
�J℄�,�D,��_�~��[Q�8�,
[�k��P�R�M�,�_�Q�ar,
[Juylr58,<
[�
10.3.1 �V5�(0�E:	y��P>[,�_�my�P�_��QY'�8��8r,���E	�V[�#Æ[,�~��R�P�_,�8rardq	C,,�l*,	�_�E6l:�Vyf6_,#`�J3�dhMrC,�&l?,HK�iSotE�h5!��P�_ar,l 
[	� #��_,�PaE�BM�[y�VaEFR�aEBGar�&V�(℄�



10.3 oD~� 577� 10.10 (�z�P) uÆO� ABCD $�u2)vU8H�u�8r$��HBr�K?p v C��r	O�$r8uH�O�*q$O�x&O�C;�^�xG&kBe�8<{=!W$
) O. �:��'80rouH$�H�`�Ml�P,ar
[	�#��X℄+�A��ty��� ∆t BGQf�6Olyq t �8O�E6�lyq t + ∆t y,�A�Jdh
,�zR4	r�6y� t, 
,�Ay (x1, y1), r,�Ay (x2, y2), iL
6 t + ∆t y,�Ay (x1 + v∆t cos θ, y1 + v∆t sin θ), �o
cos θ =

x2 − x1

d
, sin θ =

y2 − y1

d
, d =

√
(x2 − x1)2 + (y2 − y1)2.R9� 7, ∆t, ar&
�r,\�7� v∆t y
�t�	ar, R tO (tO_� trace.R), ABCD ,+�>6,z�~hy A(0, 1), B(1, 1), C(1, 0), D(0, 0).

#### xa A, B, C, D w O 9gf8\�UeV~
plot(c(0,1,1,0), c(0,0,1,1), xlab =" ", ylab = " ")

text(0, 1, labels="A", adj=c( 0.3, 1.3))

text(1, 1, labels="B", adj=c( 1.5, 0.5))

text(1, 0, labels="C", adj=c( 0.3, -0.8))

text(0, 0, labels="D", adj=c(-0.5, 0.1))

points(0.5,0.5); text(0.5,0.5,labels="O",adj=c(-1.0,0.3))

#### �}/afog8\b��X X, Y ℄�
#### X & ABCD -gf x [� Y & ABCD -gf y [
delta_t<-0.01; n=110

x<-matrix(0, nrow=5, ncol=n); x[,1]<-c(0,1,1,0,0)

y<-matrix(0, nrow=5, ncol=n); y[,1]<-c(1,1,0,0,1)

d<-c(0,0,0,0)

for (j in 1:(n-1)){

for (i in 1:4){

d[i]<-sqrt((x[i+1, j]-x[i,j])^2+(y[i+1, j]-y[i,j])^2)

x[i,j+1]<-x[i,j]+delta_t*(x[i+1,j]-x[i,j])/d[i]

y[i,j+1]<-y[i,j]+delta_t*(y[i+1,j]-y[i,j])/d[i]

}
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x[5,j+1]<-x[1, j+1]; y[5, j+1]<-y[1, j+1]

}

#### xa?Of�>
for (i in 1:4) lines(x[i,], y[i,])�0+�E6�yq,~h�S*&�5,.t��eFNe 10.3 ���

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 

 
A B

C
D

O

e 10.3: �z�P�P�_,Y�ee�&esk
tmsk
t��V58
[;Lh�58sk
t,#`
[�N Runge–Kutta [.��'�P�_,ar,BlLI����otR��'�y�M�SJ��!�
10.3.2 �Z5�(0�V�_	b�_�Ed6�),y�6�m�)�o#,y�6_Yo>[,�_�Æh�V�_�E,>[	6l�y�6_&�np,�� 10.11 P~�$OL:tB 10.1.`�h

T1 — kiÆ A B{Y,yq�
T2 — kiÆ A B& B B,1Gy��
T3 — dE&� B B,yq�



10.3 oD~� 579�Eq�_ki,xk6hW 	 T1 + T2 > T3.Æh T1, T2, T3 a	:r>��* T2 ∼ N(30, 22), T1, T3 ,kK<�C 10.3�C 10.4 ���h r1, r2 	 (0,1) 7�_a/kK,:r#�; T1 � T3 ,kK<,ar��y
t1 =






0, 0 < r1 ≤ 0.7,

5, 0.7 < r1 ≤ 0.9,

10, 0.9 < r1 ≤ 1.

t3 =






28, 0 < r2 ≤ 0.3,

30, 0.3 < r2 ≤ 0.7,

32, 0.7 < r2 ≤ 0.9,

34, 0.9 < r2 ≤ 1.; t1 � t3 otgp T1, T3 ,l�(℄`�/ t2 	tÆVEkK N(30, 22) ,:r#�;% t2 gpki1Gy� T2 ,l�(℄`�6O��do�ao�� U(0, 1) ,:r# t1, t3, l� N(30, 22) ,:r#
t2, ! t1 + t2 > t3, Hy�dp� (q �_ki). R6 n ��do�� k �p��;��= k/n �y�E�_ki,�=�! n E�y��=`��=`C,+.�t�	583t, R tO (tO_� MC2.R).

MC2<-function(n){

r1<-runif(n); r2<-runif(n); t2<-rnorm(n,30,2)

t1<-array(0,dim=c(1,n)); t3<-t1;

for(i in 1:n){

if (r1[i]<=0.7){

t1[i]<-0

}else if (r1[i]<=0.9){

t1[i]<-5

}else

t1[i]<-10

}

for(i in 1:n){

if (r2[i]<=0.3){

t3[i]<-28
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}else if (r2[i]<=0.7){

t3[i]<-30

}else if (r2[i]<=0.9){

t3[i]<-32

}else

t3[i]<-34

}

k<-0

for(i in 1:n)

if (t1[i]+t2[i]>t3[i]) k<-k+1

k/n

}�lo��d�*&
> source("MC2.R"); MC2(10000)

[1] 0.6306�E�_ki,�=�+	 0.63.� 10.12 �NKA#ZthR℄8�`�?℄�P�5Z	�l?JK,! (Pb), �℄�P+u&u����t�"m�S℄�PY{,�re*�6�re*o�o�REQ℄6w��~���5h��{h	!8o��
�5,�k3 (m�=), MR℄�P,�=1G	f'sh,�� j:l�o�BO�5ZM1B,

3t�Æ?�5Z	
/,a/�!�o�tz5 v0 �
3+ α eO�5Zp (�e 10.4), 1BlN\�M�6 x0 ��!?��[M�o�l*?,5K{
3 (v1, θ1), 41BlN\�M��!?4X����Fl*?,�E (v2, θ2) ..�IR����M�Yot�1�[lVq
1B3t�
(1)  d℄�P� (2) �
�5Z� (3) 4 i ���M�o�0�5Z����XR�P�R��[�Æh�
(1) Æ?�5Z�G!,JKy D = 3d, �o d y����[�o�,�a�B\��O���Mo�~=ulMkq�V5K�)�Æh64 10 ���M�o�5K�)&dlE7,#`Vq
1B (0��). ��R�
�5Z,o��D:�#� (xi, θi) Y�4 i ���Mo�,1B�E��o xi yo�6
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α — o�Oe+� D — �5ZJK
θ1 — o�4l��� e+e 10.4: o!�O�5Z,1B

x w_,~h� θi o�1B,
3� x w,	+�
(2) Æ?o�6�5Zp+�����[��B,\�tÆb#kK�o�I��M, e+tÆ (0, 2π) _,a/kK�ÆV*&4 i ���Mo�6�5Z,~h

xi = xi−1 + Ri cos θi, i = 1, 2, · · · , 10. (10.30)�o θi 	o�4 i ���M, e+K� Ri 	o�Æ4 i − 1 ���&4 i ���y��B,\���Æhoq*&�
Ri = d · (− ln ri), θi = 2πui, i = 1, 2, · · · , 10.�o d y����[�o�,�a�B\�� ri, ui 	 (0,1) 7�_a/kK,:r#�� (10.30) C℄!o�6�5Zp1B,�=aE�o�o�1B,~h�
3F	:r,�

(3) 64 i ���M�o�,~h xi �Ur1�Yo�
i) xi < 0, o�^d℄�P�
ii) xi > D, o��{�5Z�
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iii) 0 < xi < D, R i < 10, ;o�6�5Zp�P1B�R i = 10, ;o�0�5Z���o�1B,Ura�Ne 10.5 ��� y�[�P�Æ?o�Oe+ α = 0(|o

e 10.5: o�6�5Zp1B,Ura��t�℄
3�O�5Z), �5Z,JKy D = 3d.�X	� R Q :>,artO (tO_� MC3.R).

MC3<-function(n){

D<-3; pi<-3.1416; back<-0; absorb<-0; pierce<-0

for (k in 1:n){

x<- -log(runif(1))

for (i in 1:10){

index <- 1

r <- runif(2); R <- -log(r[1]); t <- 2*pi*r[2]

x <- x + R * cos(t)

if (x<0) {

back<-back+1; index<-0; break

}else if (x>D){

pierce<-pierce+1; index<-0; break

}else

next

}
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if (index==1)

absorb<-absorb+1

}

data.frame(Pierce=pierce/n*100, Absorb=absorb/n*100,

Back=back/n*100)

}C 10.6 #{,	_�tO�8,72�6 10.6: :�$3~f(0_.o�# (�) �
 (%) �� (%) ^d (%)

100 35.0 11.0 54.0

1000 34.0 10.6 55.4

3000 33.1 10.5 56.4

5000 32.1 10.9 57.0C 10.6 C℄�9�5ZJK D = 3d 	JB
,�~y�yo��
�5Z,�k36 1/3 ���V6|���o�h5o��
�5Z,�=w7�l #�}y 10−6 ∼ 10−10, |�O�5Z,o�Ry~�o��idq�~�o��3�5Z��P	TJ,�5ZOq~B0�
,�= WD < 10−6?`*�w,	�Aar 5000 �o�,1B�S���
�5Z,�=�!��
�5Z,�=�6�W'�[$�~yMy,arHKd� 1%, �O
arHK��
!=�ar�#�4X��P	�LharTa�o�,1B�Oq��=!���=� d�4X��P�� 10.1 5'�arHK�ar�#,I���� (10.9)ot*&�R~arHK�&"k[l�;ar�#h6 106 �t_���o��
�=6 10−6 t���t�HKfa��&M�#�}�iLar�#S�6 1012 �t_�Mlh56[e,1���%B	GJ[,��QQ�N�,8_$[�%a/�G!kyJK+℄, m Z�d9lZ�ar�ho�6MlZo��� d,�=[�y W , ;�3lZ,�=	
(1−W ), ~V�
 m Z,�=	 (1−W )m. ��o��3lZ,�a5K���)�~V��
�=3 (1 − W )m h7�



584 4wC �8rar� Monte Carlo 
[� ar 10000 �o�,1By�ot'W (1−W ) ,HKh7� 1%. I m ZM�� (1−W )m < (0.01)m, R9 m = 3, Sol*�
�= (1 −W )3 < (0.01)3 = 10−6. Mf�
M�J6�
� 1012 ,|d�dL�
104 ��dSo�& 10−6 ,HK�Ml�B3℄0
[���z!��5K��a!ary���� R tO (MC3.R), � 10000 �ar�*&�! D = 3d y��
�=y
W3d ≤ 1/3, �P	TJ,�5ZOq~ WD < 0.01?hLh,�5JKy x, ; (W3d)

x < 0.01, m 3x > 100, |
x >

lg 100

lg 3
=

2

0.47712
= 4.1918.|�5Z,JK6�& 4.1918D ≈ 13d, Oq~o��
�=J�� 0.01.Myotd�4l��P!�R~ WD < 10−6, ;�JKy

TD = 3x = 39d.iS	(��5Z�JKy 39d y�o~o��
�5Z,�= WD < 10−6.

10.4 )1��	8z�%gux~Q� (Queueing Theory) �m:rtÆ�_�	[3^P�rtÆ�_.�&4o,�=KT�ÆV8_tÆ�_��h����vi,lr
��~Q���:r3t,lMk�M�t~QaEy���(℄���P,:rar
[�6<
aE
[[#� ��<
~Q�,q1�v�
10.4.1 7y�/5�fD1�3

1. 7yf�3� 10.13 �V�$
u*��A�8|ezU�%7|ae��3V�$�% �(�T=U�%Æur	ae�x�2�B%��T�B$H��E�}[<v��%Pi�<M~ }�x�$���TV�HeE�<yYV�$
$���O .
I�$�o�w#oD� GQ�



10.4 ar
[6~Q�o,�� 585� 10.13 	l�7E,~Q,���'�~Q,���ET��N�_����*i�.��*i,~Q�$r&^9�
Fp,~Q�EE&m*gEFp,~Q�#�
��
Fp,~Q.�.lr~Q	
,~Q��N� .���mY/�7wI-�X,�i�
Gi[3wÆ7w�~Q&4	���
X�p�l
h5*&tÆ�.l
h[��tÆ��Q�h5*&tÆ,Em

h.�_my$r���tÆ,tÆE%mtÆr�_mytÆ%mtÆC�$r�tÆCS�pl�~Q�_�mmy:rtÆ�_�%B�>a$rmtÆCFAl
FJgFp~Q�_�R�FAl�~QtÆ�_�Ol_$r[3~QtÆ�_�hI3N�3t�$r&��~Q.��0�tÆ��;��3tNe 10.6 ���$r�Q Q� tÆC- - -�O �{tÆ�_
e 10.6: tÆ�_,Y�

2. 7y�/5�fD1�3
(1) �O3t�O3t	Y�$r�'{$r	�<f,,<0�~Q�_� a) $r'�Q�$r,�'oq	�),�ioq	�),��N�gpYo#G�J,r�	�),�&��w�
,$r�Qotgp	�),� b) &�,�E�$r	��&��m	p�&���N�gpYo#G�J,r�	��&��6x��Po�Bogp$r&��S	p�&�,��� c) +�$r&�,��y��[eÆ?	+TG��℄kK,��,	.\��y���,	tÆ

Poisson kK��,	tÆ k 2 Erlang kK�
(2) ~Q,;~Q,;	btÆ0NJ0N~Q�$r	p)w~Q�e�,~Q,;�N�~r1�� a) =ui~Q�_�$r&�y�R�tÆCa0��tÆr��J0N$r.���y�$rS
B�;��N[e~�,=ui8\�_�

b) .�i~Q�_�$r&�y�R��tÆCa0��AQS~Q.�tÆ�



586 4wC �8rar6.�i�_o�tÆ'O�ky� & tÆ�|$r�&�, M'O0�tÆ�M& tÆ��N1)�_�S�!)
"�	M&,B�,sh�h �
�:rtÆ�|6.�,$ro:r2VRl�$rBGtÆ��N8\%0*S	�Mr
������ <,tÆ�|6~Q.�,$ro�d:�E,$r[�v�H�6tÆ'O_h��KD���CAQ *&tÆ��NEtE m���74,$r BB.� c) iBi~Q�_�=ui�.�i,iB�kyQf
L���),iBi�_�.�y��),iBi�_�t{E0y��)i,iB�_�
(3) tÆr�tÆr�{h&�t�~�
X� a) tÆC,#g�6T�tÆC,1F��	��m	F�� b) $r�L,tÆy�tÆzLf,�=kK�O�$r�L,tÆy�	p+TG��	p�tÆm	��tÆ.�e�$r,tÆy�kK��?fkK�b#kK�hb#kK� k 2 Erlang kK�~AkK�l kK.�
3. �46r~Q�aE,�=	 20 �� 50 u�z� D. G. Kendall (t�W) �O,�[e� 3 ∼ 5 ���Æf�p��F�y

A/B/C/n�o A C��O3t� B C�tÆy�� C C�tÆC#g� n C��_u�#��N�
(1) M/M/S/∞ C��O3t	 Poisson 2�tÆy�tÆb#kK��_� S �tÆC�GtÆ��_L�y�4,.�i~Q�_�
(2) M/G/1/∞ C��O3t	 Poisson 2�$r�L,tÆy�yG��tÆl �=kK��_od�l�tÆC�L�y�4,.�i�_�
(3) GI/M/1/∞ C��O3ty$rG�&�*+�&�,��y�tÆl �=kK�tÆy�	+TG��tÆb#kK��_od�l�tÆC�L�y�4,.�i�_�
(4) Ek/G/1/K C�+�&�,��y�G��tÆ k 2 Erlang kK�tÆy�yG��tÆl �=kK��_od�l�tÆC�L�y K ,iBi�_�
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(5) D/M/S/K C�+�&�,��y�G��tÆ?fkK�tÆy�+TG��tÆb#kK��_o� S �tÆC�GtÆ�L�y K ,iBi�_�
4. $|7y5�f+e~��5
(1) Qf (Ls)Qf	b6�_o,$r,�a#
&�V60�tÆ,$r��
(2) $r,�a.�y���aE0y� (Ws)$r,�a.�y�	bÆ$rBO�_,yq�℄&f�0�tÆ
,�ay���aE0y�	b$r6�_o,�a.�y���atÆy�[���a.�y���atÆy�	$r�'A,#�bA�
(3) �_,H��"�Æ$r&�u",�_�tÆ�|f��℄&�_4�>yu"�MNy�	�_�P\H,y���Qmy�_,H��B℄	!�_otÆr�,��'K�	G�tÆr���9=,bA�

10.4.2 7y(L(0f&V
1. &V4�aEar,'�>�	� �t{O�� Yo,y����~QaEo,O�� 	�y�Yo,��N6dyq�$r&��dyq�$r�f (tÆnp) .�~�BGar�U�'�>��

(1) y�>���8�_Yodl� ,y��N$r&�m$r�f�
(2) �#>��!#6tÆ�_o$r,�#�
(3) �_�E>���_,�E�N�_	u"`\H��_o$r,�#�kD6h�tÆNC0�tÆ.��!MU�'�>���A>�S<�
!�

2. Poisson /Nf(06~QtÆ�_o�[eÆh$r,&�y��0�,y�tÆ Poisson 3t�~��R� Poisson 3t,ar	wksh,�



588 4wC �8rar��=Y}oY�!:r3t	'Ky λ , Poisson 3ty��6��\	+TG�,:r>��*tÆR#y λ ,b#kK�|
fTi

(t) =

{
λe−λt, t > 0,

0, t ≤ 0,
i = 2, 3, · · · ,+�,kK9#y

FTi
(t) =

{
1 − λe−λt, t > 0,

0, t ≤ 0,
i = 2, 3, · · · .~���

t = −1

λ
ln(1 − FTi

(t)).�� FTi
(t) ∼ U(0, 1), ; 1−FTi

(t) ∼ U(0, 1), ~��ar Poisson 3t&�,y�����y
ti = −1

λ
ln ui, i = 1, 2, · · · , (10.31)�o ui ∼ U(0, 1).

10.4.3 h[�7y(Lf(0.�i~QaEo�e�,aE	 M/M/S/∞, |$r&��_,+�&�y���G��*tÆR#y λ ,b#kK
|�O3ty Poisson 3t��tÆC,tÆy�iG�℄kK�*tÆR#y µ ,b#kK�V*�_u��)�0N
(~Q�
1. S = 1 fJ} (M/M/1/∞)5�4��l>�

t — y�>� NA — 6 t yq&��_,$r�#
tA — $r,&�y� n — 6 t yq!#��_,$r#
tD — $r,�fy� T — �tÆy�#�>� (t k y
>�)

wt — �8Yo� ,y� wn — �8�_o,$r#
ws — �8_l� &�l� ,��y�
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(1) z�L�h t = NA = 0, ao$r&��_,z�y� T0, h tA = T0,

tD = ∞(�y�_o�$r). h k = 0.

(2) �8�_�E�h k = k + 1, wt(k) = t, wn(k) = n. N2 tA < T , ;h
ws(k) = min(tA, tD) − t,BM� (3); p;h

ws(k) =

{
0, tD = ∞,

tD − t, tD < ∞,BM� (8).

(3)N2 tA < tD, ;h t = tA, NA = NA +1($r&��# +1), n = n+1(�_o$r# +1), ao�l$r&��_,y� tA.

(4) N2 n = 1, aotÆC_$r,�fy� tD.

(5) N2 tA ≥ tD, ;h t = tD, n = n − 1(�_o$r# −1).

(6) N2 n = 0(�_o�$r), h tD = ∞; p;aotÆC_$r,�fy� TD.

(7) � (2).

(8) (�y tA ≥ T , J40�?$r�dnp�_o$r,tÆ). N2 n >

0(�_o`�$r), Fh t = tD, n = n − 1(�_o$r# −1). N2 n > 0, aotÆC_$r,�fy� TD, BM� (2); p;� (9).

(9) �8Qf (Ls) ��aE0y� (Ws) �$r.�,�= (Pwait).

Ls =
1

t

∑

k

ws(k) · wn(k),

Ws =
1

NA

∑

k

ws(k) · wn(k),

Pwait =
1

t

∑

wn(k)≥1

ws(k),Y
�8��{ Ls � Ws � Pwait.

R NS(tO_� queue1.R)
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queue1<-function(lambda, mu, T){

k<-0; wt<-0; wn<-0; ws<-0;

tp<-0; nA<-0; n<-0; t<-0

r<-runif(1); tA<--1/lambda*log(r); tD<-Inf

repeat{

k<-k+1; wt[k]<-t; wn[k]<-n

if (tA < T){

ws[k]<-min(tA, tD)-t

if (tA < tD){

t<-tA; n<-n+1; nA<-nA+1

r<-runif(1); tA<-t-1/lambda*log(r)

if (n==1){

r<-runif(1); tD<-t-1/mu*log(r)

}

}else{

t<-tD; n<-n-1

if (n==0){

tD<-Inf

}else{

r<-runif(1); tD<-t-1/mu*log(r)

}

}

}else{

ws[k]<-if(tD==Inf) 0 else tD-t

if (n>0){

t<-tD; n<-n-1

if (n>0){

r<-runif(1); tD<-t-1/mu*log(r)

}

}else

tp<-1
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}

if (tp==1) break

}

data.frame(Ls=sum(ws*wn)/t, Ws=sum(ws*wn)/nA,

Pwait=sum(ws[wn>=1])/t)

}� 10.14 �V�$
u*�x�A�8|ezU�%7|ae��3V�$�% �(�T=U�%Æur	ae�x�2�B%��[h3V�$�% ���U Poisson Y�!� 4 H / �r�V�r℄a���\g�!��2 6 \%��P~�$OL:eoD$$B{ (Ls) �!�9Wr℄ (Ws) ��%%�$fa (oDMkfa)(Pwait).`�;�:<,tO queue1.R, �O+�,R#bA�ar 1000 7y,~QtÆ�_,1G1��
> source("queue1.R")

> queue1(lambda=4, mu=10, T=1000)

Ls Ws Pwait

1 0.6938313 0.1685005 0.4118629�
�`y Ls = 0.6666667(E), Ws = 0.1666667(7y). Pwait = 0.4.� 10.15 ub5$

h�8. ATM F�[h3=1$�%!�o\% 0.6u�Gou�%$!�=1$r℄U 1.25 \%��P~�$OL:e ATM F$B{ (Ls) �!�9Wr℄ (Ws) ��%%�$fa (Pwait).`�ar 10000 kp,~QtÆ�_,1G1��
> queue1(lambda=0.6, mu=0.8, T=10000)

Ls Ws Pwait

1 2.949336 4.895917 0.7577775�
�`y Ls = 5(E), Ws = 5(kp). Pwait = 0.75.Æ_X����otg{�ar`�
�``	E0C,�
2. S > 1 fJ} (M/M/S/∞)5�4�



592 4wC �8rarR� S > 1 ,1��>�wzq1_� S = 1 ,1�+℄�d	�y, tDy#��=�l��E>� SS, �8�_,�E1��(0�� II

(1) z�L�h t = NA = 0, ao$r&��_,z�y� T0, h tA =

T0, tD(i) = ∞, i = 1, 2, · · · , S(�y�_o�$r). SS(i) = 0, i = 1, 2, · · · , S +

1(SS(1) �8�_!#�E,$r#� SS(2 ∼ S + 1) �8 S �tÆC,���E� 0 yu"� 1 y��), h k = 0.

(2) N2 SS(1) = 0, ;h t1 = ∞, i1 = 1; p;h t1 = min(tD), i1 =

argmin(tD).

(3) �8�_�E�h k = k + 1, wt(k) = t, wn(k) = n. N2 tA < T , ;h
ws(k) = min(tA, t1) − t,BM� (4); p;h

ws(k) =

{
0, t1 = ∞,

t1 − t, t1 < ∞,BM� (11).

(4) N2 tA < t1, ;h t = tA, NA = NA + 1($r&��# +1), ao�l$r&��_,y� TA. h n = SS(1), SS(1) = n + 1(�_o$r# +1).

(5) R� i = 1, 2, · · · , S, N2 SS(1 + i) = 0(4 i �tÆCu"), ;h
SS(1 + i) = 1(%�_o,$rk��4 i �tÆC�f�tÆ), ao4 i �tÆC_$r�f,y� TD(i), BMo
W_�

(6) N2 tA ≥ t1, ;h t = t1, n = SS(1), SS(1) = n− 1(�_o$r# −1).

(7) N2 n = 1(�_o�$r), h SS(1 + i) = 0, tD(i) = ∞, i = 1, 2, · · · , S.

(8) N2 n ≤ S, h SS(1 + i1) = 0, tD(i1) = ∞(4 i1 �tÆCu").

(9) N2 n > S, ao$r�f4 i1 �tÆC,y� TD(i1).

(10) � (2).

(11) (�y tA ≥ T , J40�?$r�dnp�_o$r,tÆ). h n =

SS(1). N2 n > 0, ;h t = tD, SS(1) = n − 1(�_o$r# −1), BM� (7);p;� (12).
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(12) �8Qf (Ls) ��aE0y� (Ws) �$r.�,�= (Pwait).

Ls =
1

t

∑

k

ws(k) · wn(k),

Ws =
1

NA

∑

k

ws(k) · wn(k),

Pwait =
1

t

∑

wn(k)≥S

ws(k),Y
�8��{ Ls � Ws � Pwait.

R NS(tO_� queue2.R)

queue2<-function(lambda, mu, T, S=2){

k<-0; wt<-0; wn<-0; ws<-0

tp<-0; nA<-0; t<-0

r<-runif(1); tA<--1/lambda*log(r)

tD<-rep(Inf, S); SS<-rep(0, S+1)

repeat{

t1<-if(SS[1]==0) Inf else min(tD)

i1<-if(SS[1]==0) 1 else which.min(tD)

k<-k+1; wt[k]<-t; wn[k]<-SS[1]

if (tA < T){

ws[k]<-min(tA, t1)-t

if (tA < t1){

t<-tA; nA<-nA+1

r<-runif(1); tA<-t-1/lambda*log(r)

n<-SS[1]; SS[1]<-n+1

for (i in 1:S){

if (SS[1+i]==0){

SS[1+i]<-1

r<-runif(1); tD[i]<-t-1/mu*log(r)

break

}
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}

}else{

t<-t1; n<-SS[1]; SS[1]<-n-1

if (n==1){

SS[2:(S+1)]<-0; tD[1:S]<-Inf

}else if (n<=S){

SS[1+i1]<-0; tD[i1]<-Inf

}else{

r<-runif(1); tD[i1]<-t-1/mu*log(r)

}

}

}else{

ws[k]<- if( t1==Inf) 0 else t1-t

n<-SS[1]

if (n>0){

t<-t1; SS[1]<-n-1;

if (n==1){

SS[2:(S+1)]<-0; tD[1:S]<-Inf

}else if (n<=S){

SS[1+i1]<-0; tD[i1]<-Inf

}else{

r<-runif(1); tD[i1]<-t-1/mu*log(r)

}

}else

tp<-1

}

if (tp==1) break

}

data.frame(Ls=sum(ws*wn)/t, Ws=sum(ws*wn)/nA,

Pwait=sum(ws[wn>=S])/t)

}� 10.16 h�I�U 3 |��e�!�ou\f$�Ir℄U 10 \%�G\f
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[6~Q�o,�� 595$ �aUo�r 15 f��P~�$OL:e�I�\f$B{ (Ls) �\f$!�9Wr℄ (Ws) �\f%�$fa (Pwait).`�;�:<,tO queue2.R, �O+�,R#bA�ar 1000 7y,~QtÆ�_,1G1��
> source("queue2.R")

> queue2(lambda=15, mu=6, T=1000, S=3)

Ls Ws Pwait

1 5.980315 0.4010408 0.7002678�
�`y Ls = 6.011236( ), Ws = 0.4007491(7y). Pwait = 0.7022472.

10.4.4 �h���7�7y(L=ui~QaE[e�y M/M/S/S, ! S �tÆ�0��M�$r
B�;�iBi~QaE[e�y M/M/S/K, |� S �tÆCmtÆ%��_u�L�y K(K ≥ S), ! K �~hq0$r��y�?&,$r
B�;�!�_o�u~hy�?&,$rBO�_~Q.��! K = S y�iBi~QaESj[p=ui~QaE�M�d�{iBi~QaE,ar1��~y! K = S y�S	=ui~QaE,1��6#X�{.�iaE,arM�iBi~QaE,arS��T!�dLR#X,tO�7,J��6!#�_$r#�& K y�;?&,$r
B�f��AtOJ>��X�{+�,8[�tO��w�R�=ui�iBi~QaE�|'AQf (Ls) ��a.�y� (Ws) m�`h'A�_,$r=u= (Plost).

1. S = 1 fJ} (M/M/1/K)(0�� III

(1) z�L�h t = NA = 0, ao$r&��_,z�y� T0, h tA = T0,

tD = ∞(�y�_o�$r). h k = 0.

(2) �8�_�E�h k = k + 1, wt(k) = t, wn(k) = n. N2 tA ≤ T , ;h
ws(k) = min(tA, tD) − t,
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ws(k) =

{
0, tD = ∞,

tD − t, tD < ∞,BM� (9).

(3)N2 tA < tD, ;h t = tA, NA = NA +1($r&��# +1), n = n+1(�_o$r# +1), ao�l$r&��_,y� tA.

(4) N2 n = 1, aotÆC_$r,�fy� tD.

(5) N2 n = K(!#$r�&�_L�), �N����R tA < tD(?$r6q0tÆ,$r�f#&�), ;ao�l$r&��_,y� tA(~yM�?$rLh�f), ℄f tA ≥ tD y
�
(6) N2 tA ≥ tD, ;h t = tD, n = n − 1(�_o$r# −1).

(7) N2 n = 0(�_o�$r), h tD = ∞; p;aotÆC_$r,�fy� TD.

(8) � (2).

(9) (�y tA ≥ T , J40�?$r�dnp�_o$r,tÆ). N2 n >

0(�_o`�$r), Fh t = tD, n = n − 1(�_o$r# −1). N2 n > 0, aotÆC_$r,�fy� TD, BM� (2); p;� (10).

(10) �8Qf (Ls) ��aE0y� (Ws) ��_,$r=u= (Plost).

Ls =
1

t

∑

k

ws(k) · wn(k),

Ws =
1

NA

∑

k

ws(k) · wn(k),

Plost =
1

t

∑

wn(k)≥K

ws(k),Y
�8��{ Ls � Ws � Plost.

R NS(tO_� queue3.R)

queue3<-function(lambda, mu, T, K=1){

k<-0; wt<-0; wn<-0; ws<-0

tp<-0; nA<-0; n<-0; t<-0

r<-runif(1); tA<--1/lambda*log(r); tD<-Inf
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repeat{

k<-k+1; wt[k]<-t; wn[k]<-n

if (tA < T){

ws[k]<-min(tA, tD)-t

if (tA<=tD){

t<-tA; n<-n+1; nA<-nA+1

r<-runif(1); tA<-tA-1/lambda*log(r)

if (n==1){

r<-runif(1); tD<-t-1/mu*log(r)

}

if (n==K){

while (tA < tD){

r<-runif(1); tA<-tA-1/lambda*log(r)

}

}

}else{

t<-tD; n<-n-1

if (n==0){

tD<-Inf

}else{

r<-runif(1); tD<-t-1/mu*log(r)

}

}

}else{

ws[k]<-if(tD==Inf) 0 else tD-t

if (n>0){

t<-tD; n<-n-1

if (n>0){

r<-runif(1); tD<-t-1/mu*log(r)

}

}else
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tp<-1

}

if (tp==1) break

}

data.frame(Ls=sum(ws*wn)/t, Ws=sum(ws*wn)/nA,

Plost=sum(ws[wn>=K])/t)

}� 10.17 h�;+2{�!�o\%U 0.6 �)7�To�A2r℄!�U 1.25\%��P~�$OL:eoD$B{ (Ls) �!�9Wr℄ (Ws) �oD$'na (Plost).`�;�:<,tO queue3.R, �O+�,R#bA�ar 10000 kp,~QtÆ�_,1G1��
> source("queue3.R")

> queue3(lambda=0.6, mu=0.8, T=10000)

Ls Ws Plost

1 0.4289211 1.259454 0.4289211�
�`y Ls = 0.4285714(�), Ws = 1.25(kp). Plost = 0.4285714.� 10.18 �>K,�U 1 |>Ke�Ey)Uz�,?GE"N� 4 |�%�[h3>K$�%B Poisson �� ��!� �aUo�r 6 H�>Kr℄a���\g�!� 12 \%"U 1 |�%>K��P~�$OL:eoD$B{
(Ls) �!�9Wr℄ (Ws) �oD$'na (Plost).`�ar 1000 7y,~QtÆ�_,1G1��

> queue3(lambda=6, mu=5, T=1000, K=4)

Ls Ws Plost

1 2.364356 0.5412132 0.2718579�
�`y Ls = 2.359493(E), Ws = 0.5451565(7y). Plost = 0.2786498.

2. S > 1 fJ} (M/M/S/K)(0�� IV

(1) z�L�h t = NA = 0, ao$r&��_,z�y� T0, h tA =

T0, tD(i) = ∞, i = 1, 2, · · · , S(�y�_o�$r). SS(i) = 0, i = 1, 2, · · · , S +
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1(SS(1) �8�_!#�E,$r#� SS(2 ∼ S + 1) �8 S �tÆC,���E� 0 yu"� 1 y��), h k = 0.

(2) N2 SS(1) = 0, ;h t1 = ∞, i1 = 1; p;h t1 = min(tD), i1 =

argmin(tD).

(3) �8�_�E�h k = k + 1, wt(k) = t, wn(k) = n. N2 tA < T , ;h
ws(k) = min(tA, t1) − t,BM� (4); p;h

ws(k) =

{
0, t1 = ∞,

t1 − t, t1 < ∞,BM� (12).

(4) N2 tA < t1, ;h t = tA, NA = NA + 1($r&��# +1), ao�l$r&��_,y� TA. h n = SS(1), SS(1) = n + 1(�_o$r# +1).

(5) R� i = 1, 2, · · · , S, N2 SS(1 + i) = 0(4 i �tÆCu"), ;h
SS(1 + i) = 1(%�_o,$rk��4 i �tÆC�f�tÆ), ao4 i �tÆC_$r�f,y� TD(i), BMo
W_�

(6) N2 SS(1) = K(!#$r�&�_L�), �N����h t1 = min(tD). R tA < t1(?$r6q0tÆ,$r�f#&�), ;ao�l$r&��_,y� tA(~yM�?$rLh�f), ℄f tA ≥ t1 y
�
(7) N2 tA ≥ t1, ;h t = t1, n = SS(1), SS(1) = n− 1(�_o$r# −1).

(8) N2 n = 1(�_o�$r), h SS(1 + i) = 0, tD(i) = ∞, i = 1, 2, · · · , S.

(9) N2 n ≤ S, h SS(1 + i1) = 0, tD(i1) = ∞(4 i1 �tÆCu").

(10) N2 n > S, ao$r�f4 i1 �tÆC,y� TD(i1).

(11) � (2).

(12) (�y tA ≥ T , J40�?$r�dnp�_o$r,tÆ). h n =

SS(1). N2 n > 0, ;h t = tD, SS(1) = n − 1(�_o$r# −1), BM� (8);p;� (13).
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(13) �8Qf (Ls) ��aE0y� (Ws) �$r.�,�= (Plost).

Ls =
1

t

∑

k

ws(k) · wn(k),

Ws =
1

NA

∑

k

ws(k) · wn(k),

Plost =
1

t

∑

wn(k)≥K

ws(k),Y
�8��{ Ls � Ws � Plost.

R NS(tO_� queue4.R)

queue4<-function(lambda, mu, T, S=1, K=1){

if (K<S) K<-S

k<-0; wt<-0; wn<-0; ws<-0

tp<-0; nA<-0; t<-0

r<-runif(1); tA<--1/lambda*log(r)

tD<-rep(Inf, S); SS<-rep(0, S+1)

repeat{

t1<-if(SS[1]==0) Inf else min(tD)

i1<-if(SS[1]==0) 1 else which.min(tD)

k<-k+1; wt[k]<-t; wn[k]<-SS[1]

if (tA < T){

ws[k]<-min(tA, t1)-t

if (tA < t1){

t<-tA; nA<-nA+1

r<-runif(1); tA<-t-1/lambda*log(r)

n<-SS[1]; SS[1]<-n+1

for (i in 1:S){

if (SS[1+i]==0){

SS[1+i]<-1

r<-runif(1); tD[i]<-t-1/mu*log(r)

break



10.4 ~�OLu�Bd$$KP 601

}

}

if (SS[1]==K){

t1 <- min(tD)

while (tA < t1){

r<-runif(1); tA<-tA-1/lambda*log(r)

}

}

}else{

t<-t1; n<-SS[1]; SS[1]<-n-1

if (n==1){

SS[2:(S+1)]<-0; tD[1:S]<-Inf

}else if (n<=S){

SS[1+i1]<-0; tD[i1]<-Inf

}else{

r<-runif(1); tD[i1]<-t-1/mu*log(r)

}

}

}else{

ws[k]<- if( t1==Inf) 0 else t1-t

n<-SS[1]

if (n>0){

t<-t1; SS[1]<-n-1;

if (n==1){

SS[2:(S+1)]<-0; tD[1:S]<-Inf

}else if (n<=S){

SS[1+i1]<-0; tD[i1]<-Inf

}else{

r<-runif(1); tD[i1]<-t-1/mu*log(r)

}

}else

tp<-1
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}

if (tp==1) break

}

data.frame(Ls=sum(ws*wn)/t, Ws=sum(ws*wn)/nA,

Plost=sum(ws[wn>=K])/t)

}� 10.19 �z|$F-V�$
U 9 |V�z�EUy'z �$
	GE"?N� 12 .�2V�$hV�[h��$hVB Poisson �� ��!�o:
4 .�V�hVa���\g�o.hV!��2 2 :r℄��P~�$OL:eoD$B{ (Ls) �!�9Wr℄ (Ws) �oD$'na (Plost).`�;�:<,tO queue4.R, �O+�,R#bA�ar 1000 S,~QtÆ�_,1G1��

> source("queue4.R")

> queue4(lambda=4, mu=1/2, T=1000, S=9, K=12)

Ls Ws Plost

1 7.736918 2.148876 0.08801383�
�`y Ls = 7.872193(C), Ws = 2.153466(kp). Plost = 0.08610186.4�k
10.1 P Monte Carlo OLR#3G\ I =

∫ 1

0

√
1 + x2dx, \`�^%FF)L�!��L�dR#u�Æ<U α = 0.05, �<2:U ε = 0.01 ;fr�I'OL)�$�,���

10.2 8�J>u O )
�+$8"uÆS 20 s$ B )
�8�6YWJ>$Æ5 33 s$ A )
�~�Or:-℄8�6?8UWJ>$ <y0<J>:D�/�6:J>$:-<{�℄��J> �8*2~_W6N3�
10.3 8uaee$�C?��%$!� �r℄a���U 20 x�^;w 10x$Æ/\g��%�g 1 ∼ 4 fb�$faU

1 f� 0.5, 2 f� 0.2, 3 f� 0.2, 4 f� 0.1.



�Pw 603�gofb��2$r℄a���U 15 x�^;wU 5 x$Æ/\g�T�C?`�%�x� $�%r	ae�_x�B%��O��~%� �BoD��~��C?qL 12 u�r(��C?$�%B{ (Ls), �%$!�9Wr℄
(Ws) ��C?Mk$fa�
10.4 +6q�℄8�T%n	+�o-� �U��\g�!�$ �℄tU

3 \%�urw�B%'+6�+6NJ 8 H��dU 3 H�+6rk�7�+6q�r℄Uz��u-2�T%>Wr℄a���U 5 \%�^;wU 3 \%$Æ/\g�C(r-�ur-H$�U 20% $Hh�r-�U 80% $H�+6�T-2$T%Ai2r-�$fD 3 H+64�7�G5G( 1 Hr-B~�+6��~� 10 �r	T%
�r-$!�%�r℄�
10.5 BrO;f~�>K,oDzJ8/80�

(1) >K,
b 10:00 �p��pr`�%%��
(2) v�%~_3Æ,>KM r3Æ,>K\*H`��5IBIu�% �$r℄℄ta���U 4 \%$��\g�
(3) �%$U 60% $H{bK� 40% $�2nK�bK��K�
(4) aeeZU8Y�%bK$r℄a� 6 \\%$��\g�nK�bK��K)-r℄a� 9 \%$��\g�aee>$aerr℄4a���\g���\`U 5 \%� 7.5 \%�
(5) ��% �r�OKx=U 6 Y�%Æu�B%�ae�xS/%�
=?��
(6) oYaeef℄�'U 4 Y�%ae(:2�k 1 \%�
(7) >K,O 8:00 (���%|P�uN�,	$�%ae(�p��~�u8:$qL$�3,�%$B{ (Ls) �!�9Wr℄ (Ws) �>K,$'na (Plost).
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�� �r6�o�����9#�l�	�K
:,9#�.l�	 R Q O�,9#�y<�HK\H��X�{9#,>��>��UMk�p�4lMk	9#_�4XMk	9#,wz�4UMk	q 8��9#wzmq Q&�9~�
[,C5=����:9#6=�oJO;��~�6�A~h{&,C5=SJ4#{!��� 1 63Ig2� (OT)

A

anova.tab — �8
_k�C� 7.1.3 5� 7.1.6 5� 7.2.1 5� 7.2.2 5
area — �8?sk� 2.9.4 5

B

beta.int — d-R# β ,7�!�� 6.1.4 5� 6.3.4 5� 6.3.7 5
buffon — ar Buffon ,aP�d� 10.1.2 5

C

corcoef.test — 7E+'�#�d9#� 9.3.4 5
D

data_outline — �8f1,�rY�H_��� 3.1.3 5
discriminiant.bayes — Bayes �D9# (��), 8.1.2 5
distinguish.bayes — Bayes �D9# (T�), 8.1.2 5
discriminiant.distance — \��D9# (��), 8.1.1 5
distinguish.distance — \��D9# (T�), 8.1.1 5
discriminiant.fisher — Fisher �D9# (��), 8.1.3 5

F

factor.analy — ~�k� (�B), 9.2.3 5
605
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factor.analy1 — ~�k� ({pk[), 9.2.3 5
factor.analy2 — ~�k� ({~�[), 9.2.3 5
factor.analy3 — ~�k� (w�,B[), 9.2.3 5
fzero — Xk[5g*H
t,�� 2.9.1 5

I

interval_estimate1 — 7�!� (��VE�Qa`�$W), 4.3.1 5
interval_estimate2 — 7�!� (��VE�Qa`�$W), 4.3.2 5
interval_estimate3 — 7�!� (gVE�Qa`�$W), 4.3.3 5
interval_estimate4 — 7�!� (��VE�Qa`��W), 4.3.4 5
interval_estimate5 — 7�!� (��VE�Qa`��W), 4.3.4 5
interval_var1 — 7�!� (��VE�Q
_�$W), 4.3.1 5
interval_var2 — 7�!� (��VE�Q
_3�$W), 4.3.2 5
interval_var3 — 7�!� (��VE�Q
_��W), 4.3.4 5
interval_var4 — 7�!� (��VE�Q
_3��W), 4.3.4 5

M

MC1 — � Monte Carlo 
[ (:ra6[) 5 π ,!�`� 10.1.2 5
MC1_2 — � Monte Carlo 
[ (�a`[) 5 π ,!�`� 10.1.3 5
MC2 — � Monte Carlo 
[58�ki�P� 10.3.2 5
MC3 — � Monte Carlo 
[58?℄�P�5Zh��P� 10.3.2 5
mean.test1 — ��VE�Q,a`�d� 5.2.1 5
mean.test2 — ��VE�Q,a`_�d� 5.2.1 5
moment_fun — �U!��,8
t9#� 4.1.1 5

N

Newtons — Newton [5
t�,�� 2.9.3 5� 4.1.1 5
nP — ~��e�<g,9#� 8.2.2 5

O

outline — h#Z,?�e� 3.5.1 5
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P

paramet.int — g*HrBR#,7�!�� 6.7.2 5
P_value — �8 P– `� 5.2.1 5

Q

queue1 — ar.�i (�tÆC) ~QaE� 10.4.3 5
queue2 — ar.�i (TtÆC) ~QaE� 10.4.3 5
queue3 — ariBi (�tÆC) ~QaE� 10.4.4 5
queue4 — ariBi (TtÆC) ~QaE� 10.4.4 5

R

Reg_Diag — d-QO� 6.5.4 5
Rosenbrock — Rosenbrock 9#� 4.1.2 5
ruben.test — [3f1,+'�#!��Q,+'�#� 3.4.2 5

T

trace — ar�z�P� 10.3.1 5
twosam — �8�f1, t _��� 2.9.1 5

U

unison — h#Z,;�8*� 3.5.3 5
V

var.test1 — 
_�d (��VE�Q), 5.2.2 5
var.test2 — 
_3�d (��VE�Q), 5.2.2 5�� 2 R XX%g2� (OT)

A

abline — /%��e9#��℄*� 3.3.3 5� 6.1.7 5
add — eo,Ax`/�	p�e� 3.3.2 5
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add1 — zLd-�=�l�>�� 6.4.2 5
all — �D=MyO� 2.2.3 5
anova — op
_k�C� 6.2.2 5
any — �D[lyO� 2.2.3 5
aov — �8
_k�C� 7.1.3 5� 7.2.1 5� 7.2.2 5� 7.3.2 5� 7.3.3 5
apply — ��9#��8#�,�r18� 2.5.5 5� 3.1.1 5
assign — x`9#� 2.2.1 5
as.data.frame — �ay#Z|� 2.6.2 5
as.dendrogram — %�_W�,R4�ay��eR4� 8.2.2 5
as.character — �ayÆsE>�� 2.3.1 5
as.numeric — �ay#`E>�� 2.3.1 5
as.vector — �ay3�� 2.5.5 5
array — �9Tz#�� 2.5.1 5
attach — �0#Z|m#C9#� 2.6.2 5
attr — �9R4,�H� 2.3.3 5
attributes — ^dR4,�H� 2.3.3 5
axes — eo,Ax`/�	pX�Aw� 3.3.2 5
axis — /%��e9#�9_�A�� 3.3.3 5

B

bartlett.test — Bartlett �d9#� 7.1.5 5
binom.test — X1�QkK,�d9#� 5.2.3 5� 5.3.4 5� 5.3.7 5
biplot — �{pkX#ZV6e� 9.1.3 5
break — o
�^� 2.8.2 5
boxplot — �,*e� 3.2.3 5

C

c — 3�#�9#� 2.2.1 5
cancor — 7E+'k��89#� 9.3.3 5
cbind — US�#BF� 2.5.5 5
chisq.test — χ2 �d9#� 5.3.1 5� 5.3.2 5� 5.3.3 5
coef — O9d-�#� 6.2.2 5
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coefficients — O9d-�#� 6.2.2 5
complex — oay#� 2.2.6 5
contour — hUzeF,.`*� 3.3.1 5
cooks.distance — �8 Cook \�� 6.5.4 5
coplot — hf1,V6e (J℄%�), 3.3.1 5
cor — �8+'US� 3.4.1 5� 3.4.3 5� 5.3.6 5
cor.test — +'H�d� 3.4.2 5� 3.4.3 5
cov — �8<
_S� 3.4.1 5� 3.4.3 5
covratio — �8 COVRATIO `� 6.5.4 5
crossprod — US,[s18� 2.5.4 5
cut — %>�kpR��7�� 5.3.1 5

D

data — ;� R o,#Zx� 2.7.3 5
data.frame — op#Z|� 2.6.2 5
density — ?TK!�9#� 3.2.2 5
det — �8US,G#�� 2.5.4 5
deviance — O9T_�
�� 6.2.2 5
dffits — �8 DFFITS \�� 6.5.4 5
dim — ?z#�z#� 2.5.1 5�9US,z#� 2.5.5 5
dimnames — #�`_� 2.5.5 5
dist — opW�k�o,\�7�� 8.2.1 5
dnorm — �=TK9# (VEkK), 3.2.1 5
dotchart — h#Z,6e� 3.3.1 5
dpois — �=TK9# (Poisson kK), 3.2.1 5
drop1 — zLd-��al�>�� 6.4.2 5

E

ecdf — IdkK� 3.2.2 5
edit — :x9#� 2.6.3 5
eigen — 5US,KT`�KT3�� 2.5.4 5� 6.5.5 5
exp — b#9#� 2.2.1 5
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F

factanal — ~�k��89#� 9.3.5 5
factor — op~�� 2.4.1 5
fisher.test — Fisher �d9#� 5.3.3 5
fix — #Z:x� 2.1.3 5
friedman.test — Friedman �d� 7.1.7 5
fivenum — �#��� 3.2.3 5
for — W_�^� 2.8.3 5
formula — O9aE��� 6.2.2 5

G

gl — op~�� 2.4.3 5
glm — �8+z*HaE,9#� 6.6.1 5� 6.6.2 5

H

hat — �8J�US� 6.5.4 5
hatvalues — �8J�US� 6.5.4 5
hclust — �8�_W�� 8.2.2 5
hist — hf1℄
e� 2.1.2 5� 3.2.2 5� 3.3.1 5

I

I(X^2) — X2, 6.3.6 5
if / else — kX�^� 2.8.1 5
image — hUzeF� 3.3.1 5
Inf — �)#Z� 2.2.4 5
influence.measures — d-QO��9#� 6.5.4 5
is.character — �O	pyÆsE>�� 2.3.1 5
is.data.frame — �O	py#Z|� 2.7.1 5
is.finite — �O	py�)#Z� 2.2.4 5
is.infinite — �O	py�)#Z� 2.2.4 5
is.list — �O	py#C� 2.7.1 5
is.na — �O	pyZu#Z� 2.2.4 5



|8 2 R Q o,9# (tO) 611

is.nan — �O	pyJ�?#Z� 2.2.4 5
is.numeric — �O	py#`E>�� 2.3.1 5

K

kappa — �8USW #� 6.5.5 5
kmeans — K− a`W�9#� 8.2.3 5
ks.test — Kolmogorov-Smirnov �d� 3.2.4 5� 5.3.2 5
kruskal.test — Kruskal-Wallis �d� 7.1.6 5

L

length — �83��z#� 2.2.1 5� 2.3.1 5� 4.1.1 5
library — %#Zx;Op�� 2.7.2 5� 2.7.3 5
lines — X℄*� 2.2.6 5� 3.2.2 5

— /%��e9#��*� 3.3.3 5
list — op#C� 2.6.1 5
lm — �*Hd-� 6.1.3 5� 6.2.1 5� 6.3.3 5� 6.3.7 5� 6.4.2 5
load — 3O��u�� 2.1.3 5
loadings — O93>~�9#� 9.1.3 5
log — R#9#� 2.8.1 5
lsfit — �7XsrB� 2.5.4 5

M

mahalanobis — �8 Mahalanobis \�� 8.1.1 5
matrix — �9US� 2.5.1 5
max — �8f1,��`� 2.2.1 5
mcnemar.test — McNemar �d9#� 5.3.3 5
mean — �8f1a`� 2.1.2 5� 3.1.1 5� 4.1.1 5
median — �8f1o~#� 2.2.1 5� 3.1.1 5
min — �8f1,�7`� 2.2.1 5
mode — �H9#� 2.3.1 5



612 |8 >�
N

NA — Zu#Z� 2.2.4 5
NAN — J�?#Z� 2.2.4 5
ncol — 9US,##� 2.5.5 5
next — u�^� 2.8.2 5
nlm — 5T#9#w76� 4.1.2 5� 6.7.2 5
nls — �8g*HrB9#� 6.7.2 5
numeric — ao#`E>�� 2.2.7 5
nrow — 9US,G#� 2.5.5 5

O

optimise — 5l#9#w76� 4.1.2 5
optimize — 5l#9#w76� 4.1.2 5
order — �8'O_��,�A� 2.2.1 5� 3.1.1 5
outer — [s18� 2.5.4 5

P

p.adjust — p– `;U9#� 7.1.4 5
pairs — hf1VKe� 3.3.1 5
pairwise.t.test — a`,Ts3.� 7.1.4 5
par — eFR#hh9#� 6.5.4 5
paste — �0Æs�� 2.2.5 5
persp — hUzeF,CX8*� 3.3.1 5
plclust — h{��e� 8.2.2 5
plot — hf1,V6e� 2.1.2 5� 3.3.1 5

— h{IdkKe� 3.2.2 5� 6.3.7 5
— h8*�f1℄
e�,*e�VKe.� 3.3.1 5� 7.1.3 5
— hd-QOe� 6.2.2 5� 6.5.3 5
— h{��e� 8.2.2 5

pnorm — kK9# (VEkK), 3.2.1 5
points — /%��e9#��6� 3.3.3 5
poly — �8V*T1�� 6.7.1 5
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ppois — kK9# (Poisson kK), 3.2.1 5
prcomp — �8{pkk�� 9.2.3 5
princomp — �8{pkk�� 9.2.3 5
prod — �ss9#� 2.2.1 5
predict — aE!Y{7�!�� 6.1.5 5� 6.2.2 5� 6.3.5 5

— !Y{pk`� 9.1.3 5
print — %�72� 6.2.2 5

Q

q() — j{ R �_� 2.1.3 5
qnorm — �8�k~6 (VEkK), 3.2.1 5
qpois — �8�k~6 (Poisson kK), 3.2.1 5
qqline — hf QQ V6eR�,℄*� 3.2.2 5� 3.3.1 5
qqnorm — hf QQ V6e� 3.2.2 5� 3.3.1 5
qqplot — hf QQ V6e� 3.2.2 5� 3.3.1 5
qr — QR k8� 2.5.4 5
qr.coef — �8�7Xs,�#� 2.5.4 5
qr.fitted — �7Xs,rB`� 2.5.4 5
qr.resid — �7Xs,rBT_`� 2.5.4 5
quantile — �8f1�k~#� 3.1.1 5

R

range — �8f1,7�� 2.2.1 5
rank — �8k_��� 5.3.5 5
rcauchy — ao Cauchy kK,:r#� 4.1.2 5
rbind — US�GBF� 2.5.5 5
rbinom — aoX1kK,:r#� 4.1.1 5
read.csv — H Excel C, CSV � � 2.7.2 5
read.delim — H Excel C,��1� � 2.7.2 5
read.dta — H Stata � � 2.7.2 5
read.S — H S-Plus � � 2.7.2 5
read.spss — H SPSS � � 2.7.2 5
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read.table — H#Z� � 2.1.2 5� 2.7.1 5
read.xport — H SAS � � 2.7.2 5
rect.hclust — �?W�9#� 8.2.2 5
resid — �8d-T_� 6.5.2 5
residuals — �8d-T_� 6.1.7 5� 6.2.2 5� 6.5.2 5
rep — aosy,##� 2.2.2 5
repeat — W_�^� 2.8.3 5
rnorm — op:r# (VEkK), 3.2.1 5
rpois — op:r# (Poisson kK), 3.2.1 5
rstandard — A�[ (pTo[) T_� 6.5.2 5
rstudent — (m) To[T_� 6.5.2 5

S

save.image — '���u�� 2.1.3 5
scale — �#ZoA[mA�[,9#� 8.2.1 5
scan — H��1� � 2.7.1 5
screeplot — X{{pk,<xe9#� 9.1.3 5
sd — �8f1A�_� 2.1.2 5� 3.1.2 5
seq — ao.��##� 2.2.2 5
shapiro.test — VEH W �d� 3.2.4 5� 6.5.2 5� 7.1.5 5
solve — 8
t��US5t� 2.5.4 5
source — _G
:,9# (tO), 2.1.3 5
sort — �8'O_��� 2.2.1 5� 3.1.1 5
sort.list — �8'O_��,�A� 2.2.1 5
stars — Ce� 3.5.2 5
stem — �Eke� 3.2.3 5
step — �zLd-� 6.2.2 5� 6.4.2 5
sqrt — f
9#� 2.2.1 5
sum — 5�9#� 2.2.1 5� 3.1.1 5
summary — O9aEB�� 6.1.3 5� 6.2.2 5� 6.3.3 5� 6.4.2 5

— O9{pkB�� 9.2.3 5
svd — US,�|`k8� 2.5.4 5
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sweep — R#�mUSBGdr18� 8.2.1 5
switch — TkX�^� 2.8.1 5

T

t — US,�h� 2.5.4 5
t.test — t �d9#� 4.3.1 5� 4.3.2 5� 4.3.4 5� 5.2.1 5
table — ~�BF9#� 5.3.1 5
tapply — ��9#�6~��8�A`� 2.4.2 5
text — /%��e9#���Æ� 3.3.3 5
title — /%��e9#��A�� 3.3.3 5
type — eo,%�`/�C�h{�rF�,eF� 3.3.2 5

U

uniroot — 5g*H
t,�� 2.9.1 5� 4.1.2 5
updata — aEJV� 6.3.6 5� 6.3.7 5

V

var — �8f1
_� 2.2.1 5� 3.1.2 5� 4.1.1 5
var.test — 
_3�d9#� 4.3.2 5� 5.2.2 5
varimax — �8��
_~�3>� 9.2.4 5

W

weighted.mean — �8�<f1a`� 3.1.1 5
which.max — �{��`,�A� 2.2.1 5
which.min — �{�7`,�A� 2.2.1 5
whicoxon — Wilcoxon k�d9#� 5.3.7 5
while — W_�^� 2.8.3 5
write — >��1� � 2.7.4 5
write.table — %#Z|m#C>p��1� � 2.7.4 5
write.csv — %#Z|m#C>p Excel , CSV � � 2.7.4 5
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% % — |[5�#, 2.2.15
%*% — 6s18, 2.5.45
%/% — U|18, 2.2.15
%o% — [s18, 2.5.45
: — ao._##� 2.2.2 5
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